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Young  Mathematician's  Guide : 

jSmg  a  PLAIN  and   EASY 

INTRODUCTION 

T  O   T  H  E 

MATHEMATICKS. 

IN    FIVE    PARTS. 

VIZ. 

I*  Sin'tl^metlCfc,  Vulgar  and  Decimal,  with  all  the  ureFul  Rules ; 
and  a  General  Method  of  ExtrafUng  the  Rpots  of  all  Single  Powers. 

n.  £IIg;eil)d9  or  Arithaietick  in  Species ;  wherein  the  Method  of 
RaifingandRefolyiiig  Equations  is  rendered  Eafy;  and  illuftrated  with 
Variety  of  Examples,  and  Numerical  QueAions.  ,  Alfo  the  whole 
Bufineis  of  Interefl  and  Annuities,  (sfr.  performed  by  the  Pen. 

HI.  The  (Eleinenttf  of  (Beometrp  contrafted,  and  Analytically 
demonftrated  ;  with  a  New  and^Eaiy  Method  of  Ending  the  Circle's 
-    Periphery  and  Area  to  any  afli^ned  £xa£lnefs,  by  one  Equation  only ; 
alio  a  New  Way  of  making  Sines  and  Tangents. 

^-  Conic  &e(tfon0,  wherein  the  chief  Properties,  l^c.  of  the 
EUipfis,  Parabola,  and  Hyperbola,  are  dearly  demonilrated. 

V.  The  arittmctiCk  of  infinites  explained,  and  rendered 
£afy ;  with  it's  Application  to  fuperficial  and  folid  Geometry. 

With  an  Appendix  of  fB^attlCal  (Saufffng:* 

By    JOHN    WA  R  D.  ^^ 


The  Twelfth  Edition, 
Carefully  Correfled  and  Improved  by  Samuel  Ciatik. 

To  which  is  added, 

A  SUPPLEMENT,  concaining  the  Hiflory  of  Log  aritijms, 
and  an  Index  to  the  whole  Work. 

'  LONDON:  ^ 

IWntcd  for  J,  BitcROfrr,  J.  Rivikctok,  L.  Hawes,  W.  Clarki 
I    aodR.  Collins,  W.  Johnston,  T.  Longman,  T.  Caslqn, 
S.  CaowDia,  B.  Law,  T.  Beckkt,  G.  Robinson  and 
J.  RoBsars,  S.  Bladon,  andR.  Saz.owin.     1771,  ^ 


is'i^a         To  the  Honourable 

Sir  Richard  Grosvenor,  of 
Eaioff^  in  the  County  Palatine 
of  Chefter^  Baronet. 

SIR, 

WHEN  requcftcd  by  fbmc  Bookicllers  in 
London,  to  Revifc  and  Prepare  Ais  Trea-^ 
tife  for  a  New  Imprefpon,  and  once  re- 
folved  to  anA^er  their  Demands;  I  was  not  long 
confidering  at  whofe  Feet  to  lay  it. 

My  Memory  may  indeed  be  impaired  by  Age» 
Misfortunes^  and  Accidents ;  nay,  I  am  feniible  it 
is  fo:  But  it  muft  be  entirely  loft,  when  I  am 
forgetful  of  the  great  Obligations  I  lie  under  to 
Sir  Richard  Grojvenor. 

Your  Hoipicality  and  Generofity  make  you  ftand 
unenvied  in  the  Abundance  of  Fortune.  Any  Up- 
ftart  may  contrive  to  fpend  a  Great  Eftate;  but  it 
is  a  Felicity  almoft  peculiar  to  Great  Birth  to  become 
One. 

Were  I  now  to  defcribe  Liberality,  without  Pro- 
fufenefs  I  Steadinefs  in  Principles,  without  any  pri- 
vate View;  Candour  and  Affability,  Good  Nature 
joined  to.ibund  Judgment,  and  a  Serenity  of  Tem- 
per, which  your  Enemies  will  always  find  the  Com- 
panion of  true  Courage;  and  then  pronounce  that 
you  are  poflefTed  of  all  thefe  good  Qttalities  in  as 
high  a  Degree  as  moft  Men  living ;  NfeQei^leman 
that  knows  you  well,  would  think  I  fiatii^ccd  you. 

A  2  ,  JSir> 


The    DEDICATION. 

Sir,  Give  me  Leave  to  iky,  I  honour  your  Cha- 
radter,  and  love  your  Pcrfon :  My  Exprcffions  arc 
uncourtly,  my  Stile  unpolifhed,  and  therefore  more 
proper  to  be  prefixed  to  a  Work  wherein  the  Matters 
related  are  indeed  clad  in  a  plain  and  homely  Dre(s  ; 
but  they  are  true,  and  defighed  to  pn^agate  Ma- 
thematical Learning  among  fuch  as  deiire  to  be  in- 
troduced into  that  Sort  of  Knowledge ;  and  I  am 
extreamly  pleafed  they  are  permitted  to  be  fent  into 
the  World  under  your  Protedion. 

That  you  may  long  live,  to  promote  the  Good 
of  your.  Country,  and  that  City  in  whofe  Intercfl 
you  have  fo  heartily  engaged  yourfclf ;  and  that  you 
may  ever  fucceed  in  your  own  private  Affairs^  and 
live  to  enjoy  all  the  Blefiings  that  attend  a  quiet 
prudent  Life,  is  the  carneft  rrayer  of. 


Honoured  S  I  Rp 

Tour  moji  Obliged^  Humble^ 

and  Obedient  Servant, 


J.    WAR  a 


To    the   R  E  A  D  E  R. 

ITbixi  it  medle/s  (and  almoft  endlefs)  to  run  over  ell  ths 
lUefubufs  and  Advantages  of  M3LthcmaLUcks  in  General-^  and 
JbaU  therefore  only  touch  upon  thofe  two  adndrabU  Sciences^ 
Arithmedck  and  Geometrv ;  which  art  indeed  the  two  grand 
PiOars  (or  rather  the  Foundations)  t^on  which  all  other  Parts  of 
Mathematical  Learning  depends 

As  to  the  Ufefubiefs  rf  Arithmetick,  it  is  well  fnown  that  no  • 
Biifinefsy  Commerce^  Tradoj  or  Employment  whatfoever^  even  from 
the  Merchant  to  the  Shop-keeper^  &c.  xan  be  managed  and  carried 
19,  without  the  AJMance  of  Numbers. 

And  as  to  the  Vufidnejs  of  Geometr^^*//  is  as  certain^  that  no 
curious  Arty  oj'  Mechanict-Xf^oriy  can  either  be  invented^  improved^  ' 
or  performed^   without  it's  affijfiing  Principles ;    tho'  perhaps  the 
Artijiy  9r  Workman^  has  but  little  (nay  rcarcc  any)  Knowledge  in 
Geometry. 

Then^  as  to  the  Advantages  that  arife  from  both  thefe  Noble 
Sciences^  when  duly  joined  together^  to  afftfi  each  other ^  and  then 
applfd  to  PraHice^  (according  aa  Occafion  requires)  they  will 
readily  be  granted  by  all  who  conjider  the  vafi  ^Advantages  that 
accrue  to  Mankind  from  the  Bujinefs  of  Navigation  only.  As  alfo 
from  that  of  Surveying  and  Dividing  of  Lands  betwixt  Party  and 
Party.  Befides  the  great  PUafure  and  life  there  is  from  Time* 
keepers^  as  Dials f  Clocks^  fFatches^  Sec  All  thefe^  and  a  great 
many  more  very  ufeful  Arts^  (too  many  to  be  enumerated  here) 
wholly  depend  upon  the  aforefaid  Sciences. 

And  therefore  it  is  no  JVonder^  That  in  all  Agfsfo  many  Ingenious 
and  Learned  Perfons  have  employed  themfehes  in  writing  upon  the 
SubjeSt  of  Mathematicks ;  but  then  mofl  of  thofe  Authors  feem  te 
prtjuppofe  that  their  Readers  had  made  feme  Progrefs  in  that  Sort  of 
Learning  before  they  attempted  to  perufe  thofe  Booksy  which  are  * 
generally  large  VolumeSy  written  in  fuch  ahjhrufe  Terms^  that  young 
Learners  were  really  afraid  of  looking  into  thofe  Studies. 

Thefe  Confiderations  firjl  put  me  (many  Years  ago)  upon  the 
Thoughts  of  endeavouring  to  compofe  fuch  a  plain  and  familiar  In^ 
troduSfion  to  the  Mathematicks,  as  might  encourage  thofe  that  were 
willing  (to  fpend  Ibme  Time  that  Way)  to  venture  and  proceed  on 
with  Onarfulnefs ;  tho*  perhaps  they  were  wholly  ignorant  of  //'a 
frfi  Rudiments.  Therefore  t  began  with  their  firjl  Elements  or 
Printiples. 

That 


The    Preface. 


That  is^  I  began  with  an  Unit  in  Aritbmeticiy  and  a  Point  in 
Ceonutryi  and  from  theft  Foundations  proceeded graduaUj.mf%  lead^ 
ing  the  young  Learner  Step  by  Step  with  all  the  PUunnefs  icemldj  &c. 

And  for  that  Reafon  I  puhlijhed  this  Treatife  (Anno  1 707)  by 
the  Title  of  the  Young  Mathematician's  Guid^  i  which  h^s  annvered 
the  Title  fo  fvell^  that  I  believe  I  may  truly  fay  (widioat  Vanity) 
this  Treatife  hath  proved  a  very  helpful  Guide  to  near  five  thoufcmd 
Per  feme ;  and  perhaps  mo  ft  of  themfuch  as  would  never  have  boieel 
into  the  Macbematicks  at  all  but  for  it. 

And  not  only  foy  but  it  bah  been  very  wett  received  amongfl  tha 
Learned^  and  (i  have  been  often  tdd)  fo  well  approved  on  at  the 
Vniverjitiesy  fif  England,  Scotland,  011a  Ireland,  that  it  is  ordered 
to  he  publicity  read  to  their  Pupils j  &c» 

The  Title  Page  gives  a  jhort  Account  of  thefeveral  Parts  treated 
ofy  with  the  porre£lions  and  Additions  that  are  made  to  this 
Twelfth  Edition,  which  I  Jhall  not  enlarge  upon,  but  leave  the  Book 
tofpeakfor  itfelf\  and  if  it  be  not  able  to  give  Satisfaction  to  thg 
Recsier^  I  cm  Jure  all  I  can  fay  here  in  ifs  Behalf  will  never  re^ 
commend  it :  But  this  may  be  truly  faidy  That  whoever  reads  it 
overy  will  find  more  in  it  than  the  Title  doth  promife^  or  perhaps  ie 
expels  :  it  is  true  indeed^  the  Drefs  is  but  Plain  andHomefyy  it  beir;g 
wholly  intended  to  injlru^y  and  not  to  amufe  or  puzzle  the  young 
l,earner  with  hard  JVordsy  and  obfcure  Terms  :  However y  in  this 
I  /halt  always  have  the  Satisfa^ion  ;  That  I  have  fincerely  aimed 
at  what  is  ufefuly  tho*  in  one  of  the  meaneft  IVays ;  it  is  Honour 
enough  for  me  to  be  accounted  as  one  of  the  Under- Labourers  in 
clearing  the  Ground  a  little y  and  removing  fome  of  the  Rubbijb  that 
lay  in  the  fFay  to  this  Sort  of  Knowledge.  How  well  I  hifoe  per" 
formid  Thaty  mufl  be  left  to  proper  Judges, 

To  be  brief 'y  as  I  am  not  fenfible  of  any  Fundamental  Error  in 

this  Treatifcy  fo  I  will  not  pretend  to  fay  it  is  without  ImpcrfeHions^ 

(Humanum  eft  errare)  which  I  hope  the  Reader  will  excufcy  and 

faft  over  with  the  like  Candour  and  Good-fFill  that  it  was  compofed 

forhisVfe. 
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P  RM  COG  N  ir  A. 

THE  Bufinefs  of  Mathcmatlcks,  both  in  Theory  and 
Pradice,  is  to  fearch  out  and  determine^  from  given 
Yi^iXZy  the  true  Quantity ^  either  of  M^iitcr^  Space,  or 
Motion,  according  as  Occafion  requires. 

By  Quantity  of  Matter  is  here  meant  the  Magnitude,  or  Big^ 
infs  of  Bodies  (of  the  fame  Denfity)  whofe  Length,  Breadth,  and 
Thicknefs,  may  either  be  meafured^  or  eftimated. 

By  Quantity  of  Space  is  meant  the  Dijiance  which  a  Body  moves 
9Ver  in  a  gruen  Time^  with  a  certain  Velocity, 
'.  And  by  Q^z.x\iity  of  Motion  is  meant  the  Swiftncfs  of  any  moving 
Body  drawn  into  its  ^antity  of  Matter. 

The  Ccnfideraiion  of  thefe^  according  as  they  may  he  propofedj  an 
the  Subjects  of  the  Machematicks,  but  chicflythat  ^Matter. 

Now  the  Conjideraticn  of  Matter,  with  r^fpUl  to  it's  Quantity, 
Form,  and  Pofition,  wUch  may  eitlwr  be  Natural,  Accidental,  or 
Defigned,  may  poJfiUy  admit  of  infinite  Varieties :  Rut  all  the  Va- 
rieties that  are  yet  known^  or  indeed  can  be  conceived^  are  wko.'ly 
comprized  under  the  due  Conjideration  cf  thefe  iwo^  ^Magnitude 
and  Number,  which  are  the  proper  Subje^s  of  Geometry,  Ariih- 
mctick,  and  Algebra.  JU  other  Parts  of  the  Mathematicks  being 
only  the  Branches  of  theft  three  Sciences,  w  rather  their  Jpplicatim 
to  particular  Cafes^  -'h 

B    •  (Peometcg 


2  PR^COGNITA,  PaxtJ. 

(SZOXtlttt]^  is  a  Scimce  by  which  we  fearch  outy  and  come  U 
JhioWy  either  the  whole  Magnitude,  or  fome  Part  of  any  propofed 
"Quantity ;  and  is  obtained  by  tomparing  it  with  another  known 
^antity  of  the  fame  Kind^  which  will  always  be  one  of  thefe^ 
viz.  A  %iXiZy  (or  Length  only)  A  feurfeee,  {that  /j, .  J^ijgih 
tfTzi  Breadth)  ^  ^  ^0U&,  (which  i^^/^  Length,  Breadth,  and 
Depth,  or  Thicknefs)  Nature  admitting  of  no  other  Dimenjions 
but  thefe  Three. 

SLVXt^XXlttlt^  is  a  Science  by  which  we  come  to  know  what 
Number  of  Quantities  there  are  (either  real  or  imaginary)  of  any 
Kindy  contained  in  anaihet  Quantity  of  the  fame  Kind:  Now  this 
Conjiderathn  is  very  different  from  that  of  Geometry,  which  is 
only  to  find  out  true  and  proper 'Ahfwers  to  ail  fuch  ^eftions  as 
demand^  how  Long,  haw  Broad,  how  Big,  &^.  But  when  we 
confider  either  more  Quibtities  than  one^  or  how  often  one  Qban- 
tity  is  contained  in  another y  then  we  have  recotqfe  ^^Arithmetick, 
Vibich  is  to  find  out  true  and  proper  Anfwers  to  all  fuch  ^ueflions  as 
demand^  haw  Many,  what  Number,  or  Multitude  of  Quantities 
there  are,  .  To  be  brieK  the  Subje^  of  Gcomttrj  is  that  of  Quan- 
tity, i)iiith  refpe£i  to  tfs  Magnitude  only  ;  and  the  Subjeii  ^Arith- 
inetick  is  Quantities  with  refpeSi  to  their  Number  only* 

2Ig;tbca  is  a  Science  by  which  the  mofl  abflrufe  or  difficult 
ProblemSy  /»  Arithmetick  cr  Geometry,  are  Refolved  and  Denjon- 
firated  \  that  is^  it  equally  interferes  with  them  both ;  and  tbere^ 
fore  it  is  promifcuoujly  nanied^  being  fometimes  called  Specious 
Arithmetick,  as  by  Harriot,  Vieta,  and  Dr  Wallis,  fs^f.  And 
fometimes  it  is  called  Mo^^ern  Geometry,  particularly  by  the  late 
ingenious  and  great  Mathematician  Dr  Edmund  Halley,  Savilian 
Profeffor  of  Geometry  in  the  Univerfity  of  Oxford,  and  Royal 
Afironomer  at  Greenwich;  who^  in  giving  the  following  Inflame  of 
the  Excellence  of  our  Modern  Algebra,  writes  thus  : 

•  7T?e  Excellence  of  the  Modern  Geometry  (faith  he)  is  in 
'  *  nothing  more  evident^  than  in  thofe  full  and  Adequate  Solutions 

*  //  gives  to  Problems ;  reprefenting  all  the  pojfible  Cafes  at  one 

*  View^   and  in  one  general  Th^rem  mawf  Times  comprehending 

*  whole  Sciences ;  ^hich  deduced  at  length  into  Propofitions,  and 
*-  demonjlrated  c^ter  the  Manner'-^  tlfe  Aft\;ients»V  might  well  he-^ 

*  come  the  Subje^s  of  large  Treatifu:  Fbr  whatfoever  Theorem  ■ 
^  folves  the  mofl  complicated  Problem  of  the  Kind^  *does  with  a 

«  due  Reduilion  reach  all  the  fubordinate  Cafes.'  Of  ptUk  he 
gives  a  notable  Jnfiance  in  the  Doftri^e  V*  Dioptficks  for  finding 
the-^ocl  of  Optic  Glaffcs  uniycrjally.'  Cf7eif  Fhilofophical  Tran£ 
fftions,  Numb.  iQ^]. 
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Tbus  you  have  nfiiort  and  ggnerd  Account  of  the  proper  Subje£fs 
of  fhofi  nobU  itnd  ufeful  Sciences,  Aritbmecick,  Geometry,  arkl 
Algebra.  /  Jhall  now  proceed  to  give  a  particular  Account  of 
ittcb ;  and  firft  of  Arhhmecick,  which  is  the  B^{i%  or  Foundation 
of  all  Arts,  ioM  Marhematick  and  Mechanick ;  and  therefore  fi 
ought  to  he  well  undoKftood  before  the  rejl  are  meddled  witbaL 


C  H  A  P.     I. 

Onc^rnhig  tbefeveral  Parts  of  ^i^tt!it%  with  the  De^ 
fimtiam  of  fucb  CbaraSiers  as  are  ufcd  in  this  Treatife. 

^g^iXli\Xtttit1Si^of  the  An  of  Numbsring^  is  fitly  divided  into 
three  diftinA  Parts,  tivo  of  which  are  properly  called  JV!9/«- 
to/,  and  the  third  Artificial. 

The  firft,  beii^  the  mofi^  plain  and  eafy,  is  commonly  called 
Vulgar  Arithmetick  in  whole  Numbers ;  becaufe  every  unit  or 
hteger  concerned  in  it,  reprefents  one  whole  ^antity  of  fome 
Species  or  thing  propofed. 

The  fecond  is  that  which  fuppofes  an  Unit  (and  confequently 
the  ^antity  or  thing  reprefented  by  that  Unit)  to  be  Broken  or 
Divided  into  any  Number  of  equal  Parts^  and  confidersof  them 
cither  as  pure  Parts^  viz.  each  lefs  than  an  C/mV,  or  elfe  of 
Parts  and  Integers  intermixt.  And  is  ufually  called  the  DoStrint 
of  Vulgar  Pr anions. 

The  third,  or  Artificial  Party  is  called  Decimal  Arithmetick  ; 
(eing  an  Artificial  Invention  of  managing  Fra£fions  or  Broken 
Numbersy  by  a  much  more  commodious  and  eafy  Way  than  that 
of  Vulgar  Fra^imrT  For  the  feveral  Operati#n8  performed  in 
Decimals^  differ  but  little  from  thofe  in  JVhole  Numbers :  and 
therefore  it  is  now  become  of  general  Ufe,  efpfccially  in  Geome* 
trical  Computations, 

iarij:i)^ltirtftk  (in  all  it's  Parts)  is  performed  by  the  various  - 
ordering  and  difpofing  of  Ten  Arahick  CharaQers  or  Numeral 
figures  (which  by  fome  arc  called  Digits.) 

.       C  OneyTwOyThreeyPouryPiveySixySeveny  Eight  yNtnOyCypher. 
i    I       2       3       4       567        8       9      'o     - 

The  Ufe  of  thofe  Cbara£bers  is  fmd  to  be  frrfl  introduced  into 
England  tiiore  than  fix  hundred  Years  agOy  viz.  about  the  Year 
^130,  viie  Dr  WallisV  Algebra^  Page  12. 

B  2  The 


aritSmetlClt^  Parti. 


'  The  firft  of  thefc  CharaSfen  is  called  Umty^  and  reprefents  onc^ 
of  any  Kind  of  Speeds  or  ^antity.  As  one  f^orld^  one  Siar^ 
one  Aian^  &c. 

Viz.  Umty  is  that  by  which  every  thing  that  is,  is  called  one, 
(Euclid.  7.  Def,  I.)  and  is  the  beginning  of  all  Numbers,  That 
is  to  fay.  Number  is  a  Mukitudeoi  Units.    Euclid.  7.  Def.  2. 

For,  one  more  one,  make  Two  ;  and  one,  more  one,  more 
one,  make  Three,  tfr.  TVhichis  the  Jirji  and  chief  VoRuX^Xic^  or 
rather  an  Axiom  in  Arithmetick. 

Vix    I   '^^^^    1  +  1=2.    1+1+1-3.    1+1+1+1=4. 
'  \    1+1  +  1  +  1+1=5.    And  fo  on  to  9. 

Nine  of  thefe  Figures  were  thus  compofed  of  UnitSy  and  dif- 
ferently formed  to  reprcfcnt  fo  many  Units  put  together  into  one 
Sum^  as  was  intended  each  (hould  denote  :  Nine  being  thegreateft 
Number  of  Units  that  was  then  thought  convenient  to  be  exprefled 
by  one  fingle  Character ;  the  laft  of  the  Ten  h  only  a  Cyphery  or 
(as  fome  phrafe  it)  a  Nothing,  becaufe  of  itfelf  it  f^nifies  no- 
thing ;  for  if  ever  fo  many  Cyphers  be  Added  to,  or  Subflraded 
from,  any  Number^  they  can  neither  increafe  nor  diminifii  that 
Number ;  but  yet,  as  a  Cypher  (or  Cyphers)  may  be  placed,  the 
other  Figures^  will  become  of  different  f^alues,  from  what  they 
were  before,  as  will  appear  further  on. 

For  the  more  convenient  ordering  of  the  aforefaid  Numeral 
Figures  according  to  the  feveral  Varieties  that  happen  in  CompU'r 
tations ;  I  do  advife  the  young  Learner  to  acquaint  himfelf  with 
the  Signification  of  the  following  Algebraick  Signs  or  Chjara^ers^ 
which  he  will  find  of  excellent  U(e,  as  being  a  fhorter,  better, 
and  much  more  fignificant  Way  of  denoting  what  is  to  be  done, 
(in  mod  Opej^oiions)  than  can  otherwife  be  cxpreiTed  in  Words 
at  ieugch. 

SIGNIFICATIONS. 

Signs    Names.  ^     The  Sign  of  Addition ;'  as  8+7  is  8  more  7^ 
and  fignifies  that  the  Numbers  8  and  7  are  to 
I  be  added  info  one  Sum.   .  The  like  is  to  be  un- 
PJus   tfr^derflood  when  feveral  Numbers  are  cQnneAed    > 
together  with  the  Sign  +.  1 

As  34+22+9+45,  ifc.  denotes  thefc  are    i 
all  to  be  added  into  one  Sum^ 


+n 


more. 


The 
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Hj^^        C     The  Sign  of  SubJfra£lioni  as  9—6  is  9  lefi 
?V    S  6,  and  fignifies  that  6  is  to  be  taken  from  9^ 
^  ^^J^*    L  that  fo  their  Difierence  may  be  fouiid. 

H*  •  r     The  Sign  of  MuliipUcation  \  as  9  x  6,  is  9  in- 

fh^   1  ^^  ^'  ^^  ^^Snifies  that  9  it  to  be  Miiltipiifd 
'^^  •      L  into  or  with  6. 

{The  Sign  of  Dtvifitni  as.8-s-2,  is  8  by  2« 
and  fignifies  that  8  is  to  be  Divided  by  2,  alfe 
thus  2)  8  (4  or  thus  *}  each  fignifying  the  lame 
thing,  to  wit,  8  Divided  by  2. 


=  1 1  Ev*^* 


The  Sign  of  EquaSiy  or  Eqt^iw^  viz.  when 
Lthis  Sign  =  is  placed  betwixt  Numiers  (or 
f^uantitus)  it  denotes  them  to  be  equal ;  as 
|9=9,  or9+6s=i5,  or9— 6=:3»farf.  That 
'is,  9  is  Equal  to  9»  or  9  more  6  is  Equal  to  15, 
^and  9  lefi  6  is  Equal  to  3,  is^c* 


The  Sign  of  Proportions  or  that  commonlf 
.called  the  GolJin  Rule^  or  Rule  of  ThrUj  and 

Ho    •        ): :  is  always  placed  betwixt  the  Two  middte 
"'      yTtrms    or   Numbers    in    Proportion.      That 
2  :  8  : :  6 :  24«  To  be  read  thus  $  as  2,  is  to  8  ^ 
/o  is  6>  to  24* 

Thefe  Sigui  and  their  Significations^   being  perfeAly  learnti 
will  help  to  (horten  the  Work. 


CHAP-    II. 

Concerning  the  Principal  Rules  in  9rft|&met(C(t>  and  bow 
they  are  performed  in  Whole  Numbers. 

THE  Rules  by  which  Numerical  Operations  ^xt  performed 
in  all  the  Parts  of  Arithmetick^   are  many  and  varioust 
,  ^veral  of  them  being- formed  and  raifed  as  Occafion  requires, 
when  applied  to  Practice  j  yet  they  are  all  comprehended  within 
the  due  Coofidcration  of  thcfc  Six,  viz.  ^Utmuatfoil  (or  Jl5o« 

tation) 


SDmniuRCR* 


Parti. 


tatioti)  atmftion,  &uIitrait(on,  S^ultCpUcatfon,  a)f' 

j)faon,  and  Solution,  or  Extraiiim  tf  Rtets. 


Sea.  I.  oy  j^ttuutattott  «•  jpiotatfon. 

j^Utneratfon,  or  NotatltHt  teacbeth  t^Read  or  Expreft  the 
tns  Value  of  any  Numbir  when  writ  down  ;  and  confequently 
.Co  wrke  down  any  propofed  Numbtr  according  to  it's  true  Vahte 
.frben  it  is  named :  And  this  oonfifteth  of  Two  Parts,^    *  - 

X.  The  due  Order  of  placing  4^wn  Figures^ 
a.  The  true  valuing  of  each  Figure  in  it's  Place. 

Both  which  are  plainijexhtbited  in  thd fbllqnving  Table* 


ft* 


1^ 
I** 


^1 


6  7  8,9  8  7,6  ;-4.,  3  ^    ^ 


J^criod  of     iFeriod  of  {Period  of  I    Penod  of 


•fMjJftoiu,  \ 


}fanA. 


Umn. 


Sy  this  iflslimterfttiOn  TMe  it  is  apparent,  *tbdt  the  Orderof 
Places  is  reckoned  from  the  Right-hand  towards  tht  Left ;  the 
firft  Place  of  any  Number  being  always  that  which  is  the  out- 
moft  Figufi  to  the  Right-hand :.  ,and  whatever  Figure  Jlands  in 
that  Place,  doth  only  fignify  it's  own'fimjple  Value,  viz.  ^foJ 
inanv  Units  as  that  Figure  reprefents. 

The  fecond  Place  is  that  of  fens^  and  any  Figure  (landing  in 
that  Place  figaifieth  fo  many  Tens  as  that  Figure  reprefents  Units. 

The 
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Tbe  third  Place  b  Hunirtds^  the  fourth  Place  Thoufandsy  ice. 
That  is,  each  Place  ^wards  the  Left-hand  is  Tfn  Times  the 
Value  of  that  next  It,  towards  the  Right.  • 

For  Inftancet  Aippofe  759  ^ere  propofed  to1>e  read  or  pro- 
nounced accbrding  to  the  Value  of  each  Figure  as  they  now 
£and«  The  firft  F^ure  in  this  Sum  is  9,  becaufe  it  ftands  in 
the  Place  of  Units^  and  therefore  figniiks  but  it's  own  fimple  Va^ 
lue^  to  wit,  9  UmtSp  or  9.  The  Tecond  Figure  5  ftands  in  the 
Place  of  T^ensy  and  therefore  fignifics  Five  Tens  or  Fifiy.  The 
^gwf  7  fiands  in  the  third  Place*  or  Place  of  Hundreds^  and 
therefore  it  fignifies  Seven  Hundred  i  and  the  whole  Sum  is  to  bet 
read  or  pronounced  thuA,  Seven  Hundred  Fi/iy  Nine^ 

Note,  Akfaough  the  Figure  7  flends  in  the  third  Place  (accord- 
ing to  the  Order  of  Numbering)  yet  when  the  whole  Sum  comes 
to  be  read,  it  is  firft  pronounced ;  the  reading  of  Numbers  being 
performed  like  that  of  Letters  or  Words,  always  beginning  with 
the  ontmoft  Figure  towards  the  Left-hand,  and  fb  many  Figures 
as  are  placed  together  without  any  Point,  Comma,  Lme,  or  other 
Note  of  Diftindtdn  between  them,  are  all  but  one  Sum^  and 
wkA  be  read  as  fiicb. 

For  Example,  763596  is  but  one  entire  Sum  or  Number^  not-' 
vithAandkig  it  conMs  of  fix  Places  of  Figures^  and  is  thus 
read  ;  Seven  Hundred  Sixty  Three  Tboufand^  Five  Hundred 
Ninety  Six.  ■  , 

The  lilce  is  to  be  obTerved  in  reading  or  expreffiog  the  trae 
Vahjc  of  any  Sum  or  Rani  of  Numbers  confitKng  of  Seven^  Eighty 
Nine^  or  more  Places  of  Figures^  each  Figure  ^cing  to  be  valued 
accordbg  to  it's  Diftance  ftoA  tbe  Place  of  Unity  ;  As  in  the 
hrtmiog  Table. 

Ifow  Aich  Values  may  as  well  arife  by  Cyphers^  as  by  other 
Figures ;  for  inftance,  6  flanding  by  kfielf,  reprefents  but  Six 
Units  :  But  if  z  Cypher  be  annoxt  to  it  thus,  60,  then  it  becomes 
Sixty ;  for  the  Cypher  poffeffii|g  the  place  of  £/«///,  hath  hereby 
removed  the  6  into  the  Place  of  Tens ;  and  another  Cypher  more 
would  make  it  66a,  Six  Hundred^  &c* 
'^^  Whekce  ifk  may  be  noted,  that' although  a  Cpber  of  itfelf 
^  \vdfj  nothing  (as  hath  been  faidbefoio)  yet  beiHg^Iaced  qp  tfiS 
Ught-hand  of  any  figure ^  it  augments  the  Value  of  that  Figure 
7  advancing-k  into  r  higher  Place  than  t>therwife  it  would  have 
beeflr^^ad  not  die  Cypher  beemtkere,  r  •; 

*  Taka  one  Exam^e  more  is  Numiration  (if  you  ^{eafe,  that 
in  the  Table), vis*  ^t^^'jfk^^yti^  which  i%  jf^e^ording  as  is 
there  fignifidi,  '*        \ »      •        -  .    «  .  •  ■      -         1 

'    •'      =  *     Six 
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Stx  Hundred  Seventy  Eight  Thoufand  Millions^ 

Nine  Hundred  Eighty  Seven  Millions^ 

Six  Hundred  Fifty  Four  Thoufand^ 

Three  Hundred  Twenty  One  Units  j  of  any  propofed  Specie^ 
or  ^amities  whatfoever. 

And  here  it  may  be  obfcrved,  that  every  third  Figure  from  the 
Place  of  XJnitSj  bear$  the  Name  of  Hundreds ;  which  fliews  that 
if  any  great  Sum  be  parted,  or  rather  diftinguifhed  into  Periods^ 
of  Three  Figures  in  each  Period  (as  in  the  foregoing  Table)  it 
will  be  of  good  Ufe  to  help  the  young  Learnec  in  the  eafier 
valuing  and  expreifing  that  Sum. 


seft.  2.  Of  anwttoru 

Pojlulate  or  Petition. 
Thett  any  given  ^UXHitV  may  he  increafed  or  made  more^  by  putting 

^  another  ^umbet  to  it. 

fllltlftf on  is  that  Rule  by  which  feveral  Numbers  are  colleded 
and  put  together^  that  fo  their  Sum  or  Total  Amount  may  be 
known. 

In  this  Rule  Two  Things  being  carefully  obfervcd,  the  Work 
will  be  eafily  performed. 

1.  The  hrft  is  the  true  placing  of  the  Numbers^  fo  as' that 
each  Figure  may  fland  diredly  underneath  thofe  Figures  of  the* 
fame  Value,  vi%.  place  Uiuts  under  Units^  Tens  under  Tens^  and 
Hundred^  under  Hundredsy  &c. 

Then  underneath  the  loweft  Rank  (always)  draw  a  Line  ta 
feparaee  the  given  Numbers  from  their  Sum  when  it  is  found. 

Example.  If  thefe  Numbers  54327,  and  2651,  were  given  to 
be  added  together,  they  muft  be  placed 

543^7 
2651 


Thus,  I 


2,  The  fccond  thing  to  be  obferved  is  the  doe  G^Ileding  or 
Adding  together  each  Row  of  Figures  that  ftand  over  one  ano- 
ther  of  the  iame  Value :  And  that  is  thus  performed : 
RULE. 

Always  begin  your  Addition  at  the  Place  of  Units,  and  Add 
together  aU  the  Figures  that  Jtand  in  that  Place,  and  if  their  Sum 
he  under  Ten,  Jit  it  down  below  the  Line  underneath  ifs  own 
Place ;  but  if  th^tr  Sum  be  more  than  Ten,  you  mu/l  fit  down 
only  the  o^erplus^  or  odd  Figure  above  the  Ten  (or  Tens)  cmdji 
many  Tens  as  ibe  Sum  of  thofe  Units  amount  tOy  you  mujl  carry 
I  to 


chtp.  2.  Of  anwttotu  9, 

U  tie  place  9f  Tens  \  Adding  them  and  all  the  Figures  that 
ftand  in  the  place  of  Tens  together^  in  the  fame  manner  as  thofe 
rf  the  Units  were  added  \  then  proceed  in  the  fame  order  to  thi 
pifee  of  Hundreds,  and  fo  on  to  each  place  until  all  is  done. 

The  Sum  arifing  from  thofe  Additions  will  be  the  Total  Amount 
fcqaired. 

£  XA  M  PL  E    I. 
Let  it  be  required  to  find  the  Sum  of  the  aforefaid  Numbers^ 


56978  the  Sum  required. 
Beginning  at  the  place  of  Untts^  I  fay  I  and  7  is  8,  which 
being  left  than  io»  I  fet  it  down  (according  to  the  Rule)  under- 
neath it's  own  place  of  Units ;  and  then  proceed  to  the  place  of 
Tensy  faying  5  and  2  is  7,  which  being  lefs  than  10, 1  fet  it  down 
undern^th  it's  own  place  of  Tens^  and  proceed  to  do  the  like  at 
the  place  of  Hundreds^  and  then  at  Thoufands^  fetting  each  of 
theur  Sums  underneath  their  own  refpe£live  places  :  Laflly,  be- 
caafe  there  is  not  any  Figure  in  the  lower  Rank  to  be  added  to 
the  Figure  5,  which  (lands  in  the  place  of  Ten  Thoufands^  in 
the  upper  Rank,  I  therefore  bring  down*  the  faid  5  to  the  reft, 
placing  it  wnderneath  it's  own  place,  and  then  I  find  that 
54327+265  i=s56978,  the  true  S^m  required. 

EXAMPLE    2. 

Suppofe  it  were  required  to  find  the  Sum  of  thefe  Numbers^ 
3578+496+742+184+95.  Thefe  being  placed,  as  before 
^ireded,  will  ftand  as  in  the  Margin.  Then  beginning  (as  before) 
at  the  place  of  Units^  fay  5  and  4  is  9,  and  a  is  11,  and 
6  is  17,  and  8  is  25  ;  fet  down  t^e  5  Units  underneath  it's  3578 
own  place  of  Units^  and  carry  the  20,  or  two  Tens^  to  the  496 
piflceof  7/»f  (at  which  place  they  arc  only  2)  faying,  2  74a 
^  9  is  II,  and  8  is  19,  and  4  is  23,  and  9  is  32,  and  7  184 
Is  39 ;  fet  down  the  9  underneath  its  own  place  of  Tens^  95 
and  cany  the  30,  or  three  Tens  (which  indeed  is  300)  — — 
to  the  place  of  hundreds^  at  which  place  they  are  but  3,  5095 
&ying,  3  I  carry  and  i  is  4,  and  7  is  11,  and  4  is  15,  jkid 
5  »  20  i  here  becaufe  there  is  no  Figure  overplus  (as  before)  I  fet 
down  a  Cypher  underneath  the  place  of  Hundred^  ««<!  carry  the 
2  Tens  (or  rather  the  2000)  to  the  place  of  Tboufands,  iaying 

C  (*• 
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(as  before)  2  I  carry  and  3  is  5,  which  beitie  the  laft,  I  fet  k 
down  underneath  it's  own  placie,  and  all  is  finiihed.  And  find  th<i 
Svmor  Tif^/ amount  to  be  5095=^3578+496-|-74a+i84-|-9S« 
•  If  this  Example  be  well  oonfidered,  it  will  be  fufficient  i^ 
ihew  the  ufual  Method  of  JdJitim  in  whole  Numbers ;  but  to 
make  all  plain  and  clear,  I  (hall  (hew  thd"  young  Learner  the 
Reafon  of  carrying  the  Tens  from  one  Degree  or  Row  of  Figures^ 
to  the  next  Superidr  Degree,  which  is  done  purely  to  fave 
Trouble,  and  prevent  the  ufing  of  more  Figures  than  are  really 
necefTary,  as  will  appeat  by  the  following  Method  of  adding 
together  the  fame  Numbers  of  th)s  laft  Example. 

Thus,  add  together  each  fingle 
Row  .of  Figures  by  itfelf ;  as  if  there 
were  no  more  but  that  one  Row, 
fetting  down  the  Sum  underneath  its 
own  place. 


The  Sum  of  the  Row  oWntts^  is  I  1  1215 " 

The  Sum  of  the  Row  of  Tens^  is  I    3J7  6  t  a  ja 

The  Sum  of  the  Row  of  Hund.  is  1700  '  ^ 

The  three  Thoufand  brought  down  |3|o|  o|o . 

The  Sum  or  Total  Amount,  as  before,  is  5095 


;} 


From  hence  I  prefunie  it  will  be  cafy  to  conceive  the  tni^ 
Reafon  of  carrying  the  aforefaid  Tens^ ;  and  alfo  that  Cyphers  do 
not  augment  or  increafe  the  Sum  in  Addition.  (See  Page  4.) 
..  I  might  have  here  inferted  a  Lineal  Demonftration  of  this 
RuU  of  Addition  \  but  I  thought  it  would  rather  puzzle  than 
improve  a  young  Learner^  efpecially  in  this  place ;  befides  tbb 
Reafon  of  it  is  fufficiently  evident  from  that  Natural  Truth  of 
the  WhoU  being  Equal  to  all  ifs  Parts  taken  together.  Euclid  u 
Axiom  19. 

That  is,  the  Numbers  which  are  propofed  to  be  added  toge- 
ther, arc  by  that  Axiom  underftood  to  be  the  feveral  Parts,  an<l 
their  Sum  or  Total  Amount  found  by  Addition  is  underflood  to  be 
the  Whole. 

And  from  thence  is  deduced  the  Method  of  proving  the 
^ruth  of  any  Operation  in  Addition^  viz.  By /parting  or  fcparatinj^ 
the  gwtty  Numbers  into  Two  Parcels  (or  more,  according  to  the 
Largenefs  of  it)  and  then  adding  up  each  Parcel  by  itfelf:  For 
if  thofe  particular  Sums  fo  fpund^  be  added  into  one  Sum^^  an3 
that  Sum  prove  £quai»  4>r  the  iadie  with  the  Total  Sum  firft 

found|^ 
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Sounds  then  all  is  right;  if  not^  care  muft  be  taken  to  difcover 
aad  correA  the  Error. 

E  XA  M  P  L  E. 

5647  7 

3289  (.The  Sum  of  thefe  Parts  is  12952 

4016) 


Add. 


2900  ^ 

5007  vThe  Sum  of  thefe  b  95^3 

16063  >  !■ 


The7'4i^/5tfi7iof]    ^  ,  .  The  fijviM  of  each     1   ^^  ^^ 

all  thefe  Parts    1^2405  Paiccl  put  togpt'her  $  ^^*^5 

Sea.  3.    Of  ^ufttratfton. 

Pofiulate  or  Petition. 

That  any  ^ViXtibZt  may  be  Uminifljtd^    by  taking  another  leji 
"^WXa^SZK  from  it. 

&tt&tt9(tf0tl  is  that  Rule  by  which  one  Number  is  deduced 
or  taken  out  of  another^  that  fo  the  Remainder^  Differences^  or 
Excefs  may  be  known. 

As  6  taken  out  of  9,  there  remains  3.  This  3  is  alfo  the 
Differetme  betwixt  6  and  9,  or  it  is  the  Excefs  of  9  above  6. 

Therefore  the  Number  (or  S«/;»^  out  of  which  Subtraction  is 
required  to  be  made,  mud  be  greater  than  (or  at  lead  equal  to) 
the  Subtrahend  or  Number  to  be  fubtraSfed. 

Note,  This  Rule  is  the  Converfe  or  DireSf  contrary  to  Addition. 

And  here  the  fame  Caution  that  was  given  in  Addition^  of 
placing  Figures  diredly  luider  thofe  of  the  &me  Value,  viz.  Uniti 
under  UnitSy  Tens  under  Tens^  and  Hundreds  under  Hundreds^  &c. 
inuft  be  carefully  obferved  ;  alfo  underneath  the  lowed  Rank, 
there  muft  be  drawn  a  Line  (as  before  in  Addition)  to  feparate 
(heeiven  Numbers  from  their  Difference  when  it  is  found. 

Then  having  placed  the  lefler  Number  under  the  greater,  the 
Qperation  may  be  thus  performed. 

RULE. 

Begin  at  the  Right  Hand  Figure  or  jplace  of  Units  {as  in 
Addition}  and  take  or  fuhtraSi  the  lower  Figure  in  thai  place 

C  a  frot^ 
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from  the  Figure  that  Jlandt  over  it,  Jitting  down  the  Remainder 
or  Difference  underneath  its  own  place.  •  If  thi  Tw^  Figtucs 
chance  to  he  Equals  fet  down  a  Cypher :  But  if  the  upper  Figure 
be  lefs  than  the  lower  Figure,  then  you  mujl  add  lo  to  the  upper 
Fisure,  or  mentally  call  it  jo  more  than  it  li,  pnd  from  that  Sum 
fuoTtra^  the  lower  Figure,  fetting  down  the  Remainder  (as  before 
direded).  Now  hecauje  the  lO  thus  addedy  was  fuppofed  to  hg 
borrowed  from  the  next  fuperior  place  (viz.  of  Tens)  in  the  upper 
Figures,  therefore  you  mufl  either  tall  the  upper  Figure  in  that 
place  from  whence  the  lO  was  borrowed^  one  Ufs  than  really  it  is^ 
or  elje  {which  is  all  one^  and  mofl  ufual)  fou  muft  call  the  lower 
Figure  in  that  place  one  more  thanjt  really  is,  and  then  proceed  to 
Subtradion  in  that  placoy  as  in  the  former  \  and  fo  gradually  an 
from  one  Hew  of  Figures  to  another  until  all  be  done. 

EXAMPLE    1. 
Let  it  be  required  to  find  the  Difference  between  6785,   and 
4572.     That  is,  let  4572  hcfubtra^ed  from  6785. 

Thefe  Numbers  bein^  wrote  down,  as  before  direded,  will 
ftand 

6785 

4573^. 


Thus  { 


2213 
Beginning  at  the  place  of  Units,  take  2  from  5  and  there 
will  remain  3,  which  muft  be  fet  down  underneath  it's  own  place ; 
and  then  proceed  to  the  place  of  Tens,  taking  7  from  8,  and 
there  will  remain  i,  to  be  fet  down  underneath  it's  own  place  ; 
again,  at  the  place  of  Hundreds,  take  5  from  7,  and  there  re^ 
mains  2,  which  fet  down,  as  before ',  lafily,  take  4  from  6  and 
there  will  remain  2,  which  being  fet  down  underneath  it's  own 
place,  the  Work  is  finiflied,  and  the  Difference  fo  found  will  be 
2213=6785 — 4572,  as  was  required, 

EXAMPLE    2. 

The  Difference  between  5849  and  7496  is  required. 

Having  placed  the  Numbers  as  in  the  Margin,  begin 
at  the  place  of  Units  (as  before)  and  fay  9  from  6  cannot         7496 
be,  but  9  from  16  and  there  remains  7,  to  be  fet  down         5849 
tinder  it's  own  place ;  next  proceed  to  the  place  ofTens,  - 

where  you  mud  now  pay  the  10  that  was  borrowed  to         1647 
make  the  6, 16,  by  accountingthe  upper  Figure  q  in  that 
place  one  lefs  than  it  is,  faying  4  from  8  and  there  remains  4, 
or  elfe  (which  is  the  niofi  pra£[ifed)  fay  i  I  borrowed  and  4  is  5 

froai 


r' 
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from  9  and  there  remains  4>  to  be  fet  down  under  it's  own  place 
(as  before] ;  again,  at  the  place  of  Hundreds,  fay  8  from  4  that 
cannot  be,  but  8  from  14  there  will  remain  6  to  be  fet  down; 
and  here  I  have  borrowed  10  (as  befbre)  which  muft  be  paid  in 
die  fame  manner  as  the  other  10  was,  vi%,  either  by  calling  the 
7  in  the  upper  Rank  but  6,  faying  5  from  6  there  remains  j^ 
or  elfe  by  faying  i  borrowed  and  5  is  6  from  7  and  there  remains 
U  which  being  fet  down  under  it's  own  place,  all  is  done,  and  the 
Difference  required  will  be  1647^7496 — 5849. 

EXAMPLE    3.     . 
From    .  830476 
Take     741068 

Remmns    89408 

By  this  Example  you  may  perceive  that  Cyphers  in  the  Suh' 
trahendj  viz.  in  the  Numbers  to  be  fubtraSfedy  do  not  diminifh 
die  Number  from  whence  Subtra^fion  is  made.     See  Page  4. 

Thefe  three  Examples,  I  prefume,  may  be  fufficient  to  fliew 
the  young  Learner  the  Method  of  Subtra^ing  whole  Numbers ; 
as  for  the  Reafon  thereof,  it  is  the  fame  with  that  of  Addition^ 
Page  10,  vi%.  of  the  Whole  being  Equal  tn  all  ifs  Parts  taken 

[    Ugetber. 

I  That  is,  in  this  Rule  the  Number  from  which  SubtraJiion  is 
lequired  to  be  m^de,  is  underftood  to  be  the  Whole,^  and  the 
Subtrabendy  or  Number  to  he/ubtrd^ed,  is  fuppofed  to  be  a  Part 

I    of  that  Whole  ;   confequently,   if  that  Part  be  taken  from  the 

I    Whole,  the  Remainder  will  be  the  other  Part. 

From  hence  is  deduced  the  common  Method  of  proving  Sub^ 
traffionj  by  adding  together  the  Subtrahend  and  the  Remainder. 
For  if  the  Sum  of  thofe  Two  (which  are  here  called  Parts)  be 
equal  to  the  Number  from  whence  Subtra^iion  was  made  (which 
is  here  called  the  Whole)  then  the  Work  is  right  5  if  not,  care 
muft  be  taken  to  difcover  and  corre<^  the  Error. 

E  XA  MP  L  E. 
From      59435 
Take      47608 1 

fAdd 

f    118273 

Proof  "J f  The  St/m  which  is  equal  to  the  Number  from 

C    59435  C     whence  Subtra^fion  was  made* 

Or 


T^-ES— B!"W»aH^ 


.14  Wim0t^ B»»ti> 

Or  from  the  abpvef^id  Kc^fojit  it  vfill  be  cafy  (9  cppctiw  ^Qif 
to  prove  the  Tr\ith  of  S^iira^lg^^  by  S^tfKa£ficH4 

for  if  from  i9^31    ^'WB  ^^^  ^^^  wljolc, 

there  be  tak^n  47608    ^  ^art  cf  that  wholc^ 

there  will  remain       1 1827     the  pthi?r  part  (as  bcfpre} 

And  if  from  59435     the  wbofc,   there  t)c  ^u^r^fU4  the 

laft  part,  i;/z.  11827 

there  will  remain    47608     the  yeiy  Numh^  which  was  re- 
quired to  be  firft  'SiAtra^g4* 

From  75643  Frotn  70000CO 

Take     9000  T^jce    986432 

Remains  66643  R^»n^ins  ^91356? 

sed.  4.   Of  jjpuiitftiKcattot. 

fll^trttiplfCatiOn  is  a\Rtt/<  by  which  any  given  Numhtr  may 
be  fpeedily  increafed,  according  to  any  pr6po(ed  Number  of  Times* 

That  is^  Qne  Number  is  /aid  to  Multiply  anpthfr^  when  the 
Number  multiplied  is  fo  often  added  to  it/elf,  as  there  art  Units 
in  the  Number  multiplying  \  and  another  Number  is  produced^ 
(Euclid.  7.  Def.  15.) 

To  perform  Multiplication^  there  arc  required,  tviro  given  Nun^ 
h/rs^  called  FaHors. 

The  Firft  is  the  Number  to  be  fnultipUed^  vhich  is  ^oerallr 
put  the  greater  of  the  Two  Numbers^  and  is  commonly  pJ^e^ 
the  Multiplicand, 

The  other  is  that  Numberlyy  which  the  Firft  is  to  hje  ^la/r/- 
pfiedy  and  is  ufually  called  the  Multiplicator  or  Multiplier  i  and 
this  denotes  the  Number  oi  Times  that  the  Multiplicand  is  rcquirca 
to  be  added  to  itfelf.  For  (q  many  Units  as  are  contained  in  the 
Multiplier^  fo  many  times  will  the  Multiplicand  he  really  added 
to  itfelf  (as  per  Euclid  above).  And  from  thence  will  arifc  % 
Third  Number^  called  the  ProduSl.  But  in  Geometrical  Opera- 
tions it  is  called  the  Redangle  of  the  two  Numbers. 

For  jnftance;  fuppofe  it  were  required  to  increafe  6  four 
times,  that  Is,  to  multiply  6  into  or  with  4.  Thcfc  two  Numbers 
arc  to  he  fct  (or  placed)  down  as  in  Additianot  &ubtra£ti9Uj 

Thus 
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M 


^^-{  I  HSl^f'h^^'^^' 


'  Pr^dUf  24  viz.  4:  times  6  is  24, 
kf  AdaAm^  viz.  By  fching  down  6  four 
tifntt,  aaid  thetl  adding  them  together  into  dne 
&«)  Thus 

Fr^ffi  tenet  h  is  ividint  that  Multiplication 
is  mdf  a  Compendious  Way  of  adding  arj 


as  plainly  Sppeait 
|6  " 


W  V 


24 


Add 


fh/n  Nttmber  t0  itfetf,  at  matif  Timst  at  mtj  be  frtptftd. 

Before  any  Operation  can  be  readily  performed  in  MuM^^ 
tstitHj  the  feveral  Prtdu£ts  of  two  fingle  Figures  muft  be  per> 
kB&j  learned  by  beart,  iflfs.  That  a  times  2  is  4,  that  3  timel  t 
is  9,  and  3  times  6  b  18,  f^c  according  as  th*y  are  expreflfed 
in  die  following  Table ;  wherein  I  have  omitted  tnultiplying  with 
I,  it  being  lb  yttj  eafy  that  any  one  may  do  it. 

MidtifRcathn  TaUe. 


9X9==gt 


=  9|4»<4 


3x3= 
3>'4=> 
3x5=  i_ 
3x6=18 

3x7= 

3x8=24 

3x9=27 


24x5: 


=  16 

2C 
5)4x6=24 
4X7=2 

x8=: 
4x9=36 


214 


7=285 


jx5=25 
5;i6=3C 
>x|=35, 
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x«=4c 


6x6=r36 
'6x7=±43 
6x8=48 
^X9=54 


7x7=49 
7x8—56 
7x9=63 


I  thtrik  it  wmectSbty  to  give  any  Expionaiion  of  this  Taile  ; 
(or  if  the  Signs  and  their  Significations  be  well  undefftood^  (viia 
fage  5)  it  muft  needs  be  eafy.     Only  this  may  be  noted,   that 

4x3-3x4^  or  7x5=5x7*  ^c. 

Thax  is,  3  times  4  is  the  fame  with  4  times  3,  or  5  times  7 
b  the  fame  with  7  times  5,  i^c.  The  like  muft  be  underilood 
of  all  the  r^ff  in  the  Tabk. 

And  wheh  all  thefe  fingle  BreduSh  are  fo  per/*e£tly  learned 
br  Hearty  as  to  be  faid  withottt  paUfing  *,  you  may  then  proceed 
foot  not  till  then)  to  the  Bufmefs  of  Mwltiplicduoh ;  whith  will 
Oe  fotiiid  v^  eafy,   if  the  fpilowing  Rsdi  (and  Examples)  b«  . 
euefuHy  obftrVfed. 

RULE. 
Stiurt^  iegiH  with  that  Figure  wbieh  Jlands  in  the  Units  placid 
(f$i^  l/bdtiplkTj  and  nritb  it  multiply  tie  Figure  whicb  Jlands 
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in  the  Units  place  of  the  Multiplicand  j  if  their  ProduA  be  left 
than  Tenj  fet  it  down  underneath  if*  own  Place  of  Units,  and 
proceed  to  the  next  Figure  of  the  Multiplicand.  But  if  their 
Produd  be  above  Ten  (or  Tens)  then  fet  down  the  Overplus  onlj 
(or  odd  Figure,  as  in  Addition)  and  bear  (or  carry)  the  fisid 
Ten  or  Tens  in  mind  until  you  have  multiplied.,  the  next.  Figure 
of  the  Multiplicand,  with  the  fame  Figure  of  the  Multiplier  i 
then  to  their  Produft  add  the  Ten  or  Tens  carried  in  mind^  fet^ 
ting  down  the  Overplus  of  their  Sum  above  the  Tens,  as  before  : 
and  fo  proceed  on  in  the  very  fame  Manner y  until  all  the  Fi- 
gures of  the  Multiplicand  are  multiplied  with  that  Figure  of  the 
Multiplier. 

E  XA  M  P  L  E    r. 
Suppofe  it  were  required  to  multiply  3213  into  or  with  3. 
izx^  MMpUcmul,   K,^^„, 
'  3  Multtplier^        $ 

ProduSi  9639 

Beginning  at  the  Units  place,  fay  3  times  3  is  9,  which,  be- 
cavfe  it  is  lefs  than  7V»,  fet  down  underneath  it's  own  place, 
and  proceed  to  the  next  place  of  Tensy  faying  3  times  i  is  3, 
which  fet  down  underneath  it's  own  place }  then  to  the  next  place, 
vi%.  of  Hundreds^  faying  3  times  2  is  6,  which  fet  down,  as 
before  y  laftly,  at  the  place  of  Thoufands^  fay  3  times  3  is  9, 
which  being  fet  down  underneath  it's  own  place,  the  Operation 
is  finifhedj  and  the  true  Produii  is  9639=3213x3,  as  was  re* 
quired. 

E  XA  MP  L  E    ^. 

Let  it  be  required  to  multipfy  8569  -  into  8.  Set  down  thefe 
Numbers  as  before,    > 

Thus{   8569 


68552 
Beginning  at  the  Units  place,  fay  8  times  9  is  72,  fet  down 
the  2  underneath  it's  own  place  of  Units^  and  bear  the  70,  or 
7  Tens  in  mind,  and  proceed  to  the  next  Figure  of  the  Multi^ 
plicand{3Lt  which  place  the  7  7>»j  are  only  7)  faying  8  times 
6  is  481  and  the  7  carried  in  mind  is  55  ;  fet  down  the  odd  5 
underneath  it's  own  place  of  Tens^  and  carry  the  50  (which  is 
really  500)  to  the  next  place  (viz.  of  Hundreds)  at  which 
place  it  is  only  5,  where  fay,  8  times  5  is  40,  and  the  5  car«> 
ried  in  mind  is  45  ;  fet  down  the  5  underneath  it^s  own  phce^ 
and  carry  the  40  or  4  Tens  (which  is  really  40^)  to  the 

nes^ 
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ocxt  place,  vix»  of  Th^ufindsj  faying,  8  times  8  is  64,  and  4 
carried  iq  mind  b  68.  (Now  thU  beii^  the  laft  Place  or  Fi^ur^ 
to  he  mubipUid)  Set  down  the  whole  Pr$dH^  68>  and  the  Work 
iidone* 

So  that  8569x6 ::z  68 5 52,  the  Prodm£i  required. 

Now  the  Rtafbn  of  this  and  all  other  jthe  like  Operations,  may 
be  eafily  conceived  from  this  which  follows. 
8  s  6  IJ 


The  fame  Factors  as  before. 


7 

4 

8 

4 

0 

0 

4 

0 

0 

(th< 


68552 


{Here  8  times  .9  is  72,  as  before^  becaufe  the 
9  ftands  in  the  Units  place. 

Now  here  it  is  not  really  8  times  6=48,  but 
is  8  times  60=480,  becaufe  the  6  (Lands  in 
the  place  of  Tens. 
^      Arid  here  it  is  not  8  times  5=40,  but  it  is 
O  3  really  8  times  500=4000,  becaufe  the  5  ftands 
^  in  the  place  of  Hundreds. 
f      Laftly,  becaufe  the  8  in  the  Multiplicand &2Lnit 
o  3  in  the  place  of  the  Tbou/andsj  it  is  therefore  8 
^  times  8ooo=x64000,  and  not  8  times  8=64. 
The  Sum  of  the  particular  Prodsi£fs^  which 
gives  the  true  ProduQ^  as  before. 


fiy  what  hath  been  already  faid,  with  a  little  Confideration 
bad  to  the  Examples^  I  prefuroe  the  Learner  may  cafjy  under- 
fand  how  to  multiply  whole  Numbers  with  any  fingle  Figure. 
And  when  it  is  required  to  multiply  with  more  than  one,  then 
b  many  Figures  as  there  are  in  the  Multiplier^  fo  many  parti- 
cular ProduOjs  there  muftbe. 

That  is,  all  the  Figures  of  the  Multiplicand^  muft  be  multi^ 
flied  with  every  fingle  Figure  of  the  Multiplier^  as  if  there  were 
but  one  fingle  Figure :  and  the  Sum  of  all  thofe  particular  Pro- 
^Sy  will  be  the  true  ProduSf  required.  But  in  thofe  Opera- 
^ns,  great  Care  muft  be  taken  in  letting  down  the  particular 
Produffs  (which  arife  by  each  multiplying  Figure)  in  their  proper 
places.  Which  will  be  eafily  done,  if  the  following  Dircfliona 
.be  carefully  obferved. 

f     Always  place  the  firft  Figure  (or  Cypher)  of  every 
^iz*  )  particular.  Produ^f^   diredly  underneath  the  multiplying 
i  Figure.     Or  thus : 

Tht  Firfi  Figure  {or  Cypher)  of  the  fecmd  particular  Produft 
^Mfi Jiand  directly  under  the  fecond  rigure  (or  place)  of  the 
firft  Produ^i    ^^  the  FirJ  Figure  (or  Cypher)  ef  tht  Third 

D  particular 
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particular  Product,     mu^  Jiani   direSfiy  underneath   the  Third 
Figure^  the  Firji  Produd :  Jndfo  on  until  all  is  done. 

Now  the  Reafon  of  placing  the  Firft  Figure  of  every  particular 
ProduH  in  their  Order,  will  be  very  obvious  to  any  one  that 
confiders  the  lart  Example  \  wherein  the  Cyphers  are  only  fet 
down  to  {hew  the  true  Diftance  of  the  firft  Figure  in  each 
particular  ProduH  from  the  Units  place.  And  altho'  it  is  not 
utual  to  fet  down  Cyphers  in  this  Manner;  yet  ikey  are  always 
fuppofed  to  be  there  :  That  is,  their  Places  are  always  left  void, 
as  in  the  two  following  Examples ;  wherein  I  have  placed  Points 
infiead  of  Cyphers, 

EXAMPLE    3. 

Let  it  be  required  to  multiply  78094,  into  or  with  7563. 


7563 


} 


234282  The  Firft  particular  ProduSf  with  ^ 

468564 .  The  Second  particular  Pr^duS  with  60 

3QO470  . .  The  Third  particular  Pr^^/i/^  with  500 

546658 . . .  The  Fourth  particular Pr^^/«if?  with  70CO 


590624922     The  Totaly  or  true  ProduH  required. 

EXAMPLE^. 

Suppofe  it  be  required  to  multiply  57498  into  6oQo5. 

57498    ' 
60008 


459984      The  ProduSf  with  8 

344988  ....      The  ProduSf  with      .     600CO 

3450339984=57498x60608,  as  was  required. 

Here  you  may  obferve,  that  I  pafs  over  the  Cyphers^  and  only 
take  care  of  placing  the  firft  ProduSl  of  the  laft  Figure ^  viz,  of 
60000,  according  to  the  foregoing  Dircfiions. 

When  there  is  a  Cypher  or  Cyphers  to  the  Right«hand  either 
of  the  Multiplicand  or  Multiplicator^  or  to  both  ;  in  that  cafe 
multiply  the  Fiures  as  before;  neglefling  the  Cyphers  until 
the  particular  Produdfs  are  added  together :  Then  to  their  Sum 
?nnex  fo  many  Ciphers  as  arc  in  cither  or  both  the  FaS!or\^ 
As  in  thefe  Examples : 

EXAMPLE 


r" 
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EXAMPLE  5. 

9538 
4600 

EX  A  MPLE  6.     E  XAMB  LE  ^. 

87600                          785000 
79                              56900 

57228  = 
38152 

7884 
6132 

7065 
4710 

43874800 

69204QO 

3925 

44666500000 

Tah  a  few  Examples  without  their  Wark  at  large. 

75649x579=43800771 

687000x356=244572000 

530674x45007=23884044718 

790 1 375  X  30000Z:  237041  ?5oooo 

537084000x590700=317255518800000 

102030405x504030201=51426405540261405 

98765432 1  x  1 23456789=  1 2 1 93264 1 1 1 2635269 

'Sote'j  If  it  be  required  to  multiply  any  Number  with  10, 
100,  1000,  loooo,  i^c.  it  is/only  annexing  the  Cyphers  of  the 
MuhipRir  to  the  Figures  of  the  Multiplicandy  and  the^Work  is 
done. 

Thus   5578x10  =5780.      578x1000  =578000 

*  I  578x100=57800.     578x10000=5780000,  &c. 

Thcfe  Examples  (being  well  underftood)  are  fufScient  to  in- 
ftruft  the  Learner  in  all  the  Varieties  that  can  happen  in  Multiply' 
ing  of  whole  Numbers^  according  to  the  Method  generally  prac- 
ticed :  However  it  may  not  be  ^mifs  to  (hew  here  bow  Multipli* 
catien  may  be  performed  (with  many  Figures)  by  Addition  only. 

EXAMPLE. 

Let  it  be  required  to  multiply  879654  into  79863. 

In  order  to  perform  this  (or  any  other  Operation  of  this  kind) 
by  Addition  only,  you  muft  make  a  Tariffa  or  fmall  Table  of 
the  given  Multiplicand^  in  this  Manner : 

F/r/?,  Make  a  fmall  Column,  and  in  it  place  gradually  down- 
ward the  Nine  fmgle  Figures  \  viz.   i,  2,  3,  4,  5,  ^c. 

D  2  Then 
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Then  againft  the  Figure  i,  fct  down  the  Mubtpbeand 
(which  in  thi$  ExampU  is  879654)  and  againft  the  Figure  2» 
fet  down  the  double  of  the  Midtiplicandy  found  b^  ad^ng 
it  to  itfelf;  to  this  double  add  the  Multiplicand^  fetting 
down  their  Sikm  againft  the  Figure  3,  And 
fo  proceed  on  by  a  continual  Addition^  until 
there  be  Ten  times  the  Multiplicand  in  the 
Table  J  which,  if  the  Work  is  true,  will  be  the 
Multiplicand  icfelf  with  a  ,  Cypher  to  the 
Right-hand  of  it,  as  in  the  annexed  Table. 
This  being  done,  it  will  be  eafy  to  conceive, 
that  the  Figures  in  the  fmall  Column  of  the 
Table^  do  refpeflivcly  rcprefent  thofe  of  the 
Multiplier:  And  that  the  Numbers  againft 
any  of  thofe  Figures  in  the  fmall  Column,  will 
^  be  the  true  Product  of  the  Muliiplicand  agree- 
ing to  any  Figure  of  the  Multiplier  ^  as  plainly  appears  by  the 
Work  of  this  Example. 

^79654  J  The /i^^«  as  before. 


87965+ 

^['759308 
2638962 
3518616 
4398270 
5277924 
6157578 
7037232 
7916886 


^79^540 


Then 


3,  in  the  r^ii^  is     2638962  =879654x3 

5277924     =1879654x60 

703723a       =879654x800 

79 1 6886        =  879654x9000 

6157578  =879654x70000 


{3,  in 

6,  is 

8,  is 

9,  is 

7,  is 

The  ProduSi  required       70251807402  =879654x79863 

Notey  This  Method  of  tabulating  the  Multiplicand^  is  both 
eafy  and  certain ;  being  neither  fubjed  to  Errors,  nor  burden*-' 
fome  to  the  Memory,  and  therefore  in  large  Calculations  it  may 
be  found  very  ufeful.  But  for  common  PraSice  the  ofual 
Method  (as  in  Page  18,  ^c.)  is  beft,  and  to  be  preferred  before 
this. 

Moft  Majlers  that  teach  (and  feveral  Authors  that  write  of) 
Arithmeticky  (hew  how  10  prove  the  Truth  of  Multiplication^  by 
cafting  away  all  the  Nines  that  are  contained  in  both  the  Favors 
and  their  Produii ;  but  bccaufe  that  Method  is  very  fallible, 
as  might  be  eafily  (hewn,  I  fliall  therefore  omit  inferting  it, 
and  leave  the  Proof  of  Multiplication  to  the  next  Se^on^  where- 
in (I  prefumc)  the  Reafon  and  Proof,  both  of  it,  and  Diwftm^ 
will  plainly  appear. 
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Sea.  5.    0/  2[>ibtfion. 

3)(blfl[0tl  is  a  Rule  by  which  one  Number  mzy  be  fpeetlflif 
fitkrs^id  ftofgi  another,  fo  many  times  as  it  is  contained 
therein. 

That  is.  It  fpeedily  difcofers  bow  often  one  Number  is  con« 
tamed  (or  may  be  found)  in  another :  And  to  perform  chat  Ope- 
ration there  ale  required  Two  Numbers  to  be  given. 

1.  The  one  of  them  is  that  Number  which  ia^propofed  to  be 
£fnJtJf  and  is  called  the  Dividend. 

2.  The  other  is  that  Number  by  which  the  laid  Dividend  is  to 
be  £vidid^  aad  is  called  the  Divifor. 

And  by  comparing  thefe  Two,  viz.  the  Dividend  and  the 
Divifer  together,  there  will  arife  a  Third  NunAer^  called  the 
^eiient;  which  Ihews  how  often  the  Dhuifir  is  contained  in  the 
Dividend^  or  into  what  NunAer  of  Equal  Parts  the  Dividend  t$ 
then  divided.     Therefore, 

DiviiioB  is  by  Euclid  fitly  termed  the  meafuring  of  one  Number 
if  mother^  viz.  one  Number  is  biA  to  meafure  another  by  chat 
Number^  which  when  it  mubipiieSy  or  is  multiplied  by  it,  it  pro-* 
duceth.    Euclid  J.  Def.  23. 

Jnd  if  a  Number  meafuring  another^  multiply  that  Number 
by  which  it  meafureth^  or  be  multiplied  by  it^  it  produceth  tbg 
Itiumher  which  it  meafureth.     Euclid  7.    Axiom  9. 

That  is  to  fay.  It  that  Number  which  divides  another  (called 
the  Divifor)  be  multiplied  with  the  Number  which  is  produced 
hy  Divifion  (called  the  Quotient)  their  Product  will  be  the  Num^ 
ber  Divided  ot  Dividend.  Whence  it  follows,  that  Divifun  ^nd 
Miitiplication  are  the  Oonverfe  and  Dire£l  Contrary  one  to  ano- 
ther (as  Suhtra£lion  is  to  Addition)  and  do  mutually  prove  the 
Truth  of  each  other's  Operations. 

I  ihall  therefore  make  choice  of  the  foregoing  Examples  in 
Multiplicationy  in  order  (as  I  prefame)  to  render  the  Buiineis  of 
Pivifion  more  plain  and  eafy. 

Firfi,  let  it  be  required  to  find  bow  often  6  is  contaifled  in  24; 
Aat  is,  to  diviiU  24  by  6. 

N,  B'  Always  place  down  the  given  Numbers  in  this  Order: 
Firft  fet  down  the  l^ivifor^  and  to  the  Rightrhand  of  it  draw. a 
crooked  Line ;  then  fet  down  ihe  Dividend^  and  to  the  Right  of 
it  draw  another  crook^ci  Line,  in  which  mufi  be  placed  the 
^otient  Figure  or  Figures^  as  |jiey  become  found. 

Thus 
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Dividend, 
Thus  Divifor  6)     24     (4  the  ^otient. 

Here  I  confider  how  many  times  6  there  i$  in  24,  qnd  find 
it  4,  wz.  4  times  6  is  24,  therefore  4  is  the  true  ^otient  or 
Anfwcr  required.  . 


This  will  appear  evident  by  Saifrjr- 
iioHy  as  in  the  Margin ;  where  24  the  "S 
Dividend  is  fet  down,  and  from  it  6 
the .  Divifor ^  continually  fuhiraSled  fo 
often  as  ic  cap  be,  which  is  juft  4 
times.  Therefore  4  is  the  true  ^^- 
iitru  or  Anfwer  required. 


24 
j6 

18 
6 

12 
6 

6 
6 


COROLLARY. 

From  hence  it  is  evident,  that  Divijion  is  but  a  ^^/irci^  or 
compendious  Method  of  fuhtraHing  one  Number  from  another, 
'  fo  often  as  it  can  be  found  therein  ;  for  if  the  Divifor  be  con* 
tinualiy  fuhtraSled  from  the  Dividend^  accounting  an  Unit 
(or  i)  for  each  time  it  \s  fubtra^ed  {zs  above)  the  Sum  of  thofe 
Units  will  be  the  ^otient. 

Ail  Operations  in  Divifion  do  begin  contrary  to  thofe  of 
Multiplication y  viz.  at  the  Firft  Figure  to  the  Left-hand,  or  that 
of  the  higheft  Va)ue,  and  decreafe  the  Dividend  by  a  repeated 
Sttbtra^ion  of  each  ProduSf  arifing  from  the  Divifor  when  mul- 
tiplied into  the  patient  Figure.  And  the  only  Difficulty  in  Di- 
lijion  of  whole  Numbers  (or  indeed  of  any  Numbers)  lies  in  making 
choice  of  fuch  a  ^otient  Figure^  as  is  neither  too  big,  nor  too 
little ;  and  that  may  be  eafily  obtained  by  obferving  the  following 
Rule^  which  hath  two  Cafes. 

RULE. 

Cafe  r .  As  often  as  the  Firji  Figure  of  the  Divifor  is  taken 
from  the  Firjl  Figure  of  the  Dividend  :  Bo  often  mufl  the  Second 
Figure  of  the  Divifor  be  taken  from  the  Second  Figure  of  the 
Dividend,  when  it  is  joined  With  what  Remains  of  the  FirJi. 
And  as  often  mujl  the  7 bird  Figure  of  the  Divifor  be  taken  from 
the  Third  Figure  of  the  Dividend,  6fc. 

But  if  the  Firft  Figure  of  the  Divifor  cannot  be  taken  from 
the  Firft  Figure  of  the  Dividend^  then 

1  Cafe 
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Cafe  2.  So  often  as  the  Firft  Figure  of  the  Divifor  is  takem 
fr9m  the  Two  Firft  Figures  of  the  Dividend^^  often  muft  the 
Second  Figure  of  the  Divifor  be  taken  from  the  Third  Figure  of  the 
Dividend,  when  it  is  joined  with  what  remained  of  the  Second: 
Andfo  often  mu/i  the  Third  Figure  of  the  Diviibr  be  taken  from  the 

I    Fourth  r  igure  of  the  Dividend',  Wf . 

That  is,  the  ^otient  Figure  muft  be  fuch,  as  being  multiplied 
into  the  Divifor^  will  produce  a  Produ£f  equal  to  fuch  a  part  qf 
the  Dividend  as  is  then  taken  for  that  Operation :  But  if  fuch 
a  ProdiiSf  cannot  be  exadly  found,  then  the  next  lefs  muft  be 
uken,  and  ordered,  as  in  the  following  Examples :  of  which  let 
that  in  Page  16  Se  the  firft,  wherein  there  was  given  8569  the 

I    Multiplicandy  and  8  the  Multiplier.     To  find  the  ProduSf  68552. 

I  Let  us  here  fuppofe  the  faid  Produlf  68552,  and  8  the  MuU 
tiplier^  both  given  ;  thence  to  find  the  Multiplicand.  That  is. 
Let  it  be  required  to  divide  68552  by  8*  , 

Dividend 

Divifor    8)     68552     (     ^otient  when  found. 

I  ... 

According  to  the  Rukj  Cafe  i.  I  compare  8  the  Divifor  with 

I    6  the  Firft  Figure  of  the  Dividend^  and  finding  I  cannot  take  it 

I    from  that,    I  then  confidcr  (by  Cafe  2.)  how  often  8  can  be 

taken  from  68,  the  two  firft  Figures  of  the  Divideridy    and  find 

it  may  be  taken  8  times ;  for  8  times  8  is  64,  being  the  greateft 

i    ProduH  of  8  (into  any  Figure)  that  can  be  taken  from  68.     I 

therefore  place  8  in  the  ^otienty    and  with  it  multiply  8  the 

Divifor^    fetting  down  iheir  Product  underneath  the  (aid  Two 

Firft  Figures  of  the  Dividend^  fubtra£ling  it  from  them,    and 

then  the  Work  will  ftand 

Thtis  8)  68552  (8 
6+ 


In  order  to  a  JSecond  Operation^  I  make  a  Point  under  the  next 
Figure  of  the  Dividend^  viz.  under  the  5,  and  bring  it  down 
onderneath  in  it's  own  place  to  the  Remainder  4,  which  will  by 
that  means  become  45c  Then  I  v.onriilcr  how  many  times  8  can 
be  taken  from  45,  and  find  it  may  be  5  times ;  for  5  times  8  is 
40,  I  therefore  place  5  in  the  ^otient^  and  with  it  multiply  8 
the  Divifor^  fttting  down  and  fubtra^ing  their  Produ^^  as 
bcfur^.     Then  tht  Work  will  Hand 

Thus 
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"  Tbus  8)  68552  (85       '     ^"^  ' 

64. 


For  a  Third  Oiieratioit,  I  make  a  Point  under  the  nest 
figwt  of  the  DivicUndy  viz.  under  the  5,  and  bring  it  down, 
•s  before,  proceeding  in  allrerpe.^$,  as  before ;  and  (hen  the  Work 
MftUfiaod 

Thus  8)  685P  (856 
64.. 

45 

40 

55 

48 

7 
Laffly,  I  point  and  bring  down  the  2,  viz.  the  laft  Figtirt 
of  the  DiviJtnd  to  the  Remainder  .fj.,  which  will  then  become 
172,  and  proceeding  as  in  the  other  Operatitnst  I  find  that  8  the 
Divifor  can  be  taken  juft  9  times  from  79^  aod  the  Work  it 
fifliibed,  and  will  ftand 

Thus  8)  68552  (8569 
64... 

45 

40 

48 

(o) 
Hie  trne  ^9timt  is  found  to  be  8569,  being  exadiy  the 
Eighth  part  of  68552,    or  the  MuhipUcand  of  the  propofed 
Example  o£  Multiplication.     As  was  required. 

The  Reafan  of  thefe  Operations  will  be  very  plain  to  any  one 
that  will  a  little  confider  of  it»  aa  follows ; 

Divi/ar 
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Dhfifrr  8)    68551      (8000.    The  Firft  ^oitent  Figure. 


00 


This  Prodii^  of  the.  Dhtfar  into  the 

uotient  is  64OOO,  v/z.  8  times  8000 ;  the 

U9tient  Figure  being  always  of  the  fame 

alui  or  Degree  with  that  Figure  under 

which  the  l/mysplaceofit'sPrd^tf^ftands.' 


45 
43 

5  2     (500.     The  Second  Rodent  Figure. 
I      And  here  the  ProdiOi  is  4000,  viz. 
\  8  times  500,  not  8  times  5. 

552         (60.     The  Third  patient  Figure^ 

jj     r         Alf«  here  the  Produ^  is  480,  viz.  8 
^^^\  times  60,  for  the  Reafom  abovefaid. 

7  a         (9.     The  Fourth  ^oiient  Figure. 

Now  here  the  ProiuH  is^ut  72,  wz. 
729  times  8,   becaufe  the  9  ftands  in  the 
C  place  of  Unite i  - 

SiAtraa         64 


Divifir  8) 
SiAtTda 

Divifir  8} 
Sabtreia 

Divifir  8) 

Sahra^f 


;  Rmainr  (o  o)  Now  the  Sum  of  all  the  feveral  ^oiitnts^ 

vSz.  8oco+50o4*6o-f  9=85699  ^  before. 

If  the  Precefi  of  this  Example  be  well  conildered  and  compa- 
'  red  with  that  of  Multiplication^  Page  17,  it  will  evidently  ap- . 
pear  to  be  only  the  Converfi  of  that ;  for  the  particular  Pro'^ 
duffs  are  alike  in  both,  only  that  which  is  la/l  there,  is  firfi 
here;  there  they  are  aJJed^  here  they  wet fidttra£led.  So  that 
i  whoever  underftands  the  true  Reafin  of  the  one,  muft  needs 
nnderfiand  the  Reafin  of  the  other,  and  then  Divijion  will  be- 
come very  ea^^  although  the  Divifir  coniifts  of  feveral  places 
of  Figures, 

EXAMPLE. 

Let  it  be  required  to  divide  590624922  by  756^ 
•  Dividend. 

Divifir  7563)  590624922  ( 

Tis  plain  at  the  firft  fight,  that  7563  the  Divifir^  cannot  be 
hken  from  5906,  the  like  Number  of  Figures  in  the  Dividend. 

Therefore,    by  the  Second  Cafi  of  the  Rule  [Page  23.)  there 

Uttft  be  allowed  Five  Figures  of  the  Dividend^  viz.  59062  for 

he  Fir/i  Operation  or  ^otient  5    that  fo  the  Firjl  Figure  7  of 

be  D'ruifir  may  be  taken  out  of  the  two  Firji  Figures^  viz.  59 

P  ihe  Dividend^  ^c. 

I  E  Then 
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Then  I  proceed  (per  Cafe  2.)  and  confider  how  often  7  may 
bp  taken  from  59t  and  find  it  may  be  taken  8  limes,  for  8 
times  7  is  but  56,  which  I  mtmMy  fubirad  from  59,  and 
there  remains  3  5  to  this  3  1  mentally  adjoin  the  Third  Figure 
of  the  Dividend^  viz.  0,  which  makes  it  30,  out  of  which  I 
muft  take  the  Second  Figure  of  the  Divifor^  ^iz.  5,  fo  often  as 
I  took  the  7  from  59,  which  was  &  times :  But  that  cannot  be, 
for  8  times  5  is  40,  which  is  more  than  30,  'therefore  8  b  too  big 
a  Figure  to.be  placed  in  the  ^$tient\  yet,  hence  I  conclude, 
that  the  next  lefe,  viz,  7  may  be  taken  withouf  any  further 
Trial.  I  therefore  place  7  in  the  ^otieniy  and  with  it  muUiplj 
the  Divi/ir^  fctting  down  their  rrodu£f  under  the  Dividend^ 
and  fubtra£f  it  frojn  thence,  as  in  the  other  Example^  arid  then 
the  tf'ori  will  (land 

Thus  7563)  590624922  (7*^ 
52941 

6j2I 

•  In  order  to  a  Second  Operatiori^  I  make  a  Point  under  the  next 
Figure  of  the  Dividend^  viz.  under  the.  4,  and  bring  it  down 
to  the  Remainder  61 21,  which  will  then  become  612,14,  with 
which  I  proceed  m  alt  rcfpefts  as  I  did  before  with  the  59062, 
and  find  the  next  ^otieni  Figure  will  be  8,  with  which  I  mul- 
tiply  the  Divifory  &c.  and  fubtra^  their  Produ£f  from  the  faid 
61214.     Then  the  tTork  will  (land 

Thus  7563)  590624922  (78 
52941 • 


61214 

60504 

710 


To  this  Remainder  710,  I  point  and  bring  down  the  next 
Figure  o(  the  Dividend j  viz.  9,  which  makes  it  71 09;  no.w 
becaufe  the  Divifor  7563  cannot  be  taken  from  7109,  f  there- 
fore place  a  Cypher  in  the  patient. 

And  this  muft  always  be  carefully  obferved,  viz.  That  for 
roery  Figure  or  Cypher,  which  is  brought  down  from  the  Divi- 
dend, in  order  to  a  new  Operation,  there  mujl  always  be  etther 
n  Figure  or  Cypher,  fet  down  in  the  Q«ioticnt.  Then  the  Work 
wilJ  llaixd        ' 

Tbui 


r 
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Thus  7563)  590624922  (780 
52941  •  • 


61214 
60504 


vtz 


7109 
To  this  7109,  I  bring;  down  another  Figun  of  the  Dividend^ 
wiz.  2,  and  chen  it  will  become  71092;    then  I  confider  hqw 
often  7  can  be  taken  from  71,  tTr.  (juft  as  at  the  firft  Operation,) 
and  (ind  it  may  be  taken  9  times,  therefore  I  fet  down  9  in  the  \ 
^atient^  and  with  it  multiply  the  Divifory  fetting  down   and 
fubtranlng  their  ProduSi^  as  before  j  then  the  Work  will  ftand 
Thus  7563)  59062492a  (7809 
52941 ••• 

.  61214 

60504 


71002 
68067 


3025 
To  this  Rimesnder  3025,  I  point  and  bring  doWn  the  lafl 
Figure  2  of  the  Dividtndy   which  makes  it  30252  $    then  pro- 
ceeding in  all  refpeds  as  before,   I  find  the  ^otient  Figure  to 
be  4,  with  it  I  mubiply  the  Divifor^  fetting  down  znd/uiira0i/^ 
dicir  Predua  as  before,  and  then  the  Work  will  ftand 
Thus  7563)  590624922  (78094 
52941 • • • • 

61214 
60504 


7x092 
68067 


30252 
30252 

(000^0) 

ttcre  the  Work  is  ended,  and  I  find  the  ^otient  to  be  78pg4, 
being  the  true  Multiplicand  of  the  propofcd  Example  of  Multi^ 
fUcatioriy  Page  \%\ 

That  is,  7563  is  contained  in  590624922  juft  78094  times,  Vc. 

£  2  If 
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Part  I. 


If  the  Work  of  this  Example  be  confidered  and  compared 
with  the  Rule  (Page  22.)  the  whole  Bufmers  of  Divifan  will 
be  eafy }  for  indeed  the  only  Difficulty  (as  I  faid  before)  lies  in 
making  choice  of  a  true  ^oiient  Figure^  which  cannot  well 
be  done  according  to  the  Common  Method  of  Divijien^  withcwt 
Trials,  yet  thofe  Trials  need  not  be  made  with  the  vihoXtDivifir 
(as  appears  by  this  laft  Example)  for  by  the  two  FirS  Figures 
of  the  Divtfor  all  the  reft  are  generally  regulated  ;  except  the 
Second  Figure  chance  to  be  2,  3,  or  4,  at  the  iame  time  the 
Third  Figure  be  7,  8,  or  9,  then  indeed  refped  muft  be  bad  to 
the  Third  Figurey  according  as  the  Rule  direAs. 

However,  if  thofe  Trials  are  thought  too  troublefome,  they 
may  be  avoided,  and  the  fame  ^otient  Figure  may  both  eafily 
and  certainly  be  found  by  help  of  fuch  a  fmall  Taile  made  o£ 
the  Divifiry  as  was  of  the  Multiplicand  in  Page  20. 


Let  it  be 

the  Example 
make  a  Table 
Thus, 

r   'Divifor.   . 

79863) 
159726 

239589 
413*945^ 

5 3993 '5 

6479178 

SS90+r 
638904 
7^8767 


EXAMPLE    4. 

required  to  divide  7025 1807402  by  79863.  See 
•f  Multiplieaiieny  Page  20|  and  as  toere  dire^ed 
of  ibe  Divifor  79863. 


10 


798630 


Dividend, 
70251807402 

63890A 

636140 
559^4^ 
770997 
718767 
522304 
479178 
431260 

3^945^ 
3'94S2 

(000000) 


^otienU 

The  Work  of  this  Operation 
I  prefuoie  may  be  eafily  under- 
ftood.  For  thofe  Figures  in  the 
Table  ar«  the  Predua  of  the  Di^ 
vifor  into  all  the  9  Figures ;  con- 
fequendv  thofe  'Figures  in  the 
fmall  Column  do  (hew  what 
Figure  is  to  be  placed  in  the 
^otient ;  without  any  doubtful 
Trials  of  the  Divifor^  with  the 
Dividend^  as  before. 


This  Me;hod  of  tabulating  iht  Divifor  may  be  of  good  Ufe 

to  a  Learner  j  efpecially  until  he  is  well  prafiifed  in  Divifi'm  \ 

'  and  even  then  if  the  Divifor  be  large,  and  a  ^otient  jpf  many 

Figures  be  required  ;    as    in  refolviiig  of  hieb  Mquations^    and 

calculating  of  Jfironwical  Tables^  or  thofe  orimcrcft,  fcfr. 

Hitherto 
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Hitherto  I  have  made  choice  of  Examples  wherein  the  Divi^ 
dmJh  exaAly  meaftired  or  divided  off  by  the  Divi/or,  without 
leafing  any  Rmiunder.  But  it  moft  ufually  happens,  that  the 
Dhifir  will  not  exadly  meafure  the  Dividend ;  in  which  cafe  the 
Rmaimkr  (after  Divifion  is  ended)  mull  be  fct  over  the  Divifar^ 
with  a  final!  Line  betwixt  them  adjoining  to  the  ^otintt. 

E  XAMP  L  E    5. 
Suppofe  It  were  required  to  divide  379  by  5.  " 

k\    "270   in^t^^  Remainder. 

35-  ^^*^"<»» 

as 

Remains     (4) 

EXAMPLE    f^. 
Again,  Let  it  be  required  to  divide  43789  by  67.. 

67)  437S9  (65314  ^^  ^"^^  %uoti%nt  required, 
402  •  • 

358 
335 

239 

201 


Remains         ^  ^^j 

Such  Remainders  tnus  pitccd  over  their  Divijors  (which  are 
indeed  Vulgar  Fra^iom)  may  be  otherwifc  managed,  as  fhAl 
be  (hewed  farther  on, 

N.  B.  When  the  Divifor  happens  to  be  an  Unit^  viz.  i,  with  m 
Cypher  ox  Cyphers  annexed  to  it,  as  10,  lOO,  icOCf;  isTf.  Divijion 
i«  truly  performed  by  cutting  off  with  a  Point  or  Comma,  fo  many 
figwres  of  the  Dividend  as  there  are  Cyphers  in  the  Divjfir ;  then 
ire  thofe  Figures  fo*^cuc  off  to  be  accounted  a  Remainder^  and  the 
wft  of  the  Figures  in  the  Dividend  will  be  the  true  Quotient  re- 
quired, becaufe  an  Unit  or  I  doth  neither  multiply  nor  divide. 

E  XA  M  P  L  E    T. 

Let  it  be  required  to  divide  57842  by  100.  The  Work 
may  ftand  thus,  xoo)  578^42  the  ^otient  required  \  or  ihuf 
100)  57842  (578  T^  the  fame  as  before. 

Hence  it  follows,  that  if  any  Dhifor  have  Cyphers  to  the 
Jt'l^t-band  of  it,  jom  may  cut  off  fo  many  gf  the  laft  Fgu^es 


30  artfi&mettClU  Part 


in  the  Divtdendy  and  Svide  the  other  Figurts  of  the  Divldendf 
by  thofe  Figures  of  the  Divifor  that  arc  left  when  the  Cypbtri 
are  omitted.  But  when  Divifion  is  ended^  thofe  Cyphers  fo 
omitted  in  the  Divifor^  and  the  Figures  cut  off  in  the  Divielend^ 
are  both  to  be  reftored  to  their  own  places. 

E  XA  M  P  L  E    8. 
Suppofe  it  were  required  to  eUvide  675469  by  54OO 
540c)  675469  (125 

54- • 

108 

274 
270 

Remains        (4)      But  the  true  RemainJer  is  469* 

Confequcntly  the  true  ^otient  is  12^^^^. 

As  to  the  manner  of  proving  the  Truth-  of  any  Operation, 
either  in  Multiplication  or  Divifion^  I  prefume  it  may  be  eafily 
underfiood,  by  what  is  delivered  in  Page  21,  compared  with 
the  three  firft  Examples  of  Divijion ;  .for  from  thence  it  will 
be  eafy  to  conceive,  that  if  the  Divifor  and  ^otient  be 
multiplied  together,  their  ProduSf  (with  what  Remains  aiftcf 
Divifion  being  added  to  that  ProduSf)  will  be  equal  to  the 
Dividend,  As  in  the  Fifth  Example^  where  the  Dividend  is 
.  379,  the  Divifor  is  5,  the  ^uotienk  is  75,  and  the  Remainder  is  4* 

I  fay,  75x5  =  375*  to  which  add  tht  Remainder  4,  it  will 
be  379. 

Again,  in  the  Sixth  Example^  the  Divifor  is  67,  the  ^otieni 
is  653,  and  the  Remainder  is  38. 

Then  653x67=43751,  and  43751+38=43789  the  Divi^ 
*  dendy  ice. 

There  are  feveral  ttfeful  ContraSfions^  both  in  Divifion  emi 
Multiplication,  which  I  have  purpofely  omitted  until  I  come  to 
treat  of  Decimal  Arithmetick.  Alfo  I  have  omitted  the  Buiinefs 
of  Evolution  or  Extradiing  of  Roots^  until  further  on  j  and  (0 
(hall  conclude  this  Chapter:  ^'w'lih  sl  few  Examples  of  Divijion 
^nwrought  at  lar^e,  leaving  them  for  the  Learner's  Pradice. 

579)  43800771  (75649. 
Or  756+9)  43800771  (  579. 

45007] 
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45007)  23884044718  (530674. 

Or  530674}  23884044718  (  45007. 
356)  244572000  (687000. 
'59600)  57659066400  (967434. 
loooo)  679543820000  (67954382. 
79)  282016  (3569tI- 


CHAP.  III. 

Conierning  OfltttlOll  and  aubttaCtiOtt  ^/  Numbers  sf 
different  Denominations,  and  bow  to  reduce  them  from 
one  Dcoominacion  to  another. 

SECT.     I. 
I.    Of  Englilh  Coin. 

THE  lead  Piece  of  Money  ufedin  England  is  a  Farthings 
and  from  thence  arife  the  reft^  as  in  this  Table. 


Fertb.  f    5^'  \^2i  Crown. 

4=     '^  ^^'  An/lJ  *^^'  isanv/pj^//. 

48=  12=  iiiJW^             •  ^"^1    6x.  %d.zNobU. 

960= 240=20=1/.  PtfK»/  Sterling.  1 1 3  j.  4  ^.  a  ilAiri. 


>/i//.  When  /.  i.  ^.  q.  are  placed  over  ^^r  to  the  Right-hand 
%f)  Numbers^  they,  denote  thofe  Numbers  to  fignify  Pounds^  ^ 
ibitiingSy  Pencff  and  Farthings. 

/.       J.     ^.     ;. 

As  35  10  6  2.  Or  35/.  lox.  6rrf.  Either  of  thefe 
dofigntt'y  35  Poundsy   10  ShiUiftgs^  6  Pence^  2  Farthings, 

The  fame  muft  be  underiiood  of  all  the  folio  wing  Character  s^ 
Wonging  to  their  rcfpcftive  Tables^  viz.  Of  If^eights^  Mea^ 
furtSy  &c. 

2.    7>^;^  Weight. 

TTie  Original  of  all  JVtights  ufed  in  England^  was  a  Ctfr»  of 
9^af  gathered  out  of  the  middle  of-  the  Ear^  and  being  wdl 
dried,  32  of  them  were  to  make  one  Penny  Weighty  20  Penny 
f^tights  one  Ounce y  and  12  Ounces  one  Pound  Troy.  Vide 
Siatutes  of  51  /f/a«  III.    31  Bow,  I*     12  lien.  VII. 

But 
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But  in  later  limes  it  was  thought  fufHcient  to  divide  the 
•forefaid  Penny  freight  into  24  equal  PartSy  called  Grains^ 
being  the  lead  ff^eight  now  in  common  Ufe;  and  from  thence 
the  reft  are  computed  as  in  tlis  lable. 

C'-  ^'^^'  r     By  Trwr  fyeighi  are 

24=     tP.W.  Penny  might.  j^,..  J  v^cighed  Jetueb^  GoU^ 

480=  20=  lO^O^^^'ce.  ^^^^'Y  Silver  J    C^rn^    Brseul^ 

75^60=240=12—1  lb  Pound.  t  and  all  Liquors. 


Befides  the  common  Divijidns  of  Troy  Weighty  I  find  in  Anglic 
Uotitioy  or.  The  Prejent  State  of  England^  printed  in  the  Year 
1699,  that  the  Moneyers  (^s  that  Author  calls  them)  do  fubdkridt 
the  Grain.  % 


Thus 


3.     Jpotbecaries  Weights. 
The  Apothecaries  divide  a  Pound  Troy^  as  in  this  TaUe. 

Gr,  Grtm. 


20=     I  3  Scruple 

60=     3—15  Dram 
480=  24=  8=  I  j  Ounce 
;76o=r2S8=^6— la::::.!  ^  Troy^  the  fame  as  before* 


By  thefe  Weights  the  Apothecaries  compound  their  Medicines : 
but  buy  and  fell  their  Drugs  by  Averdupois  Weight. 

4.     Averdupois  Weight. 

When  Averdupois  Weight  became  firft  in  Ufe^  or  by  what  Law 
jr  was  at  firft  fettled,  I  cannot  find  out  in  the  Statute  Booh  \  but  on 
the  contrary,  I  find  that  there  (hould  be  but  one  Weight  (and  one 
Mesfure)  ufcd  throughout  this  Realm^  viz.  that  of  Troy^  (Vide 
14  kd.  ill.  and  1 7  Ed.  III.)  iio  that  it  fcems  (to  me)  to  be  firft 
introduced  by  Chance^  and  fettled  by  Cujiomy  viz.  fiom  giving 
good  or  large  Weight  to  thofe  Commodities  ufually  .  weighed 
by  i:,  which  arc  fuch  as  are  cither  very  Coarfe  and  DroJJy^   or 

very 
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ytry  6Ajt&  to  wafte ;  as  all  kinds  of  Grocery  Wares.  And 
Pitck^  Tory  Ro/hiy  Wax^  Tallow^  Flax^  Hemp^  &c.  C^pper^ 
Ttn,  Steely  IrM^  Uad^  &c.  Alfo  Flejh^  Butter^  Cheefty  Salty  ice 
Totbefe  and  the  like  (rprefiime)  it  was  thought  convenient  to 
aOow  a  greater  fFeight  than  the  Laws  had  provided,  which 
iilppened  to  be  about  a  Sixth  part  more :  For  I  found  by  a  very 
nice  Experiment,  that  one  Pound  Averdupou  is  equal  to  14 
Omuiiy  1 1  Pinny  Weightty  and  1 5  4.  Grains  Troj^  And  it  is  now 
computed  as  in  the  following  Table. 


0r4W. 


r* 


16=:         I  Qz.  o^^n.  1  i/^,:zza  Stone 

256^       16=       ilbPcui^  And<  28=i^C. 

28672-=    1792=    II2±:    I  C  HMndrtd.  I  s^zz-^ofC. 

573440=  35840=: 2240=  20=  I  *lun.  V.  84=3 ;»  o/C. 


5.    Long  Meafure. 

As  the  leaft  part  of  ff^aght  came  at  firft  from  a  Wheat  Contf 

fe  (it  is  generally  faid)  the  leaft  Part  of  Long  Meafun  was  at 

^  iiift  a  BarUj  Corny  taken  out  of  the  middle  of  the  Ear,  and  being 

vcD  dried,  three  of  them  in  length  were  to  make  one  Inch  i  and 

thence  the  reft,  as  in  this  Table. 

^^C"^-  r4   JVtfiii=i  of  a  rorit 

3_         xt±:^  Axiii  liTardzziEU. 

36ZI       12=:       \F^_rett.  1 2    Tards-=,i  Fatiom. 

108=         36=         3=       I    r.Tardi. 

594=     198=  i6i=     5i=:     i  ^' ^^> 

23760=    7920=    660=:    220=    40=1  furlmnt. 

190080=63360=5280=  i76on32oaa8=i  Aftli. 


tftty  That  forty  Poles  (or  Perches)  in  Length,  and  four  in 
Breadth,  do  make  a  Statute  Acre  of  Land. 

That  is,  2%oTardsy  multiplied  Into  22  2^ir,  =4840  Square 
T^»isy  are  a  Statute  Acre. 

Ami  according  to  the  Tranfadions  of  the  Frenclr  Academf^ 
Amo  1687,  a  Paris  Foot  Royal  is  =  12,8  Inches  Englijh  j  Six 
oftfaofe  Feet  make  a  Toifei  and  57060  Toifes-zz^ ^li^  Englijb 
futy  are  the  Meafure  of  one  Degree  of  a  great  Circle  upon  the 
Surface  of  the  Earth.  So  that  one  Degree  is  69  Miles  and  288 
Terdsy  which  is  very  near  to  i>ur  Countryman  Mr.  Norwood'^ 
Experiment  made  betwixt  London  and  Torky  Anno  1635  $  who 
mid  that  367196  Feetzz6(f  Miles  and  958  Tards^  do  make  a 

F  Degree. 
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Degree.     And  not  60  MiUs^  according  to  the  common  received 
Opinion  and  Praflice  of  the  Navigators  or  Seamen. 

Hence,  according  to  the  French  Account,  the  Circiimferencc 
9f  the  Earth  (fuppofing  it  to  be  a  true  Spherical  Figure}  ts 
24899  Englijh  Miles. 

6.     Of  Liquid  Meafures. 

All  Meafures  of  Capacity,  both  Liquid  and  Dry,  were  at  firft 
made  from  Troy  fTeighiy  Fide  Statutes  9  H,  III,  51  H.  III.  1% 
H.  VII.  Wc.  wherein  it  is  ena£led,  that  eight  Pound  Troy  Weighty 
oiH^eatj  gathered  out  of  the  middle  of  the  Ear,  and  Well  dried, 
itould  make  one  Gallon  of  Wine  Meafure :  And  that  there  fhould 
be  but  one  Meafure  for  ffTme^  Ale  and  Com^  throughout  this  Realai^ 
(Vid.  Stat.  14  Ed.  III.  15  Rich.  II.)  But  Time  and  Cuftom  hath 
altered  Meafures^  as  they  have  done  Weights  (and  perhaps  for  one 
and  the  fame  Reafon)  for  now  we  have  three  difFer^t  Meafieresj 
viz.  one  for  Wine^  one  fgr'Ale  or  Beer^  and  one  for  Corn. 
,  I  have  inferted  Taifles  of  each,  as  they  arc  now  computed  by 
Cubick  Inches^  and  pradifed  in  the  Art  of  Gauging^  &c. 
;  The  common  IVine  Gallon  feakd  at  Guild-Hall  in  London  ;  by 
i^hich  all  lyines^  Brandies^  Spirits^  Strong- Waters^  Mead^  P^^^j 
Cyder ^  Vinegary  Oily  and  Honey^  &c.  are  raeafured  and  fold  ;  is 
fuppofed  to  contain  231  Cuhick  IncheSy  and  from  thence  the  reft 
are  computed,  as  in  this  Table. 

Gall. 
Cuhick  Inches.  r  i8  =  i  Rundlety  attd 


2131::=      iG^GaUont.  ^^^^  \  ^ji.  mBkc  z Wine  or 

0702=   42=  I  '^^^^'  '1  Vinegar  Barrel. 

14553=   63=1^  !!st±  Uyi^*  liJ-IlL) 

19404—  84=2  =:i|-i  ^*'*^'^''' 

29I06=:I26=:3    =2    =rl-i— I    Butt  or  Pipe, 

58212  =  252—6  =4.  =r3  =2==y  Tuk. 


But  Dr  Wybard  in  h'ls  Teftomctry,  Page  289,  doth  fuppofc 
the  fVine  Galhn  to  contain  but  224,  or  225  Cubick  Inches  at 
«tbe  moil,  and  purfuant  to  this  Account  an  Experiment  was  made 

S'  Mr  Richard  Walker  and  Mr  Philip  Shales y  two  General 
fliccrs  in  the  Excife.  They  caufcd.  a  Veflcl  to  be  very  exai^I^ 
made  of  Brafs,  in  Form  of  a  ParalUUopipedony  each  Side  of  it's 
Bafc  was  4  Inches^  and  it's  Depth  14  Inches  5  fo  that  it*s  juft  Cotw- 
tent  was  224  Cubick  Inches.  This  Veflcl  was  produced  at  Guilds 
Hall  in  London  (May  2-5,  1688O  before  the  Lord-Mayory  the 
CommifjiQners  of  E^cife^  the. Reverend  MxFkmJlcady  Aftr.  Reg. 
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Mr  HoUey^  and  feveral  other  ingenious  Gentlemen,  in  whofe 
Prefence  Mr.  &haUs  did  exadly  fill  the  aforefaid  Brafs  Vefiel 
with  dear  Water,  and  very  carefully  emptied  it  into  the  old 
Standard  Wine  Gallm  kept  in  Guild-HalU  which  did  fo  exaa^y 
fill  it,  that  all  then  prefent  were  fully  fatisfied  the  Wine  Galkn 
doth  contain  but  224  Cubick  Inches.  (This  notable  Experiment  I 
fam  tried.)  However,  for  feveral  Reafons^  it  was  at  that  time 
thought  convenient  to  continue  the  former  fuppofed  Content  of  ' , 
231  Cubick  Inches  to  be  the  Wine  Gallon^  and  that  all  Computa- 
tions in  Gauging  (hould  be  made  from  thence,  as  above. 

The  Beer  or  Ale  G^/b^r- (which  are  both  one)  is  much  larger 
than  the  Wine  Gallon  i  it  being  (as  I  prefume)  made  at  firft  to 
correfpond  with  Averdupois  Weighty  as  the  Wine  Galkn  did  with 
7r^  Weight:  For  (as  I  faid  before.  Page  33.)  one  Paund 
Averdupois  is  equal  to  14  Ounces^  12  Penny  tVeights  Troy^  very 
aear. 

And,  as  one  Pound  Troy  is  in  proportion  to  the  Cubick  Inches 
in  a  Wine  GalLn^  ^  is  one  Pounds  Averdupois  to  the  Cubick 
Inches  in  sdi  Ale  Gallon.  That  is,  X2  :  231  ::  14^^-  :  %ti^^  vei^y 
near  the  Cubick  Inches  contained  in  an  Ale  Gallon^  as  appears 
from  an  Experiment  made  by  one  Nicolas  Gunton^  General 
Ganger  in  the  Exdfcj  almoft  90  Years  ago,  who,  by  fuch  a  VcfRl  • 
mentioned  before  in  the  lafl  Page^  did  find  the  Standard  Ale  ^uart 
(kept  in  the  Exchequer j  Fid.  12  Car.  II.)  to  conuin  jull  70^  Cubick 
Inches^  coniec^endy  the  Ale  Gallon  muft  contain  282  Cubick 
Inches^  and  from  thence  the  following  Tables  are  computed. 

Ale  Meafure. 


282=   I  C^JfV'  r  A  Firkin  of  Soap  and  of 

2256=  8=1  f^"-^"'  Notc,^  Herrings  are  the  fame 

451 21Z 1 6= 2r=  1  f^^^^'"*  I  with  that  pf  AJe. 

902431  J2=4=:2zzi  ^^[f[: 
113536=148=6— 3=  14::;:=  I  Hojrjhead. 

Beer  Meafure, 

282=    I  ^^^' 


202=    I  ^^^ 
2538r=  9=1  ^"'^'f' 
5076r:i8  =  2=i  tCiiderkin, 
10152=: 36^:4=:  2— I  Barrel, 
15228=^4:^6=  3=1  j^Ti 


Hogfhead. 

~%  N.  B. 


L 
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N.  B.  This  Diftindion  or  DifFeronce  betwixt  JU  and  Be^r 
Meafyrt^  is  now  only  ufed  in  London.  But  in  all  other  Places  of 
England  the  following  TahU  of  Beer  or  AU^  whether  it  be  ftrong 
or  imal),  is  to  be  obferved,  according  to  a  Statute  of  Eifcifi  made 
in  the  Year  1689. 

CtA,  Jncbtu 


7.  Of  Dry  Meafure, 

Dry  Meafure  is  diflerent  both  from  Wme  and  Ale  Meafure^  be« 
ing  as  it  were  a  Mean  betwixt  both,  tho'  not  exadljr  fo ;  which 
upon  Examination  I  find  to  be  in  proporcion  to  the  aforefaid  old 
Standard  H^ne  Gallon^  as  Averdupois  Weight  is  to  Troy  Wagbt : 
That  is,  As  one  Pound  Troy  is  to  one  Pound  Averdupois^  fo  is  the 
Cuhick  Inches  contained  in  the  old  fVine  Gallon^  to  the  Cubici 
Inches  contained  in  the  Dry  or  Corn  Gallon. 

Viz.  12  :  I4fj:  :  224:  272^,  which  is  very  near  to  272^ 
the  common  received  Content  of  a  Com  Gallon :  Altho'  now  it  b 
otherwife  fettled  by  an  Adlof  Parliament  made  in  April  1697, 
the  Words  of  that  Pi&  are  thefe :  ^ 

Every  round  Bufhel  with  a  plane  and  even  Bottom^  being  made 
eighteen  Inches  and  a  half  wide  throughout ^  and  eight  Inches  deep^ 
fiouU  he  efteemed  a  Legal  Winchefter  Bufhel,  according  to  the 
Standard  in  his  Majefly*s  Exchequer. 

Now  a  Veilel  being  thus  made  will  contain  2150,42  Ctc^/ri 
Jnchesy  confequently  the  Com  Gallop  doth  contain  but  268^ 
Cubick  Inches. . 

Cnh.  Jnfhe$, 


ESl  04  Bufiels^z  Comb. 

,8=5  I  GiUroM.  Note,S  10  ^arters^zWey^znA 

,6=   ^=   I  P^  L  XI  IVeys'=LZ  Lajl  of  Com. 


'268 

2150,4=:  8=  4^1   Bujbi^ 
T 7 203,23=64— 32  ^8  =  I  Quarter, 


I  obferved  amongft  the  Lead-Mines  in  Derby/hire^  (Anno  1692} 
that  the  Miners  bought  and  fold  their  Lead  Ore,  by  a  Meafure 
which  they  called  an  Ore  Difli  \  whofe  Dimenfions  I  p^efully 
took,  and  found  it 

Thusi 

Depth        8,4)  Confer 


f   Length     21.37 

Thus)    Breadth      6.    Ylnches. 

(   Depth         8.4) 
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Confcqucmly  it's  Content  is  1073,52  CuUcit  Inches^  which  is 
retj  near  equal  to  4  Cmt  GoUmj  according  to  the  abovemen- 
tioocd  Settlement. 

Nine  of  thoTe  Diihes  they  call  a  Load  of  Ore,  which,  if  it  be 
prttty  good,  will  produce  about  3  hundred  Weight  of  Lead^ 

8.    Of  Time. 

It  is  not  an  eafy  Thing  to  rive  a  true  DifinikM  of  Ttnut  foF 
(acconiii^  to  the  Pbihfopbical  Poet)  ^ 

Time  tf  itfilfts  notUng^  but  from  Thought 
Rearues  ifs  Rifty  by  Lbouring  Fancy  wrought 
From  Things  coHfider'dy  wbtl/iwethinkonjome 
As  frefentj  fome  as  poft^  or  yet  to  conn. 
No  Thought  can  think  on  Time,  thafsjlill  confeft^ 
Bui  thinks  on  Things  in  Motion  or  at  Reft. 

And  fo  on.  Vide  Lucretius^  Book  I. 

That  is.  Time  only  fliews  the  Duration  or  Mutation  of  Things, 
a  Year  being  the  Standard  or  Integer^  by  which  fuch  Continuance 
or  Change  is  computed.  And  a  Tear  is  that  Space  of  Time  in 
which  the  Sun  (apparently)  complcats  it's  Revolution  from  any 
one  Poim  in  the  EcUftick  (an  imaginary  Circle  in  the  Heavens) 
to  the  fame  Point  again,  which,  according  to  modem  Obfervatiom^ 
b  performed  in  365  Days^  5  Hours^  48  MinuUSj  57  Seconds^ 
21  Thirds^  &c.  But  a  Second  being  the  Icaft  part  of  Time  that 
ao  be  truly  mea/ured  by  the  Motion  of  any  Mechamcal  Engine^ 
as  a  Cbck^  &c.  (a  Third  being  lefs  than  the  Twinkling  of  an  Eye) 
I  b^^  the  following  Table  with  Seconds. 

Seconds:' 


60=  I'MUmae. 

3600==     •   60=       i^^* 
86400=     I440ZZ     24=iJDgr.^     ^       ^^ 

3»5S6937=525949=8765=365+s+48+S7=i3^^^»«&4 
"  (aSolar  Tear. 

But  the  common  Civil  Tear,  now  in  ufc,  confifls  of  365 
Days  and  6  Hours^  and  is  divided  into  twelve  unequal  Months^ 
called  Calendar  Months,  whofe  Names  and  Nusnber  of  Days 
Vt  the  Sviajed  of  evjcry  Almanack. 

To 
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To  thefe  TabUs  it  may  not  be  amifs  to  add  a  brief  Account  ci 
Bkh  Coinsy  ffVghtij  and  AteafureSy  as  are  frequently  mentioned 
in  the  Scriptures :  As  I  have  deduced  them  from  thofe  iPi^icfa 
feem  to  be  the  moft  CorreA,  inferted  in  the  Indix  to  the  Jargc 
BiUi^  Printed  Anno  ijpij  and  compared  with  thofe  ufed  in 
Englandy  by  the  Lord  Bi(hop  of  Petirborough. 

Th.  Hebrew  mgbts,  compared  with  {o^'J^Z'S^ains. 


JGerah:=, 

ID  Gerahs-=za  Bekah=^ 

2  Bebabs^za  Shikel-=i 

100  Shekek-nei  Menahzzz 


o 
o 

o 

45 


o 

4 
9 

12 


Netiy  A  Sbekel  is  faid  to  be  their  Original  if^eight. 
TheirCw^l 


3 

12 


EngUJb  Coin. 
L         s.       d. 


A  Silver  Menabiz 
Taknt  of  Silverz^ 
Talent  oi  GQld::=. 
ThcGoUDnmzz 


J  .     I  .    Si  Weight  6o  5A/i//f. 

357  .  II  .  loi  We^bt  is  300  5ifr/^^/x. 

507  s  i^  15  •     7t  Tbe  fame  Weight  men- 
1.0:4       tioned  £».  ii.  19* 


The  Ronton  Jkhney  mentioned  in  the  New  Tfflament, 

hDeneartMs^  or  Siher  Penmyzn']  d.    3  Fnrtbi^gs. 

Jfes  of  Coffer^o 

Jlpmum-i^LO 

^uadrantzio 

AMtezzo 


3  Fartbings. 
It  Farthing. 

^of  a  Fartbing. 

y  of  0  Fartbing. 


Their  LongMiafure^  compared  with  j 

A  Finger's  BreadthzzX       oT 

4  Fingers'iza  Hanfs  Bnadthz^.        o. 

2  Handszztbi  Uafl  Spanz=.        o. 

3  Ihnd^i  Breadtbz=ztbe  langefi  Spanziz        o. 

2  Spansssitbe  longe^  Cttbit=        o. 

4  Cubitszza  Fatbom-rz        2. 

6  Cubits— EzekiiVs  Reedsss        3. 

400  Cubitszsa  Stadiumzz    243. 

10  Stadiums^=aa  Mile:^  2432. 

3  Miles=za  Parafangzm.  7296, 

Which  is  4  JE/f^//}*  ^//«  and]  256. 


Englijb  Meafure. 
Yar.    Feet.    In.Pts, 


o 
o 
o 
o 
I 
I 
I 
o 
o 
o 


0,91a 

3.648 

7,296 
10,944 

9,888 

3.55^ 
11,328 

o 

p 

Their 
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ThcirMfsfuresof  Capacity,  compzxtdwiih[   CaTpt^I^d^. 


A  Cotyh^ 

4  Logr=:ta  Ca6::z 

10  Cotyla*s=:an  Onurzt 

3  Cabss=a  Hin=i 

2  Hinszza  Seahziz 

3  Seabszzan  Ephazz 

10  Bpba'szsz  a  Chmmrss^ 


o  -  oi      3,037 

0  .  oi      9,83 
0.3.  10,458 
0.6.     1,5 

1  .2  .  *  2,5 

2  .4  .  5, 

7  •  4  •  i5» 

75  •  5  •  5»625^ 


Sea.   2,     ;^t)MtiOn  e/' Weights,  &c. 

np  H  E  foregoing  TabUs  being  fo  well  underftood,  its  that  you  can 
-^  readily  tell  (without  pauluig)  how  msmyUnits  of  any  one  De^ 
wminatiMf  do  make  one  of  the  next  Superior  Denominatton  (ejpi^ 
dalfy  in  tbofe  Tables  which  art  moft  ujefiil  for  your  Bufinefi)  it 
will  then  be  as  eafy  to  aid  or  fubtra^  Uiem,  as  to  add  or  ftdf^ 
tra£l  wboU  Numbers j  due  Care  being  taken  in  placing  all  Num-- 
hers  that  are  of  one  Denomnation  exa£Uy  underneath  each  other. 

That  is  to  (ay,  in  Money ^  place  Pounds  under  Pounds,  Shillings 
uader  ShilUngSy   Pence  under  Pence,  &c.     Underftand  the  like 
in  freights  and  Meafures,  &c.  according  to  their  (evtral  Deno* 
mnations  :  Then  in  Addition  obferve  this  Rule. 
RULE. 

Always  begin  with  thofe  Figures  of  the  lowejl  or  leaft  Denomi^ 
nation,  and  add  them  all  together  into  one  Sum,  then  tonfider  how 
many  of  the  next  Superior  Denomination  are  contained  in  that 
Sum,  fo  many  Units  you  mufl  carry  to  the  faid  next  Superior  De- 
nomination to  be  added  together  with  thofe  Figures  that  ^and 
there ;  and  if  any  thing  remain  over  or  above  thofe  Units  fo  ear- 
ned, that  Overplus  mti/i  be  fet  down  underneath  it*s  own  Deno- 
mination: And  fo  proceed  on  from  ^k/ Denomination  to  another 
milaUbefiniJbed. 

Example  in  Coin» 

Let  it  be  required  to  add  35/.  i4x.  odd.  and  27/.  02s. 
loJ.  and  54/.   131.  04</.  and  io/»  lys,  ogd.  intooncSum. 

The  particular  Sums  being  placed,  as  before  dire£led,  will  ftand 
as  in  the  Margin  following. 

Then  according  to  the  Rule,  I  begin  with  the  Pence  (Hiding 
Here  the  loweft  or  leaft  Denomination)  and  adding  them  all 
together,    I  find  their  Sum  to  be  29  d.  that  is  2  j.  and  5  d.  (for 
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/.     X. 

d. 

35  •  «4  • 

06 

27  .  02  . 

10 

54  .  13  . 

04 

10  .  17  . 

09 

24  =  2  J.  and  29— *24=5)  the  5  ^.  I  fet  down 
underneath  Ws  own  Denomsnation^  and  cany  the 
2  J.  to  the  Place  of  Shillings^  aMing  them  and 
all  the  Shillings  together,  I  find  the  Sum  to  be 
48  s.  VIZ.  2  /.  8  J.  1  fet  down  the  8  s.  under- 
neath it's  own  place  of  Shillings^  and  carry  the 
2/.  tothePlaccofPtf«»A,tf/itf»f  them  and  all  128  •  08  •  05 
the  Paunds  together,  I  find  their  Sum  is  128/. 
confequently  the  Total  Sum  required  is  128/.  dis.  05^. 

Now  as  it  often  happens  in  keeping  Books  of  Accounts^  (and 
in  other  Bufinefs)  that  it  is  required  to  add  up  large  Sums  of 
Money,  confifting  of  30,  40,  or  more  feveral  particular  Sunu^ 
nay,  perhaps  filling  up  the  whole  length  of  a  Sheet  of  Paper, 
I  apprehend  in  thofe  Cafes  the  beft  and  eafieft  way  will  be  to 
part  them  into  Parcels,  not  exceeding  above  10  or  12  parti- 
cular Sums  in  each  Parcel ;  that  done,  add  together  all  the 
Sums  of  thofe  Parcels  intoone  Sum^  and  that  will  be  the  Toud 
Sum  required. 

Alfo  to  avoid  the  making  of  Points^  or  other  Marks  amon^ 

Jour  Figuns,  it  will  be  convenient  to  get  the  following  TaUes 
y  heart. 


Tbe  Pence  Table. 


J.     s. 

d. 

t. 

12=1 

36=3 

J^5 

72= 

10?= 
120= 

6 

I 

9 
10 

The  Shillings  Table. 


s.  L 
20=1 
40=2 
60=3 

80:=:4 
100=5 


s.        I. 
120=    6 

140=  7 
160=  8 
]8o=  9 
200=10 


The  Ufe  of  thefe  Tablis  is  f  o  obvious^   that  I  prefume  it  is 
necdleis  to  explain  them. 

Examples  in  Addition  9/  Weights. 


Troy  Weight. 

lb.  Oz.  Pw.  Gr. 
3  .  09  .  00  .  10 
5  .  08  .  15  .  2X 

10  .  10  .  12  .  22 
o  .  II  .  19  .  23 


Jverdupois  ffVgbt. 
Tun.     C.    J^.    lb.    0%. 
12  .  15  .  2  .  24  •  12 
7  .  10  .  3  .  21  •  15 

0  .  18  .  I  .  14  •  II 

1  .  19  .  3  .  27  .  15 


Sumzt  .  04  .  09  .  04  Sum  23 


05  .  o  .  05  .  05 
Exan^les 
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Examples  in  Additi$n  of  Lmg-Miofure. 

nrJf    ^s.   Nails     MiUs    Fur.     Piles    tards    Feet   Inch. 

35.    a.     3  2.     6.     32.     4,2.  .9 

17    .     3     .     I  o    .     7     .     27     .     3    .     I     .    10 

129    .1.2  i.3.39'.2.2«it 

182    .    3    •    2   Sum  5    •    2    •    20    .    o    .    X     •     6 

I  think  it  oeedUrs  to  fet  down  more  Examples  oi  this  kind, 
l6r  if  tbefe  5  (efpecial)y  the  lafl)  be  well  underftood,  they  will 
be  fufficient  to  (hew  how  any  other  may  be  performed. 


Sea.  3.    ^uWratrton  of  Weights,  &c. 

^VkraQiem  is  the  Converfe  of  the  precedent  Work,  and  may 
^  be  pcrferaied  by  obferving  this 

RULE. 
'BtfiJLn  with  the  Loweji  or  Leaji  Denomination  (as  before  in 
Addition}  and  Take  or  Subtract  the  Figure  (or  Figures]  in  that 
pla£i  9f  the  Subtrahend,  from  the  Figure  (or  Figures)  that  Jiani 
eon  tbem  of  the  fame  Denomination ;  fetting  down  the  Remainder^ 
(« iff  Page  12.)  But  if  that  cannot  be  done^  then  you  wti/l  in» 
creafi  the  upper  Figure  (or  Figures)  with  one  of  the  next  Superior 
Denomination,  and  from  that  Sum  mate  Subtradion;  and  fa 
proceed  to  the  next  Superior  Denomination,  where  you  nrnft  pay  the 
one  borrowed^  by  adding  Unity  to  the  Subtrahend  in  that  place ^  &c» 
tff  in  whole  Numbers. 

Examples  in  Coin. 
L        s.       d.  .  /.        X.       d^ 

From  386  •  09  .  08  From  569  .  10  .  06 

Take  173  .  04  .  06  Suhtr.  389  .  15  •  08 

R/mmns  213  •  05  .  oz  179  •  14  .  id 

The  Firft  of  thefe  Examples  is  felf-evident.  In  the  Second 
Bxaa^U^  beginning  at  the  place  of  Pence  (being  here  the  Leaft 
Dmominaiion)  1  am  to  take  8  d.  from  6  d.  but  becaufe  that 
cannot  be  done,  I  muft  (according  to  the  Rule)  barrow  one  of 
the  next  Denomination^  viz.  i  j.  and  add  it  to  the  6  d.  which 
makes  it  iSd.  (for  is-^iiid.  and  I2d.+6d.:=:i9d.)  then  I 
take  Sd.  from  that  ltd.  and  there  remains  rod.  to  be  feC 
down  underneath  the  place  of  Pence ;  that  done,  I  proceed  to 
the  place  of  SbilKngs,  where  I  muft  now  pay  the  i  r.  faying 
one  borrowed   and  ic  makes  16  fiom   10  cannot  be,    but 
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1 6  from  30  and  there  remains  14.  That  is,  I  borrow  one  of  the" 
next  Denomination^  vis.  iL  and  add  to  it  the  10  i.  whidi 
makes  it  30  s,  (for  i  /.=szox.  and  20  j.-|-io:=  30)  having  fet  dowa 
the  Rimaining  14X.  underneath  it's  own  place  of  Shillings  I  pro- 
ceed to  the  place  of  Pdunds,  where  paying  the  i  /•  borrowed,  it 
will  be  I  borrowed  and  9  is  10  from  9  cannot  be,  but  10  from 
19  and  their  remains  9,  and  fo  on  as  in  whole  Numbers  until  all 
be  finished;  and  tht  Remainder  will  be  179/.   14J.   10^. 

Thifi  Example  being  a  little  confidered  wilt  render  all  others  ia 
this  Rule  eafy. 

Examples  in  Weights. 
Troy  Weight.  Averdupois  Weight. 

Bf.     9z.    pwt,   gr..  c.     qrs,     lb.     oz. 

From  9  .  10  .  16  .  18  17  .  2  •  15  .  10 

Take  5  .  09  .  18  .  22  14  .  3  .   18  •  12 

Re/is    4  .  00  •  17  .  20  2  .  2  .  24  •  14 

Examples  in  Long  Meafure, 
yds,    qrs,  nails.  miles  fur,    poL    yds.  feet  inches. 

From  78  .  3  .  2  22  .  3  .  26  .  3x-  o  .    9 

Take  29  .  3  .  3  18  .  6  .  29  •  4   •  2  .  11 

Rejis  48  .  3  •  3  3  .  4  .   36  .  4  .  o  .  10 

Examples  in  Time. 

days       b.  ,        x"       • 

From       27  •  18  .  35  .  21 
Subtra^  16  .  21   .  46  .  36 


Remaitrs  10  .  20  .  48  .  45 

The  Proof  of  Addition  and  Subtra^ion  in  thefe  Numbers  of  dif- 
ferent Denominations^  is  the  very  fame  with  that  of  whole  Nmm^ 
hers  in  Page  13.  I  (hall  therefore  refer  you  to  that  place,  and 
omit  repeating  it  here.  , 


Sed.  4.    0/  laeDuttion* 

DY  Redu^icfij  Numbers  of  different  Denominations  zrehrou^t 
.       into  one  Denomination, 

That  is,   it  alters  or  changes  any  Superior  Denomination  pro- 

pofed^   into   any  Inferior   or   Lefler  Denomination   Required ; 

4  ftill 
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fiill  keeping  them  eqaivalenc  in  Value.  And  by  that  means  they 
become  fitly  prepared  for  Multiplication  and  Divijion  \  which 
ocherwife  could  not  {o conveniently  be  performed.  Therefore  the 
Bufinefe  of  Redulfion  is  very  ufefiri  in  the  RtAe  of  Proportion^ 
(oommooly  called  the  Golden  RuU^  or  Rule  of  T'/^/^^efpecially 
to  tbofe  who  do  not  underftand  cither  Vulgar  or  Decimal  FraHiom. 
And  it  is  thus  performed*. 

RULE. 

C&nfider  bow  many  Units  of  the  Denomination  Required^  make 
0Me  §f  that  Dcnomiiiation  propofed  to  be  Reduced  (which  is  eafily 
humm  by  it^s  refpe^hue  Table)  and  with  that  Number  of  Units, 
Multiply  the  Denomination  propofed^  and  their  Product  will  be  the 
Number  Required. 

Example  in  Coin. 

Let  it  be  Required  to  Reduce  or  Change  357  /.  into  Shillings y 
flod  thofe  Shillings  into  Pencey  which  (hall  Ail!  foe  equal  in  value 
with  the  357  /. 

357 
liubipfy  with  20  the  Shillings  in  one  Pound. 

I  7140=  the  Shillings  in  357  /. 

!  J^ipfy  with  12  the  Pence  in  one  Shillings 

1428 
71+ 


8568o=:the  Pence  in  357  /.  as  was  Required. 
Or  357  /•  may  be  reduced  into  Pence^   at  one  Operation  i 
Thus, 

357'- 
Mdtiply  with       240    the  Pence  contained  in  odc  Pounds 

1418 
7'+ 


85680= the  Pence  in  357/.  as  before. 

But  when  the  Numbers  propofed  to  be  Reduced  are  of  feveral 
J^enminafions^  and  it  is  required  tO  bring  them  all  to  the  Loweft ; 
you  muft  Reduce  the  higheft  or  greatcft  Denomination  to  the 
B«t  Icfs,  Adding  iht  Numbers  that  are  of  that  lefs  Denomination 
together;  then  Reduce  their  Sum  to  the  next  lower  Denominaiicv, 
AWiag  together  all  the  Numbers  that  are  of  that  Denomination^ 
^  fo  prcceed  gradually  on  till  all  is  done. 

^       G  2  EXJM^LE. 
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EXAMPLE. 
Let  it  be  required  to  Reduce  375  L  ijs.  10 d.  3f«  into  one 
Dmomimttion^  viz.  into  Fartbhfgs* 

357/.  ijs.  lod.  3f. 
ao 

7500z:thc  Shillings  in  375  /. 
+    17'- 

75 1 7athe  SbilEngs  in  375  /.  1 7 1. 
12 


15034 
7S«7 


90204=:the  P^Jir/  in  375/.  171. 
+      10^. 

902i4=:tbeP/iir/in  375/.  171.  10  i. 
4 


36o856=thc^jft*i;f^xin375/.  17  j.  10^. 
+  3 

36o859/jr/A.=375  /.  1 7  j.  1 0^.  3  f .  as  was  required. 
The  Work  of  this  Example^  and  all  other  Operations  of  this 
kinds  maf  be  fomewhat  uortened  by  obferving  the  following 
Method. 

375/.  jys.  lod.  3q. 
20  Multiply  and  Jdd  in  the  17  s, 

7517 

12  Multiply  and  Add  in  the  ipd. 


^5034 
7517 


90214 

4  Multiply  and  ^i(/  in  the  3  frs. 


360859  the  Farthings  as  before. 
ExampU  in  Troy  fFiigbt. 
Suopefe  it  be  Required  to  Riduce  29  A  8  jx.  x8/tttf«  9U.fr. 
into  the  Leaft  Denomin0ti$ny  tib.  into  Grains. 

Thus 
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Thus  29  ZJ.  8^2-  iS  pwt.  21  gr. 

Mwbipif  with        12  the  vz,  in  1  A.  and  add  in  the  8  0^ 

■  II  I     HI    I  I 

66 

29 


356  =  the  ^.  in  29  ffi.  8  9Z. 
MMpfy  wid)        20  the  pwts.  in  i  mc.  and  add  in  the  iS^tetfx, 

7138  =  the^j  in  29/^.  8me.  iS^wr. 
itidtifly  with        24  the^j.  in  i  /«;/•  and  add  in  ihe  ii  jrr* 

14278 


171333  the^/.=s29ii.  8«.  i8pwt9.2igru 

Thefe  two  Exanfiples  at  large  being  well  underAood,  mayfuf* 
fice  to  fliew  how  all  Operations  of  this  kind  are  p^ormed  ;  ei-* 
ther  in  fFeigbts,  MeafwiSy  or  Tinu.  I  (hall  ooly  infert  a  few 
£3U0iples  of  each  /brt  for  the  Learner's  Pradior. 

1.  In 23 C  Xqrs.  7.1  lb.  9^.  Averdupoit  Weight;  How 
many  Ounces  f  Anf.  42905  Ounces,  ^ 

2.  Ill  252  Eng.  Mflesj  How  many  Jirir,  /Vif ,  and  Inches  f 
Aofw.  443520  jrA.  =  1330560/ir/^  =  15966720  inches. 

3.  In  1692  ooamion  Years^  How  many  A^x,  Hntrs^  and 
iBnutes?  Anfw.  618003^/,  14832072/^1^/,  889924320 
mmaes, 

Nrte^  a  common  l/ar  £=  265  -Dig'x,  6  Hours^  fee  P^r^/  37, 

4.  In  5786  Pounds^  17  Shillings,  9  P/Wfr,  Sterling;  How  ma- 
ny SAiiZfji^/,  Pence,  and  Farthings  f  Anfw.  1 1 5737  x,  1^88853 if. 
«Mr  555541 2/flWfAi«/r.  That  is,  5786/.  ifs.  gd.}±  1 15737/. 
91^.=  1388853//.  &c. 

The  next  thing  wiU  be  to  (bew  how  to  brtng  Nimibers  from  a 
lefler  to  a  greater  Denomination,  which  by  moft  Authors  is  cal- 
led (iho'  very  improperly) 

WmUtimafcending. 

This  Work  is  the  Converfe  of  the  laft,  and  is  performed  by 
Divijitn.     Thus, 

R  U  L  E- 
Cemfidir  hew  numy  ef  the  Denomination  fnfefedmah  $tu  tfthe 
DenomiiiaiMMi  required,  tfW  M0ii# /i&e#  Niimber  y««r  Divifer,  iy 
vAia  divUe  the  Denomioaitoii./n^^l  omMv  Quotient  wiM  h 
fh$  Numb^  regmnd. 

EXAMPLB. 
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E  XA  MP  L  E. 
Let  it  be  required  to  find  how  many  Shillings  and  Pounds  ase 
contained  in  85680  Pefue. 

ThQ  Pence  in  is.  are  12)  85680  (7i40x.  =  8568oi/. 
y^gain,  the  Shillings  in  i/.  are  20)  7 140  (357/.  the  Anfwer 
required. 

Another  Example  in  Coin. 
How  many  Pence,   SbiHingSy  .and  Pounds,,  oxt  ^contained  io 
264859  Farthings. 

12)  20) 

4)  264859  (66214^.  (5517^-  (ays'- 


2+ 

62    151. 

08 

21      117 

OS 
19 

94    (17)^' 
(10)  d. 

Rimains    (3)  ^.  C  Note,  the  Remainder  is  always  of  jthc  fame 

I  Denomination  with  the  Dividend. 
The  laft  S^otient  27 si*  together  with  the  fevcral  Rimaindtrs 
give  the  Anfwer  required. 

Yvz.2ysl*  ^V*  lod.  2q.::z2642^g Farthings. 

Example  in  Troy  Weight. 
Suppofe  it  were  required  to  6od  how  mgny  Pwts.  Ozs.  and/i(/, 
gre  contained  in  17 1333  Grains. 

20)  12) 

24)  171333/M7138/W,  (356  (29/*. 

168. ..         113  24 


33 
24 

138    116 

108 

(18)  ^x 

(8)«. 

93 

72 

213 

192 

•    Remains      {21)  grs. 

Anfw.  29 /A.  8^.  18  ^w/.  21  grs.  This  and  the  laft  Ex^ 
ample  are  the  Reverfe  or  Proof  of  tbofe  in  Pages  43,  45. 

I,  In  42905  Ounces,  Averdupois  JFeight*,  How  fn^nj Pounds, 
i».  Thus 
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28)  4) 

Thus  16)  42905     (2681  a.  ,  (95  ^rj.  (23  a 

109     252      15 

^30        161       ~) 

^         HO    * 

(9)  (21)  Anfw.  23C.  3frs,  iilb.^tz. 

2.  In  15966720  Inches  I  How  many  £«^/f>  MiUsy  &c. 
Anfw.  252  ^Zfj,  &c.  as  occafion  may  require. 
There  are  many  ufeful  Queflions  may  be  anfwered  by  the  help 
^Riduaion  only :  As  the  changing  one  fort  of  Coin  for  another  ; 
and  comparing  one  fort  of  Meafure  with  another,  i^c. 

foxlnRzncc:  Suppokonehzd^j^jRixdollars,  ztj^'s.  ed.per 
i>oUar;    and  dcfired  to  know  how  many  Pounds  Sterling  they 

I  347 

54  =  the  Pence  in  one  Dollar,  viz,  4  x.  6  i;  =  54  d. 

1388 
1735         20) 

15611.(78/, 
161 


73  (0^- 


18 


{6)d. 
Anfw.  78/.  IS.  6d.  Sterl.  zre zz  ^^y  RixdoUars.. 

^eft.  2.  In  645  Flemfi)  Ells ;  How  many  Ells  Engli/h? 

^"•ote,  3  garters  of  a  Yard  Englijh  make  one  EllFlemJh^  and 
'  p  ^  5  Stuart ers  of  a  Tard^  is  an  Englijh  EH. 
Therefore,  645 

3  =  the  qrs.  of  a  Yard  in  i  Ell  Flemijh. 
fJ.in  I  Ell  =  5)  1935  (387  EngUJb  Ells  for  the  Anfwer. 

•^«^.  3.  Suppofe  a  Bill  of  Exchange  were  accepted  at  London^ 
fcf  the  Payment  of  400  /.  SterL  for  the  Value  delivered  at  Jmfter- 
^in  Flemijb  Money  at  i/.  13  J.  dd,  for  i  Pound  SterL  How 
«»nch  FUndJb  Money  was  delivered  at  Amjierdam  ? 

Ftrft^  il.  13  J.  bd.  =  402^.  the  Value  of  one  Pound  Sterh 
U  Amfierdam. 

Then,  402^.  X  400  =  1 60800 ^«  s=  670/.  Flemijh^  and  fo 
ttttch  was  delivered  at  Amjierdam. 

2  CHAP. 


fti     I  !■ 
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C  H  A  P.    IV. 

Of  ©ulgar  f rartiows^ 

Scft.  I.  o/Botatforu 

AFraMvn^  or  Broken  Number^  is  that  which  reprefents  a  Ptfr# 
or  /^or/x  of  anjr  thing  propoTcd,  (^di  Page  3.)  aad  is  cxpref* 
fed  by  two  Numbers  placed  one  above  the  other  with  a  Line  drawn 
betWiJtt  them : 

The  Denominator,  or  Number  placed  underneath  the  Line^ 
denotes  how  many  equal  Parts  the  thine  is  fuppofed  to  be  divided 
into  (being  only  the  Divifor  in  Divifion).  And  the  Numerator^ 
or  Number  placed  above  the  Line,  (hews  how  many  of  thofe 
Parta  ai?e  contained  in  the  Frafiion  (it  being  the  Remabder  after 
Divifion).  (Sa  Page  29.)  And  thefe  admit  of  three  Oifiindions : 

f  Proper  or  Simple  1 
Viz.  j  Improp:r  >Fra^ion^. 

C  Compound  3 

A  proper,'  pure,  or  Simple  Fra^ion^  is  that  which  is  lefs  than 
an  Unit.  That  is,  it  reprefents  the  immediate  Part  or  Parts  of 
any  thing  lefs  than  the  whole,  and  therefore  it's  Numerator  is  al-^ 
ways  lefs  than  the  Denominator. 

A  .  C  i  is  one  Fourth  Part.  .    j  5  t  ^^  ^"^  Half. 

^l-^ysontThirdPen^.  ^'^^  1  ^ is  two TAirir,  ifc. 

An  Improper  Fra^ion  is  that  which  is  greater  than  an  Unit. 
That  is,  it  reprefents  fome  Number  4>f  Parts  grcaur  than  the 
whole  thing ;  and  it's  Numerator  is  always  greater  than  the  De- 
nominator. 

As  4.  or  ^  or  44  &c. 

A  Compound  FraSlion  is  a  Part  of  a  Part,  confifting  of  feveral 
Numerators  and'  Denominators  cooneAed  together  wiA  the 
Word  [of]. 

As  4  of  ^'  of  4,  fie.  and  are  thus  read.  The  om  Third  of  the 
three  Fourths  of  the  two  Fifths  of  an  Unit. 

That  is,  when  an  Unit  (or  whole  thing)  is  firft  divided'  Into 
aoy  Number  of  equal  Parts,    and  each  of  thofe  Parts  ar« 

fubdivided 
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fubdividcd  into  other  Parts,  and  (o  on :  Then  thofc  laft  Parts  are 
called  Compound  Fraifions^  or  FraSitons  of  Fra£tionu 

As  for  inilance,  fuppofe  a  Pound  Sterling  (or  20  s.)  be  the  Unit 
or  Whole  ;  then  is  8  j.  the  |  of  it,    and  6  $.  the  \  of  thofe  two 
Fifths,  and  2  x.  is  the  4  of  thofe  three  Fourths  \  viz.  2  j.  =s  ^f 
J  of  ^  of  one  Pound  Sterling. 
All  Compound  Fra6liom  are  reduced  into  fuigle  ones,  Thus, 

R  U  L  E. 
Multiply  all  the  Numerators  into  one  another  for  a  Numerator^ 
aid  all  the  Denominators  into  one  another  for  the  Denominator. 

Thus  the  y  of  -J  of  4.  will  become  -^^.     Or  J^j.. 
[  For  1  X  3  X  2=6  the  Numerator,  and  3  x  4  x  5  =  60  theDcnd* 
minator,  but  -^^  or  ^  of  a  /.  SterL  is  2x.     As  above,    > 


Sea.  2.  To  aitet  or  Cfiailge  different  JTraCtlOeWl  into  cm 
Denomination  retaining  the  fame  Value ^ 

TN  •rder^to  gain  a  clear  Underftanding  of  this  Sedion,  it  wiJt 
.  *  be  convenient  to  premifc  this  Pro^tofition,  vi%.  If  a  Number 
multiplying  two  Numbers  produce  other  NumSers,  the  Nupfibcrt 
produced  of  them  fhall  be  in  the  fame  Proportion  that  the  Num- 
bers multiplied  are,  IT  Euclid']. 

That  is  to  fay.  If  both  the  Numerator  and  Denominator  of  any 
Fra&ion  be  equally  multiplied  into  any  Number,  their  Produ^bK 
will  retain  the  fame  Value  with  that  Fradion. 

Asinthefe,   ^~'  Or — ^=—  Or — 7=— >  ^^• 

'3x2     6^*^  3x3      9  3x5     15 

That  is,  4.  and  |.  Or 4  and  |..  Or  -J  and  \\.  are  of  the  Ame 
Value,  in  rcfpecS  to  the  Whole  or  Unit. 

From  hence  it  will  be  cafy  to  conceive,  how  two  or  more 
Fraftions  that  are  of  different  Denominations,  may  be  altered  or 
changed  into  others  that  (hall  have  one  common  Denominator, 
and  rtiil  retain  the  fame  Value. 

Example.  Let  it  be  required  to  chanpe  \  and  4  into  two  other 
Fradinns  that  fhall  have  one  common  Denominator,  and  yet  re* 
tiin  the  fame  Value. 

According  to  the  foregoing  Propofltion,  if  7  be  equally  multipli- 

«l  with  7,  it  will  become  44,  v/«.  i^  =ii.    Again,  if  |be 

3x7      21 

«VoHy  multiplied  with  3,  it  will  become  A^  ^'2.  ?iLl= J?-. 

7x3     21 
H  And 


so  antfjmCtiCfe*  Part  I. 

And  by  this  mc^ns  I  have  obtained  two  new  Fradlioas,  ^^  and  -^^^ 
that  are  of  one  Denomination,  and  of  the  fame  Value  with  the  tviro 
firft  propofcd,  viz,  ^^  =  *.  and  ^V—  T* 

And  tiooi  hen.e  doth  arife  the  gt-ncral  Rule  for  brin^in;  all 
Fractions  into  one  Denomination. 

RULE. 
Multiply  all  thi  Denominators  into  each  other  for  a  new  (and 
common)  Denon)Inator.     And  each  Nuriicrator  into  all  the  Deno- 
minators hut  it's  own^  for  new  Numerators. 

Example.     Let  the  propofed  Fraclions  be  y,  y,  -J,  and  ^. 
Then,  by  the  Rule, 
A  new  Denominator  And  the  new  Numerators  will 

will  be  thus  found.  be  thus  found. 

3  I  .  2  .  3  •  6 
5^                          5            3             3  3 

4 

6o 
; 7^ 

420  •  I40  .       168  .       3^5  •        ^60 

Hence  420  is  the  common  Denominator ;  and  140  .  168  •  315  . 
360,  are  the  new  AVw^r^/tfrj,  which  being  placed  Fraftion- wife 
are  if -J .  i^l^ ,  ^i-J- .  i^i  the  New  Fraflions  required. 

420      3      420     5        4^<^ .   4  4^0      7 

^hii""'*^"- ••   f    - ..,•11 I     ■■  IP. 

Sea.  3.  To  bring  mixed  B^ttttllJCrS  into  jTiaCtiOnSl,    and 
the  contrary. 


5 

6 

9 

18 

+ 

4 

5 

S 

20 

»4 

45 

90 

7 

7 

7 

4 

M 


I  X'D  Numbers  arc  brought  into  improper  FraSiiom  by  ih© 
following  Rule. 

RULE. 
Multiply  the  Integers,  orwMe  Nambexsy  «//VA/^/ Denominator 
efthe  given  FraSfion^  and  to  thtir  Product  add  the  Numerator,  tba 
ium  will  be  the  Numerator  of  she  FraSlion  required. 

Example,  9  J  by  the  Rule  will  become  y .  For  9  X  5  =  y , 
And,  y+T—  Vthc  improper  Fraflion  required. 
Again,  I3,'>;  will  become  ^*.     For  13=  'tV 
And  i^5-f-}.j-=r  Vy.  And  To  for  any  other  as  occafion  requires. 
To  find  the  true  Value  of  any  improper  Fradion  given,  is  only 
the  Cooverle  of  ilui>  Rule.  For  if  V  =  9  t)  ^  befoie  is  evident : 

Then 
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Then  It  follows  that  if  49  be  divided  by  5,  the  Qiioticnt  will  * 

pvc  9  ♦.     And  if  ao6  be  divided  by  I5,  it  will  give  I34|,  f^r, 

confequently  it  follows,  that 
If  the  Numerator  of  any  improper  Fra£iion  be  divided  by  it's. 

Defx>ininator,  the  Quotient  will  difcover  the  true  Value  of  that 

Fn£tion« 

EXAMPLES. 
V=5.  AndV=4f   And'-z:6  '    pry=3^;£sfr.' 
When  whole  Numbers  are  to  be  exprcued  Fxafiion-wilc,  it  is 

but  giving  them  an  Unit  for  a  Denominator.     Tbus45is^V> 

9  is  -?,  and  25  is  V>  ^^• 


Scft.  4.  ro  abteeware  ^  IBjomz  -fracttonis  into 

their  Loweji  or  Leafi  Dcnominaiian..  .  .. 

'T^  H I S  is  done,  not  out  of  any  neceflity,  but  for  the  more  con- 
venient managing  of  fuch  FreSfions  as  are  either  propofed  in 
tijge  Terms  j  or  fwell  into  fuch,  either  by  Addition  or  otherwifc : 
|>efide8  it  is  moft  like  an  Artift  to  exprefs  or  fet  down  all  Fr/iSions 
in  the  ioweft  Terms  poffibic ;  and  to  perform  that,  it  will  be  ne- 
ccflary  to  confider  thefe  following  Propofitions. 

Numbers  are  either  P^fntC  or  CORipOftlL 

1.  A  Prime  Number  is  that  which  can  only  be  meafured  by 
•n  Unit    Euclid  7.   Defin.  1 1  • 

Th*ti$,  3»  5,  7,  II,  13*  I7»  fafr.  are  faid  to  be  Prime 
Numbers,  becaufe  it  is  not  poffible  to  divide  them  into  equal 
Parts  by  any  other  Number  but  Unity  or  i. 

2.  Numbers  Prime  the  one  to  the  other,  are  fuch  as  only  an 
Unit  doth  meafure,  being  their  common  Meafure.  Euclid  7. 
J^ffa.  12. 

ror  inllance,  7  and  13  are  Prime  Numbers  to  each  other,  be- 
caufe  they  cannot  be  divided  by  any  other  Number  but  an  Unit. 
And  Q  and  14  are  alfb  Prime  Numbers  to  each  other,  for  altho' 
3 will  meafure  or  divide  9  without  leaving  a  Remainder;  yet 
3 will  not  meafure  14  without  leaving  a  Remainder:  Again^ 
altho*  2  will  meafure  14  without  any  Remainder,  yet  2  will  not 
meafure  9  without  leaving  a  Remainder,  £^f. 

3-  A  compofed  Number  is  that  which  fome  certain  Number 
incafureth.     Euclid y.    Defin.  i^^. 

For  inftance,  15  is  a  compofed  Number  of  3  and  5,  for  yx  3 
^  iSi  confequently  3  or  5  will  juftly  meafure  15.     Alfo  20 

Ha  is 
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i^Gompored  of  5  and  4,  viz.  5  )C  4  =  20,  therefore  5  and  4  will 
each  juftl^  meafure  20. 
'  4.  Numbers  compofed  the  one  to  the  other,  are  they  which 
fome  Number  being  a  Common  Meafure  to  them  both  doth 
nieafure:    Euclid  7.    Defin.  14. 

That  is,  if  two  or  more  Numbers  can  be  divided  by  one  and 
the  fame  Divifor  j  then  are  thofe  Numbers  laid  to  be  compofed 
one  to  another. 

For  Inftance,  14  and  21  are  Numbers  compofed  the  one  to 
the  other,  becaufe  they  can  both  be  meafured  or  divided  by  7.. 
For  7  X  2  =r  14,  and  7x3  =  21;  therefore  7  is  a  common  Mea- 
fure to  14  and  21.    So  that  if  ^  were  propofed  to  be  abbreviated, 
it  will  hfrnmc  f> 

,   Thu,i7)  I4=£ 

(7)   21=3 

And  how  thofe  greareft  common  Meafures  may  be  found, 
comes  from  Euclid 7.  Prob.  i,  2,  3,  and  is  thus: 

RULE. 

Dividi  the  greater  Number  by  the  lejer^  and  that  Divifor  by  the 
Remainder  (if  there  be  any)  andfo  on  continually  until  there  be  no 
Remainder  left :  Then  will  that  lafi  Divifor  be  the  greatefi  common 
Mtafure  (^md  if  it  happen  to  be  i,  then  are  thofe  Numbers  Prime 
Numbers'^  and  are  already  in  their  loweji  Terms  ;  butifothervMfe) 
Divide  the  Numbers  by  that  laft  Divifor y  and  their  ^otienU  i/^U 
be  their  Icajl  Terms  required. 

EXAMPLE.     . 

Let  It  be  required  to  find  the  greateft  common  Meafure  of  72 
aftd  108,  viz.  of  ./y\. 

72)  108  (I 

_  7^ 

36)  72  (2      f     Here  becaufe  there  is  no  Remainder; 
^2  1  36  is  the  greateft  common  Meafure. 

{0) 
Thi.ri.fore    i    3^)  7^  =  ^       f  Hence  ^Z^V  «»  abbreviated, 
Therefore,  |    ^____      ^  ^^  .  j^e  joweft Terms. 

Again,  to  find  the  greateft  common  Meafure  of  744  and  899, 

Thus, 
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Thuj,  744)  899  (I 

7A4 


i55)  744(+ 
620 


124)  »55  (i 

124. 

(0)        ■ 
Hoe  31  b  foimd  to  be  the  greateft  common  Meafiire  by  which 
744.  and  899  may  be  abbreviated  to  24  and  29  their  lowcft  Terms. 
Thus,  J4)  .J^  (=1^  esTf. 
w//.  If  the  propored  Numbers  be  even,  they  may  be  brought 
lower  by  a  continued  halving  of  them,  (o  long  as  the/  can  be 
lialved,  viz.  divided  by  2. 

E  XA  M  P  L  £, 
It  is  required  to  Reduce  4|  to  it's  leaft  Terms. 

f irft,  i)  ii  (=^.     Again,  »)  »»  (=^4^. 
This  done,  you  eafily  perceive  that  7  will  be  the  common  Mea- 
fmt  to  14  and  ai,  viz.  j.)  44  (rr  y,  Wr. 

If  the  Numbers  propofed  to  be  reducled  have  each  a  Cypher,  or 
Cyphers,  annexed  to  them,   they  will  be  abbreviated  by  cutting 
off  a  like  Number  of  Cyphers  from  both. 
Thus,  44S  will  be  f^.     And  ^  will  be  *,  &c. 
ThatU,.^i-=4l=i.  And -4=^.  And  J|J=||=^z: ,V 

scA.  5.  auwtfott  of  ftastimL 

\X7H  AT  hath  been  done  by  the  Rules  in  this  Chapter,  is  chiefly 
to  prepare  and  fit  FraSfions  of  different  Denominations  for 
Addition  or  Subtra£ii^nj  as  Occafion  require),  vi%.  If  they  are 
C^mfstnui  Fra^ionsy  they  muft  be  reduced  to  Simple  or  Pure 
Froaions^  per  RuU^  Seff.  I. 

*  If  they  are  of  different  Denominations,  they  muft  be  altered  or 
changed,  per  Ruky  SeSf.  2. 

That  is,  all  FraSfions  muft  be  brought  into  one  Denomination 
before  they  can  either  be  added  or  fubtraded  \  and  that  being 
<!ooe,  Jddition  is  thus  performed. 

RULE. 
Jdd  iogetber  all  the  Numerators^  and  their  Sum  will  be  6  New 
^unuratvTj  utuUr  which  fubfcribe  the  Common  Denominator. 

I  Examples 


54    '  arftlnneticiu  Pani. 

£*tfwpifj  III  dimple  JFracttoitti^. 

Let  it  be  propofed  to  add  y,  ^,  and  |,  together.  Firft,  i  =  ^S  ^ 
l-^J,  andi=^,  ^^S^iJ?.  2. 

Then  ;-S+Ti-|-34=Tl»  *^  Sum  required,  which  according 
to  Si^ion  3,  is  i  ^,  v/a.  |^=  i  *-J. 

Examples  in  ComiHttmll  iTtaCtfOttjef^ 
Let  it  be  required  to  add  ^  and  7  of  ^  into  one  Sum.     Firft  \^ 
of  ^  becomes  ^^  or  |«  per  Sed.  i.  And  (per Sed.  2.)  ^  and  4  is 
^  and  ^  viz.  4=tt»  «»<•  T=Ai  b«  ^+TV=ri  ^l^c  Sum 
required,  viz.  4. 4.  *  of  |  =  4^. 

£xif i9i!^£f J  i;i  mirtQ  iEhunbetfii 

It  is  required  to  add  5  7  to  7  ^  thefe  per  Sed.  3.  will  be  y  and 
y.  But  V  ^^  V  w*^^  become  «»  and  44  per  Sed.  2.  Then 
•4  +  ?^=  'tV>  an<J  tV  =  i^Tr.**'*  Sum  required. 

Or  you  may  bring  only  the  Fra£iions  to  one  Denomination. 

Thus,  5  T  and  7  ^  will  become  5  ^\  and  7  -f^. 

Then  S  A  +  7  t  t  =  »  ^  tt-    That  is  1 3  Vr*     As  before. 


Sea.  6.   QiMcmion  of  jFmtion^^ 

RULE. 

SUBTRACT  om  Nunnrator  from  tbi  other  (according  as 
the  i^ffli^f*  requires)  and  their  Difference  will  be  a  new  Nume- 
rator^ unaer  which  Subfcribo  the  Common  Denominator^  as  in 
Addition.  , 

E  XJ  MP  L  E    I. 

Let  it  be  required  to  take  ^  out  of  ^  Firft  4  and  4-  per  ScSt.  2. 
will  become  i^  and  14  i  then^— ^  =  ^,  thatis|— *=if 
As  was  required. 

E  XJ  M  P  L  E    a. 
It  IS  required  to  ^ubtraA  ^  of  |  from  |^.   Firft,  *.  of  »  =  4.*. 
per  Sea.  i.     Again  4^  and  -^  will  become  ffj.  and  4^.  per 
Sea.  a.    Then  4fi -4^  =  4^. 

EXAMPLE    3. 
From  6  i  Subtraa  3  i  J.   Firft,  6  i«=s¥-  and  ^i^-  VV  P«^ 
Rule Seft.  3.  Again,  V  =?=  VttN  *"«•  Vt  =  VrV*  pcr  Rule  Scfl.  2. 
~       Vrr  — 'tit  =  riV*  =  *  ttJ  =  *  ir  ^^  othcrwife  thus : 

Firft, 


r 
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Firft,  6  4^  =  5  ^  then  bring  f  and  ^^  into  one  Denooiination, 

TbenSHI  — 3tH  =  »t4t=»U-    As  before. 
EXAMPLE    4. 

Let  it  be  required  ttf  Subtrad  -f  of -f  of  ^  from  7. 
Firft,  ^of^of  ^=,3^1    And  7  =  6  4||, 
'n«n6^4^-4^  =  6-J4i=6^  =  7— fof  »of  »..  A» 
was  requird. 

If  thefe  few  Examples  be  well  underftood,  the  whole  BufineA 
of  adding  and  fubtrading  Vulgar  FraSliom  will  be  eafy ;  which 
is  really  much  more  difficult  to  perform  xhaait\ii:MtAiukipUcati9H 
or  Druifion  >  as  will  appear  ia  the  next  SeGion* 


Se£t.  7.  ^nif^ifcotton  of  ftmonsL 

T  N  order  to  perform  either  Muhiplication  or  Divifion^  you  muft 
^  prepare  the  Terms  to  be  multiplied  (or  divided)  thus:  Reduce 
Compound  Fradfiom  to  Simple  ones,  pirSe^.  I.  Brinff  mixed 
Numbers  into  improper  Fraifionsy  and  exprefs  whole  Numbers 
Fra&iiM-wi/ey  pir  Sea.  3.  .  Alfo  it  will  be  convenient  to  abbre- 
fiate  them  to  their  fmalleft  Terms^  when  it  can  be  done.  Then 
UuklpGctttion  may  be  thus  performed* 

f  Multiply  the  Nimurattrs  9fu  int9  another  ftr  a  new  Nu* 
Rule,  j  meratar ;  and  tbe  Denominators  one  into  another  for  a  new 

V  Denominator »    Js  in  thefe 

EXAMPLES. 

1.  The  Produa  of  *  into  4^  =  A*    That  is,  r7l=r3 

2.  And  the  Produd  of  ^-^  into  *^  =  ^J.     Or  ^. 

3.  Again,  the  ProduS  of  ^  into  y  of  4.  =  ^.     Or  tV* 

Fnr  *  rtf  5  '  ®       Xhi^n    7    v  » <> JL?    —   * 

rOryOfy -yy.  I  HZU  ^j^  X  -jy -j-yy   Ty. 

4.  Let  it  be  required  to  multiply  6  with  3  ^.     Thefe  prepared 
for  the  Work  will  ftand  thus,    •  x  "/ • 

m,  6=  *  and  3  *  =  y.  Then  |  x  V  =  't%  or  ^o^. 
Or,  otherwife  thus  6x3=18.  And  4x6=:y=::2f. 
•Then  18  +  2  4.  :z  20  ^.     As  before. 


5.  Let  it  be  required  to  multiply  7  ^  with  5  ^ 

Firft  7  ^- V»  and  5  ?=V.   Then  Vx  V=*-H'=40i$. 

The  Reafon  of  this  Rule  for  Multiplying  of  Fra^ionSf  and 

confequently  of  thefe  Operations,  and  aul  others  performed  by 

it|  will  be  evident  from  this  following. 


g6     arftitmgtttfc^  '      Parti. 

Fix.  If  4  be  multiplied  with  'y  according  to  the  Rule,    their 
Produa  will  be  y.     But  V  =  8. 

Now  ^=2;  and  ^*= 4  per  Sod.  3.  B^^t  4  x  2=8.  Ergf,  &c. 


Sea.  8.  DiWfion  offt&stvam^ 

nr  H  E  FraSftom  being  firft  prepared  as  before  direacd,  Divifioh 
^    may  be  thus  performed : 

r     Multiply  thi  Numerator  of  the  Dividend^  into  the  Den9» 
p  •    J  minator  of  the  dividing  Fra£fl$n  for  a  new  Nttmerator  :  and 
"     I  multiply  the  other  Numerator  and  Denominator  together yfcr 
t  a  new  Denominator. 

EXAMPLES. 

1.  Let  /y  be  di? idcd  by  |,  vix.  |)  ^  [^^^  ^  *  the  Quotient. 
That  is„according  to  the  Rule  6  x  7  =:  42  the  new  Numerator, 

ini  25  X  3  =  105,  the  new  Denominator,  &c.  as  above. 

2.  Let  it  be  required  to  divide  \^  by  t«  ^'^^  tV)  tt  (itt 

=  ^f  . 

For  12  X  ^o  =  240  the  new  Numerator,  and  27  x  5  =  135 

the  new  Denominator* 

3.  Suppofc  it  were  required  to  divide  ^i^  by  ^  of  ^.* 
Firft,  ^of|  =  4f.    Then-)^V(V^-  =  TV- 

4.  Let  20  \  be  divided  by  3  4. ;  viz. . '  °  *  by  y  : 
For20|=:'4Sand3|=zV.  Then  y)  '|*  (=6  theQuoticpt. 

5.  Lfft  h  Be  required  to  divide  40  ^  by  5  ^. 

Firft^    .ir>  *1  —  «  5  1.  6      anff  c  3   —   3  8        'Th<»n  3«\  454.6  /r7«a» 

r  irn,  40  p.  _    „  ,  ana  5  ^  .-  ^  .     I  nen  ^  ;    ^7    (  ^^^  . 
^^^  ^V  =  7  !  ^*^^  ^"^"c  Quotient  required. 


6.  Suppofe  it  were  required  to  divide  13  by  ^. 

Firft,  13  =  V-     Then  4.)  V  {^^  =  18  |,  the  Quotient. 

7.  Again,  let  it  be  required  to  divide  |  by  6. 
Fiz.  4)  4-  (^5^  for  the  Quotient  required. 

jV.  fl.  From  hence  you  may  obferve,  that  when  any  whote 
Number  is  divided  by  a  proper  Fraftion,  the  Quotient  will  be 
greater  than  the  Number  propofed  to  be  divided :  But  if  any 
Fraaion'be  divided  by  a  whole  Number,  greater  than  i,  then 
the  Quotient  will  be  lefs  than  the  Dividend :  As  in  the  two  laft 
M^mples. 

M 
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As  to  the  Riafon  (or  Proof)  of  this  RuU  for  dividing  Fra^ions  : 
It  is  only  the  Cotruerfi  to  that  of  Multiplication^  and  will  be  vtiy 
evident  from  this  following. 

Let  ^  be  divided  by  4.  Which  according  to  the  Ruli  is 
*»»  t)  V  (It  =  4*  The  true  ^otient.  Now  V  =  8.  And 
^zsi^  per  St^.  3.  Confequently  V  £vided  by  4  is  but  the 
fame  with  8  dividid  by  2.  v/z.  2)  8  (4.  The  ^otiint  as 
KnMne. 

I  could  have  inferted  Geometrical  Demonftrationsy  for  the  Rules 
of  Multiplicaiion  and  Divijion  of  Fra£fions ;  but  fuppofing  the 
Learner  as  yet  unacquainted  with  thofe  kind  of  Demonftrations^ 
I  thought  thefe  might  be  more  intelligible  to  him^  efpecially  in 
thispl^. 


CHAP.    V. 

Of  soecfmal  iTtartionfif. 

Jf/'HENj  or  hy  whont,   ibis  excellent  Invention  ^Decimal 
Arithmetick  wasfirjl  introduced^  is  uncertain ;  but  doubtlefs 
it's  ImprofVimiftts^  and  tie  Perfeifion  it  is  now  in^  are  owing  to  later 
Tears, 

Sea.  I.  Of  »otattom 

1 N  Decimal  FraSfions^   the  Integer  or  wbole  Thing  (whether  it 
be  Coin  J  JFeigbty  Meafure^  or  77m/,   &c}  is  fuppofed  to  be 

£vided  into  Ten  equal  Parts  \  and  every  one  of  thofe  Ten  Parts 

are  fuppofed  to  hcfubdivided  into  other  T/n  equal  Parts^  ^  &c.  ad 

infinitum. 
The  Integer  being  thus  divided' (by  Imagination)  into  10,  lOO^ 

'ooo,  loooo,  {ffr,  equal  Parts  J  hccome%thc  Denominator  to  the 

l^eaTnal  FraSlions. 

Thus    tV-    i4^*    TTtW-   TbV^9V    TiftVd\g»  ^'* 

Now  thefe  Denominators  are  feldom  or  never  fet  down,  but 
only  the  Numerators  5  and  thofe  are  either  diftinguifhcd,  or  fepa- 
ratcd  from  wbole  Numbers  by  a  Pointy  or  a  Comma. 

Thus,  5,4  is  5  T^.  and  0,7  is  t^^^.  35,05  is  35  ^l^^  bfc. 

But  before  we  proceed  further  in  Notation^  it  will  be  conveni- 
ent for  the  Learner  to  confxder  the  following  Tabky  (taken  out  of 
the  learned  Mr  Oughtred*s  Clavis  Mathematica)  which  ihews  the 
»C7  Foundation  of  Decimal  Fra^ions. 

I  moh 
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adtfjmcttciu 


Parti, 


lyhoh  Numbertf^   Decimal  Parts, 

5432 

1 0, 1  23456 

^§  5 

*'V^  vS  vS  vS  vS  v^ 

,?^'" 
^t 

• 

^"S-g.ff.-" 

§-§. 

By  this  Tahl*  it  is  evident,  that  as  in  the  whole  Numbers  or  Tntt^ 
gersy  every  Degree' {rom  the  Units  Place  increafcs  towards  the 
left-hand  by  a  Ten- fold  Proportion  :  So  in  Decimal  Parts  every 
Degree  is  decreafed  towards  the  right-hand  by  the  fame  Proper-- 
fioHy  viz.  by  Tens. 

Therefore  thefe  Decimal  Parts  or  FraificnSy  are  really  more 
Homogeneal^  or  agreeing  with  whale  Numlers^  than  Vulgar  Frae- 
tiotis ;  for  indeed  all  plain  Numbers  are  in  cffed  but  Decimal  Parts 
one  to  another. 

That  is,  fuppofc  any  Sories  of  equal  Number^  as  444,  fc*c. 
The  firft  4  towards  the  Left  is  Ten  times  the  Falue  of  the  4  in 
the  middle,  and  that  4  in  the  middle  is  Ten  times  the  Vahie  of 
the  laft  4  to  the  Right  of  it,  and  but  the  Tenth  Part  of  that  4 
pn  the  Left,  ^u    , 

Therefore  all  or  any  of  them  may  be  taken  either  as  Integers^ 
or  Parts  of  an  Jnteger :  If  Inf^^ers^  then  they  muft  be  fet  down 
without  any  Comma  or  feparating  Point  betwixt  them  thus,  444. 
But  if  Integerif  and  one  Part  or  FraQion^  put  a  Comma  betwixt 
tbcm/thus,  44.4  which  fignifies  44  whole  Numbers^  and  4  Tenths 
of  an  Unit:  Again,  if  two  Places  of  P^r/;  be  required,  feparate 
them  wilh  &  Comma  thus,  4,44  viz.  4  Units  and  44  hundred 
Parts  of  an  Unit^  &c. 

From  hence  (duly  compared  with  the  Table)  it  will  be  eafy  to 
conceive  that  Decimal  Paris  take  their  Denomination  from  the 
Place  of  their  laft  Figure. 


That 


\      ,5  =  ,V 
is,-}      ,56  m  ,f\% 


Parts  of  an  Unity  ^c^ 


Cyphers 
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Cyphers  annexed  to  Decimal  PartSy  alter  not  their  Value.  As 
jjo,  ,500,  or  ,5000,  {tfr.  are  each  but  5  Tenths  of  an  Vniu 

of  the  laft  Chapter. 

But  Cyphers,  prefixed  to  Decimal  Parts  decreaie  their  Faluiyhy 
Rmoving  them  further  from  the  Comma. 
r        >5  =  5  ^t»*h  Parts. 
Tk     <      »^S  ==  5  'P<''"^'  of  a  Hundred. 
I    *O05  =  5  Parts  of  a  Thoufpnd. 
1 ,0005  =  J  P^rti  of.  Ten  Tooufani^  , 

Confequeotly  the*  true  Value  of  all  Decimal  Parts  are  fapwn 
b7  their  Diftance  from  the  Units  Place  i  thb  beiiq;  once  righdy 
«nderflood»  the  reft  will  be  eafy. 


I N  fetting  down  the  propo<ed  Numbers  to  be  added,  or  fub« 

^  traded,  great  care  muft  be  taken  in  placing  every  Figure  di- 

Rdly  underneath  thofe  of  the  fame  Value,  whether  they  be  mixed 

Numbers,  or  pure  Decimal  Parts,  and  to  perform  that  you  muft 

luve  a  due  regard  to  the  Comma's,  or  feparating  Points,  which 

si^ht  always  to  ftand  in  a  dtred  Line  one  under  another ;  and  to 

the  Right-hand  of  them  carefully  place  the  Decimal  Parts,  accord- 

f  iog  to  their  refpeAive  Values,  or  Diftances  from  Unity.     Then 

r  .  Add  enrfuhtraSl  them^  as  if  they  were  allivhele  Numbers  ; 

Rule  <  as^from  their  Sum^  er  Diferencey  cut  off  Jo  mar^  Decimal 

i  Parts  as  are  the  moft  in  any  of  the  given  Numbers. 

EXAMPLES  in  aWlttfcm. 

Let  it  be  required  to  find  the  Sum  of  thefe  following  Numbers, 
^^^  34^5  +  65,3  +  "8,7  +95  +  87,8  +  7>9,  which  being 
tnily  placed,  will  ftand 


Thus, 


34,S 

128,7 

95^0 

87.8 
7>9 


Their  Sum  required,  4191Z 

I  2  EXAMPLE 


6o attt^mettelu  Parti- 

EXAMPLE    2. 
Let  it  be  lequired  to  find  the  Sum  of  25,8^4.-('34}578-{-9>c>76. 
+13,907. 

34.578 
9,076 

'  3*907 

83,415  The  Sum  required. 
When  the  Decimal  Pans  propofed  to  be  added  (or  fubtraAed) 
hitve  not  the  (ame  Number  of  Places,  you  may  for  convenience 
of  Operation  fupply  or  fill  up  the  void  Placeti  by  annexing  Ci- 
phers.   As  in  thefc  ExampUi. 

EXAMPLE  3.    EXAMPLE  4.    EXAMPLE  5. 

45,0700      574.678953      0,975641 

50,7580      95.796430       »745*S7 

123,0057       78,054600       ,000598  . 

74,7020      54,789000      ,800700 

24,0000       8,900000      .640536  ^ 

■      ■  II   ■    •  p      ■ 

3^8,3357  812,318983  3»>6a727 

EXAMP  LES  in  fettbtraition^ 

Let  it  be  required  Co  find  the  Difference  between  45»375  and 
74,284. 

EXAMPLE  I.     EXAMPLE  2.     EXAMPLE  3. 
That  IS,  From  74,284  From  437,5  From  75,0034 

Take  45,375  Take    89,657        Take  57,875 

Remains  28,909  347^^43  1791284, 

EXAMPLE    4. 
Let  it  be  required  to  find  the  Excefs  between  562  and  93,5784 

EXAMPLE  4.  EXAMPLE  5. 

That  is.  From  562,  From  345,7578 

Take    93,5784  Take  157, 

The  Excefs  468,4216  188,7578 

Noti^  The  two  laft  Examples  are  fuppofcd  to  be  fuppiied  with 
Cyphers,  which  if  a£^ually  done  would  (land  thus, 
562,0000  345>7578 

93,5784  157,0000 

■  II I     ■■    II       ■  Ml  I     I  ■       I  !■■ 

Remains  468,4216    As  before.         -188,7578 

EXAMPLE 
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EXAMPLE  6.  EXAMPLE   j.      ' 

From  0,547893  From  1,000000 

Take  0,439758  Take  0,997543 

0,108135  0,002457 

The  Proof  of  Addition  and  Subtradion  in  Decimals,  is  the 
iame  with  that  of  whole  Numbers,  page  13,  &<• 


Sea.  3.  jg^ultiplicatione/^SDectmalfif. 

117  H  £  T  H  £  R  the  Fadors  or  Numbers  to  be  multiplied  are 
^^  pure  Decimals,  ormixed.  Multiply  them  as  if  they  were  all 
whole  Numbers,  and  forthe  true  V  alue  of  their  Produi£l  obferve  this 

f      Cui  9ff  (via.  feparati  with  a  Comma)  fa  many  Places  tf 
Rule.^  Decimal  Parts  in  the  Produ£f^  as  thin  an  in  both  the  Facr 

L  tors  accounted  together.    As  in  the  fa. 

EXAMPLE    I.  EXAMPLE    1. 

2,23  24,3 

90  72  9  63  6 

6048  12848 

6  048  642  4 


^     6,74352  780,51  6 

The  Reafbn  why  fuch  a  Number  of  Decimal  Parts  mud  be  cut 
off  in  the  Produd,  may  be  eafily  deduced  from  tbefe  Examples. 
Thus, 

In  Example  i.  It  is  evident,  that  3,  the  whole  Number  in  the 
Multiplicand,  being  multiplied  with  2,  the  whole  Number  in  the 
Multiplier,  can  produce  but  6  {vi%^  3x2  =  6).  So  that  of  ne- 
ccllity  all  the  other  Figures  in  the  Produdl  mud  be  Decimal  Parts ; 
according  as  the  Rule  dire^«.  « 

Or,  the  Rule  is  evident  from  the  Multiplication  of  wholeNum* 
bcrs  only :  Thus,  fuppofe  3000  were  to  be  multiplied  with  200, 
their  ProduiSl  will  be  600000;  That  is,  there  will  be  fo  many 
Cyphers  in  theProdu£i,  as  are  in  both  iheFaftors,  {Vide page  1 8.  j 
Now  i^,  inftcad  of  thofe  Cyphers  in  the  Fadlors,  we  fuppofe  the 
like  Number  of  Decimal  Parts ;  then  it  follows,  that  there  ouglu 
to  be  thefame  Number  of  Decimal  Parts  in  the  Product,  as  there 
were  Cyphers  in  the  Faftors. 

Again,  the  Rule  may  be  otherwife  made  evident  from 
Vulgar  Fradlions,  thus;    Let  32,12  be* multiplied  with  24,3% 

and 


62     atftftrogtfcfc Part  I. 

and  their  Produd  will  be  780,516  *&  in  Example  2,  above. 
Now  32,12=:  32  -^.  and  1^,3  =  24  -^  Mrhich  being  brought 
into  Improper  FraSions  (ptr  Stit.  3.  piq;t  50.)   wiu  become 

32-,^=  V^'and24A  =  *-.V. 
Then  W.,'  X  W  =  'iHi'-pfrSia.j.  peg*  55. 
But  '4|^«  =  780  ^yi*,'  «»*•  780.5 »6,  M  before. 

.  Any  of  thefe  three  Ways  do,  I  prefume,  fufficiently  prove  the 
Truth  of  the  abovefaid  Rule,  f^c. 

EXAMPLE    3.  EXAMPLE    4. 

78*546  5745 

436  .0675 


471276  28725 

235638  40215 

314184  34470 


34246,056-  387.7875 

N.  B.  //  fomttinui  happens  in  midtipfying  Parts  with  Parts, 
9iat  thrrt  vnll  ntt  btj*  many  Figurts  in  tm  ProdiUff  as  thtri  ought 
tt  it  Plaas  of  Decimal  Parts  by  the  Rule :  fn  that  Cafe  you  mufi 
fuppfy  their  DefeSl  ij  prefixing  Cyphers  tt  the  PrtduB  \  as  in  theft 
Examples. 

6. 


EXAMPLE    5. 

EXAMPLE 

.1365 

.*435 

.0347 
,0236 

I I 825  2082 

709s  1041 

9460  694 

4730 


305758775 


,00081892 


When  any  propofed  Number  of  Decimals  is  to  be  multiplied 
with  10  •  100  •  1000  .  lOooo,  tf^.  it  is  only  removing  the 
feparating  Point  in  the  Multiplicand,  To  many  Places  towards  the 
Right-hand,  as  there  are  Cyphers  in  the  Multiplier. 

Thus,  ,578  X  10  =  5,78.      And  ,578  x  ioo  =  57,8. 
Again,  ,578  x  lOOO  =  578.    Of,  ,578  X  lOOOO  5=  5780. 
I  Thcfc 
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TJiefe  thjuigs  being  cooiidered,  It  will  be  cafy  to  multiply 
Pecimals,  ai^d  ^jstermine  their  uueProdu£b.  As  in  thefe  fello w* 
iog  Examples. 

57,056  mukipUed  into  0,578  will  produce  32,978368 
7,6543  bito  5,4246  will  produce  41,52151578 
0,56879  X  0,05674  =  0,0322731446 
0^03246  X  0,92264  =  0,0007672544 
$7649  X  0,03687  =  3231,61863 
94>3S786  X  6,57869  =1620,7511100034 
3,141592  X  52,7438  :;=  165,6995001296 

In  general,  it  will  be  needlefs  to  exprefs  all  the  Figures  oF  the 
Produft  at  large,  (efpecially,  when  the  Fadors  have  each  of 
t)icm  many  Places  of  Decimal  Parts,  as  in  the  two  laft  Exaoi- 
pies)  only  fo  many  of  thenr  as  may  fuflhre  for  the  intended 
Deiiign ;  and  yet  the  Produd  may  be  as  true  to  (o  many  Figures 
as  are  retained,  as  if  theFadors  had  been  multiplied  at  large. 
And  fiich  compendious  Contradions  are  not  only  of  Curiofity, 
but  may  alfe  be  found  of  great  Eafe  and  Ufe  to  the  ingenious 
Pradittoner ;  eipecially  in  refolving  adfeded  Equations,  Or  in 
calculating  of  Trigonometrical  Problems  by  the  Natural  Sines 
and  Tangents,  bfc.  AH  which  may  be  thus  performed* 

Viz.  Set  the  Vmftflacetftht  Multiplier  direifly  underneath  that 
Figure  of  the  Multiplicand,  who/e  Place  yoM  intend  to  keep  in  the 
fr^duQ ;  and  place  all  the  other  Figures  of  the  Multiplier  in  a  quite 
tiutrarj  Order  to  the  ufual  way.  Then  tn  multiplying  always  begin 
et  that  Figure  of  the  Multiplicand  which  fands  over  the  Figure 
^"herewith  you  are  then  a  multiplying^  fitting  down  thejirft  Figure 
if  each  particular  trodu6t  £re£ily  underneath  me,  another  \  yet 
oerein  you  mufi  have  a  due  Regard  to  the  Increafe  which  would  arife 
tut  Qfthe  two  next  Figures  to  the  Right-band  of  that  Figure  in  the 
Multiplicand  which  xou  then  begin  with. 

E  XA  M  P  L  E. 

Let  it  be  required  to  multiply  3,141592  with  52,7438,  and 
rttiin  only  lour  Places  of  Decimal  Parts  in  the  Produd. 

If  the  propofed  Numbers  were  to  be  multiplied  at  large,  they 
Ottft  ftand  in  a  dtre(5t  Order  as  ufual. 

Thu5  \     3»'4^59^     t  And  would  produce  ten  Places  of 
I     52,7438.      I     Parts,  as  in  the  laft  Example. 

But 


6+ 


9tftl^6tfCL 


Parti. 


Thus  3>»4iS92 


But  feeing  it  is  required  to  have  only  four  Placet  of  thofe  Parts 
in  the  Pttxiud^  fet  them  down  as  before  direAed,  and  they  will 
fland 

The  Multiplicand  placed  as  before. 

The  Multiplier  in  a  reverfe  Order. 

The  ProduA  with  5,  regard  had  to  5  times  £• 

The  Produd  with  2,  increafed  with  9x2. 

ProduS  with  7,  increafed  with  5  x  7+9  x  y. 

Produd  with  4,  increafed  with  i  X  44-5  x  4. 

'Pi:odu£l  with  3,  increafed  with  4  ;c  3. 

Produd  with  8y  increafed  with  4  x  S-f-i  x  8, 
165,6995'    The  true  Produd  as  was  required. 

The  Reafon  of  this  Contradion  is  very  obvious  frool  the 
tiiiiolc  Operation  wrought  at  large* 

Thus     3.HIS9? 


1570796 

62832 

31991 

1257 

*    94 


5217438 


25 
94 


12566^68 


ii99i 

62831 

1570796 


165,6995001296 


'3^736 

24776 


144 

84 

0 


Fr^m  hince  it  it  evident^  that  M  tbi  Fi^ 
guns  in  the  Square  t$  tbi  Rigbt-bandy  an 
wholly  omittidin  the  former  Contra^iion  5  and 
that  the  ^lajl  fmgle  Produft  here^  is  tbefirfi 
there  \  confequentljf  the  Reafon  for  placing, 
the  Multiplier  in  a  reverfe  Chrdar^  snuft  ntids 
appear  very  plain. 


EXAMPLE    3. 


Suppoftf  it  were  required  to  multiply  257,356  with  76,48  and 
to  have  only  the  entire  Produft  of  integers. 

?57:356  The  fame  at  large  {   ^57^356 


84,67 


18015 

1544 

103 

20 


19682 


20 
102 

1544 
18014 


58848 
9424 
136 
92 


19682,58688. 


The  chiefcft  Care  and  Difficulty  that  attends  thcfeContra^onst 
IS  the  true  fetting  down  of  the  Units  place  in  the  Multiplier  un- 
derneath the  proper  Figure  of  the  Multiplicand,  according  to  the 
dcfigncd  Produ<2. 

Viz. 
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Vn.  In  Example  i.  It  was  required  to  have  four  Places  of 
Decimal  Parts  in  the  Produd ;  therefore  the  Unit's  Place  of  the 
Muldplier  was  fet  under  the  fourth  Place  of  Decimals  in  the 
Multiplicand  :  And  in  Example  2,  becaufe  it  was  required  to 
have  an  entire  Produd  of  Integers  only  i  therefore  the  Unit's  Place 
of  die  Multiplier  was  iet  under  the  Unit's  Place  of  the  Multipli- 
cand. This  being  once  rightly  under(lood>  will  render  the 
Method  eafy  in  Pradice. 


Sea.  4.   WiWmoft;Dttimm, 

t\IFISION  i$  accounted  the  mod  difficult  Part  of  Decimal 
^  Arithmetick :  In  order  therefore  to  make  it  plain  and  eafy, 
it  will  be  convenient  to  refume  what  has  been  faid  in  page  25. 

f     Tbi  Quotient  Figure  is  always  of  the  fame  Value  or  Degrei 
Viz.  \  witb  that  Figure  of  the  Dividendy  undir  which  the  Unites 
t  Place  ef  it's  ProduRftands. 

As  for  Inftance,  Let  294.  be  divided  by  4.  "      , 

r     This  is  not  7  but  7o>  becaufe  the  Unit's 
4)  294  (7        /  ^^^^^  of  4  X  7  ftands  under  the  Tens  Place 
28  t  of  the  Dividend. 

14  (3  But  this  is  only  3. 
12 
Xemaim  (2)  Hence  73  J  is  the  Quotient. 

Now  if  to  the  Remainder  2  there  be  annexed  a  Cypher  (thus, 
2,0]  and  then  divided  on,  it  muft  needs  follow  that  the  Unit's  Place 
of  the  Produdy  arifing  from  the  Divifor  into  the  Quotient,  will 
taod  under  the  annexed  Cypher ;  confequently  the  Quotient  Fi« 
pw  will  be  of  the  fame  Value  or  Degree  with  the  Place  of  that 
Cypher:  But  that  is  the  next  below  the  Unit's  Place,  therefore 
the  Quotient  Figure  is  of  the  next  Degree  or  Place  bdow  Unity  i 
IW  is,  in  die  firft  Place  of  DecimJ  Parts. 

Thus  4)  2,0  (,5 
So  that  4)  294,0  (73,5  the  true  Quotient  required. 
This  being  well  underftood ;  Divifion  of  Decimals  may  (in  all 
At  various  Cafes)  be  eafily  performed.     However,  that  it  may 
k  rendered  plain  and  eafy  even  to  the  meancft  Capacity,  if  pof- 
I'k)  let  Dividon  be  again  defined,  as  in  page  21. 

K  Vi«. 
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Viz.  If  that  Number  which  Divides  another y  be  multiplied  with 
the  Number  which  is  quoted j  th^ir  Produff  will  be  the  Number  Mvidsd, 

This  Definition  alope  (if  compared  with  the  Rule  ^^i^^  6 1.) 
will  afford  a  general  Rule  for  dircovering  the  true  Value  of  the 
Quotient  Figure  m  Divifion  of  Decimals. 

{The  Places  of  Decimal  Parts  in  the  Divifor  and  ^otienf 
being  dountedtogether^  mujt  always  be  equal  in  Number  with 
thofe  in  the  Dividend.  And  front  this  general  Mule  arife 
four  Cafes. 

Cafe  I.  When  the  Places  of  Parts  in  the  Divifor  and  Dividend 
are  equal,  the  Quotient  will  be  whole  Numbers. 

As  in  thefe  Examples. 
8>4S)  29S>7S  (35  0,0078)  ,4368  (56 

^53  5  390 

42  25  468 

42  25  468 

(0)  7^ 

Cafe  2.  When  the  Places  of  Parts  in  the  Dividend  exceed  thofe 
in  the  Divifor  1  cut  off  the  Excefs  for  Decimal  Parts  in  the  Quo* 
tient.     As  in  thefe  Examples. 

24>3)  780,516  {jfl^i^  436)  34H6,os6  (78,546 

729  305^ 

515  3726 

486  3488 


291  2380 

243  2i8q 


486        ,534)  ,30438  (,57  2005 

486  2670  1744 


(o)  3738  2616 

3738  2616 


(0)  (o)  I 

Cafe  3.  When  there  are  not  fo  many  Places  of  Part9  in  the 
Dividend,  as  are  in  the  Divifor,  annex  Cyphers  to  the  Dividend 
to  make  them  equal.  Then  will  the  Quotient  be  whole  Num- 
bers, as  in  Cafe  i. 

examples! 
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EXAMPLE.         '.  ~ 

Let  it  be  required  to  divide  192,1  by  7,684,  and  441  by  ,7875, 
7,684)  >9a,ioo  (25  »7875)  44»»oooo  (560 

»53  68  393  75 

38  4ao  47  250 

38  420  47  250 


(o)  (o) 

•  Cafe  4.  If,  after  Divifion  is  finilbed,  there  are  not  fo  many  Fi* 
gures  io  the  Quotient,  as  there  ought  to  be  Places  of  Part$  by.the 
geoeraJ  Rule  \  fupply  thejr  Defed  by  prefixing  Cyphers  to  it. 

E  XA  M  P  L  E. 
Let  it  be  required  to  divide  7^25406  by  957, 
957)  7,25406  (,00758  the  true  Quotient  required, 
6  699 

5550  Again  ,^75)  ,0007475  (,0013 

4785  575 


7656  1725 

7656  1725 


(o)  (o) 

Kote^  When  Decimal  Numbers  are  to  be  divided  by  10.  100. 
1000.  looco.  Wf.  that  is,   when  the  Divifor  is  an  Unit  with  . 
Cyphers;    Divifibn'is  performed  by  removing  or  placing  the 
fcparating  Point  in  the  Dividend,   fo  many  Places  tovfands  the 
Left-hand,  as  there  are  Cyphers  in  the  Divifor. 

EXAMPLE. 

»o)  5784  (578*4  100)  578,4  (5,784' 

1000)  5784  (5,784  10000)  578,4  (,05784 

Note,  Thefe  Operations  are  the  direH  Converfe  to  thofe  in  page  62. 

'  I  prefume  it  needlefs  to  give  more  Examples  at  large  :.  only  I 
ftall  infert  a  few  Dividends,  and  Divtfors,  with  their  Quotients, 
•  wherein  are  contained  all  the  Varieties  that  can  happen  in  Divifion 
of  Decimals, 

»574)  493>o66  (  859  5,74)  49'3o66  (8,59 

574)  49i>o66  (,859  5,74)  49/066,00  (85900 

574)  49i3o66  (,0859  »0574)  493»o665  (8590 

5»74)  4930»^6  (  859  ^©574)  ,493o66  (8,59 

K  2                                      There 
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There  is  alfo  a  compendious  Way  of  contradins  Dividon,  like 
^at  of  Multiplication,  page  64,  by  which  much  Labour  may  be 
faved ;  efpecially  when  the  Divifor  hath  many  Places  of  Decimal 
Parts  in  it :  And  it  is  thus  performed. 

Having  determined  how  many  Places  of  whole  Numbers  there 
will  be  in  the  Quotient^  if  any  at  all ;  or  if  none,  of  what  Value 
pr  Place  the  firft  Figure  in  the  Quotient  will  be :  Then  omit,  or 
dot  off  one  Figijre  of  the  Divifor  at  each  "Operation  ;*  viz.  for 
^very  Figure  you  place  in  the  Quotient,  dot  ofF  one  in  the  Di- 
vifor ;  having  a  due  Regard  to  the  Increafe  which  would  arife  fron^ 
the  Figure  fo  omitted, 

EXAMPLE. 
Let  it  be  required  to  divide  70,23  by  7,9863. 


The  Work  contraSed. 
7,9863)  70,2360  (8,7938 
63  8904 


'  6  3396 
„  5  5904 

7492 
7187 

305 

2.?9 

'   66 
64 
(2) 

The  fame  at  Length.  - 
7>9863)  70,2300  (8,7938 


63  8904 

6  3396 
55904 

0 

I 

749' 
7187 

90 

67 

304 

2W 

589 

64 
61 

54*0 

8904 

c 

7506 

The  Work  contraded  I  prefume  is  fo  obvious  (if  compared 
vith  the  fame  at  large)  that  ij  is  needlefi  to  give  any  farther 
Explanation  of  it. 


Sea.  5.  rq  Reduce  ©tiigar  JTtactt^njS/*/^  poftnaljEU 

and  the  contrary. 

A  N  Y  Vulgar  FraSion  being  given,  it  may  be  reduced,  or  ra- 
•^  ther  changed,  into  Decimal  Parts  equivalent  to  it.    Thus, 

ijnnex  Cyphers  to  the  Numerator  ^  and  then  divide  it  by 
the  Denominator^  the  ^otient  will  he  the  Decimal  Parts 
equivalent  to  the  given  FraSiion ;  or  (?/  leajifo  near,  it  as 
may  be  thought  mceffary  to  appxoach. 

JS;  XJ  MP  L  E. 


r 
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EXAMPLE. 

Ic  is  reqiured  to  change  or  reduce  ^  into  Decimals* 
4)  3>oo  (,75  The  Decimal  Parts  required. 
That  is,  ^=z^V==»75- 
Again  i  =  ,S;  thus  2)1,0  (5.  And  ^=,25;  4)  1,00  (,25 
$uppo&  it  were  required  to  change  ^  into  Decimals. 

7)  4,0000000000  G57 142857 14  faTr.  r=  ^. 
tJ^tty  When  the  laft  Figure  of  the  Divifor,  (that  is,  the  De- 
nominator of  the  propofed  Fraction)  happens  to  be  one  of  theie 
Figures;  w*.  i  .  3  •  7  •  or  9  •  (as  in  the  Example)  then  the 
Decimal  Parts  can  never  be  precifelj  equal  to  the  given  Fradion; 
yet  by  continuing  the  Divifion  on,  you  may  bring  them  to  be,  very 
nei^the  Truth.  As  in  this  Example;  Suppofe  it  was  required 
to  change  ^^  into  Decimal  Parts. 

13)  1,0009  (,07692307692307  tic.  cd  tnJbtUum. 

90  That  is,  0,07692307692307  =  -i^fir}. 

120  And  from  hence  it  may  be  farther 

117  obferyed,     that    in    thefc    imperfea 

^- —  Quotients,  the  Figures  do  return  agaiii 

3^  and  circulate  in  the  fame  Order  as  be- 

^^  fore :   as  you  may  eafily  perceiye  they 

^o  ^^^^  ^^  ^°  '"  ^^^  feventh  Place  of 

^^  both  thefe  laft  Examples. 

10 

&c.  As  at  firft. 

Thefe  being  underftood,  it  will  be  cafy  to  find  the  Decimal 
Parts  equivalent  to  any  known  Part  or  Parts  of  Coin,  Weights, 
Mcafures,  Times,  ^c.  If  you  firft  reduce  the  given  Parts  of 
Coin,  ^c.  into  a  Vulgar  FraQion,  whofe  Denominator  is  the 
Number  of  .thofe  known  Parts  contained  in  the  Integer,  and  the 
given  Parts  it's  Numerator. 

Examples  in  Coirty  &c. 

I.  Let  it  be  required  to  find  the  Decimals  of  16/.  id.    Firft 
16/.  =44  of  one  Pound,  and  6i/.  =  ^  of  1/. 
^  Bwt  4|.  +  ,V  =  |4-    Then  40)  33,000  (,825,  the  Decimal 
Parts  required :  That  is,  ,825  =  16  j.  6^. 

Again,  Suppofc  it  were  required  to  find  the  Decimals  equal  to 

Hcre^ 
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Here  3/.  is  3  Integers,  and  13J.  =  :^^  of  r  /.  and  44/,  =  ^t-j^. 
But44^  +  TTTy  =  -iT&'  Then  240)  160,000  (0,666666  Wf. 
Hence  ;^i.   13/.  45.=  3,666666  (ftc.     As  was  required. 

2.  What  are  the  Decimals  equal  to  7  J  Inches,  one  Foot  being 
piade  the  Integer? 

Firft,  7  Inches  are  7^  of  i  Foot,  and  |  of  i  Inch  arc  ^» 
But  ^+-^=ii'  Then  48)  31,000  (,64583  ^^.  =  7  J  Inches. 
.  3.  Let  it  be  required  to  change  8  Oz.  19  Pwt,  8  Grains  into 
•Decimals ;  one  Pound  Troy  being  the  Integer. 

Thefe  being  reduced  into  the  leaft  Terms,  and  added  together^ 
will  become  ff^-  of  i  Pound. 

Then  5760)  4304,000  (,74722  Wr.  The  Decimals  required. 
And  thus  may  any  propofed  Parts  of  Coin,  Weights,  Mea^res, 
t^c.  l>e  reduced  or  changed  into  Decimal  Parts ;  which  perhaps 
may  at  firft  feem  fomewhat  tedious  in  Pra£tice,  but  being  a  little 
acquainted  with  them  it  will  be  found  very  eaiy ;  and  the  ingenious 
Practitioner  will  (with  a  little  Confideration)  foon  find  how  to 
reduce  them  almoft  mentally ;  or  with  the  help  of  a  very  few  Fi- 
gures, without  the  Ufc  of  fuch  large  Tables  as  are  ufually  inferted 
in  Books  of  Decimal  Arithmctickj  or  at  moft  they  may  be  contrac- 
ted into  fuch  as  thefe  following,  which  if  duly  applied  to  thofc 
fables  in  Chap.  3.  will  be  found  very  ufcful^ 

Decin^ol  Tables. 


In  Englifh  Coin. 
0,05 s=  I  i. 

0,0046667  .  =x  I  </. 

0,00104167  =  I  Farthing. 
I  /.  being  the  Integer. 


-TT- 


Troy  IVeight. 

Q,0S =  I  -Pw'^; 

c,0': 208333  =  I  Grain^ 
I  Oz.  being  the  Integer. 


Jpothecdries  f freight. 

9,125 ==  I  Dram. 

6,04166667=:  I  Scruple. 
0,00208333  =  I  Grain. 
Oz.  being  the  Integer, 


Averdupois  Weight. 
0,0625  . . . .  =  I  Ounce. 
o»oo39o625  =  I'Dram. 
I  lb.  being  the  Integer. 


Averdupois  Great  fFeight. 
0,25.... .  .  =S-JC 

0,008928^7  =  1  lb. 
O,coo558o3  =  I  Ounce. 

C'  being  the  Integer. 


Time. 
0,04166667  =  I  Hour. 
o,o::o6943  4  :=:  I  Minute. 
0,00001 157  -r  I  Srcofid. 
I  Day^or  2A. HcurSy  being  madf 
the  Intforr. 


The  Ul'c  of  chcit  'l'ab!t3  will  be  evident  by  the  following 

£  A  A  M  P  L  k\ 


Chap.  5.       Of  Decimal iTtactimtg^ ?i 

E  XA  M  P  L  E. 
Let  it  be  required  to  find  the  Decimal  Parts  equivalent  to 
17  J.  9^.  %  Farthings^ 

Firft  0,05  =  I  /.  Therefore  1 7 x,05iz,85 . . .  •  r:  1 7  j. 

And 3004166=1^.  Therefore  ,004i66x9=:,037494=:9  d. 
Alfo  2),oo4i66(=2002o83=4.^. 
Confequently  their  Sum,  vh,  0,889577=: 1 71. 94^/. 
Now  to  find  the  Value  of  Decimals  in  known  Parts  of  Coin 
or  Weights,  fcf r,  is  only  the  Converfe  of  the  former  Work,  and 
b  thus  performed. 

Multiply  the  given  Decimals  with  the  Denominator  of  the  Vui- 
f^r  Fradion  required  :  That  is,  multiply  the  Decimals  with  fuch  a 
Nuipber  of  Units,  as  are  contained  in  the  next  lower  Denomina- 
tion of  that  Kind  or  Species  which  your  Decimal  is  of;  and  the 
Produd  will  be  the  Number  required. 

EXAM?  L  E. 
I.  What  is  the  Value  of  0,825  Decimals  of  i  Pound  Sterling ; 
That  is,  how  many  Shillings,  Pence,  £ffr.  ^==,825  ?    Firft,  the 
next  lower  Denomination  is  20,  becaufe  20  s.  make  one  Pound. 
Therefore  0,825 
20 


Shillings  16,500  and  Parts  of  Shilling. 
12 


6,000  Anfwcr  0,82^'=:  i6j.  6d. 

Again,  What  are  the  known  Parts  of  EngUJh  Coin  equal  to 
3,666666  Decimals  ? 
Here  the  3  Integers  are  3Pounds.   Then  ,666666 

20 

Shillings     13,333320 
12 


Anfwcr  3,666666  =  3/.' 13  f.  4^.  666640 

3^333^ 


Pence     3. 999  8  40  =  4  near. 
What  is  the  Value  of  0,74722  Parts  of  i  lb  Troy  ? 
Firft,    ,74722  Then,  ,96664  Again,  ,33280 

12  20  ^4 

1 49444  ^«''^-  i9>3328o  1  33'^ 

7  4722  o  P50 

Oz.    8,96664  Oz.     VwU     Gr.  7^987^0 

Thefe  collefted  are    8.        19,       81   very  near. 

And 
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And  thus  any  propofed  Number  of  Decimals  may  be^turned  or 
changed  into  the  known  Parts  of  what  they  rcprcfent,  wz.  Whc- 
.  thcr  they  be  Parts  of  Coin,  Weights,  Mcafures,  or  Time,  &g. 

I  have  omitted  inferting  more  Examples  of  this  kind,  becaufft 
I  take  the  Excellency,  and  indeed  the  chief  Ufc,  pf  Decinial  Ffac* 
tions,  to  confift  more  in  Geometrical  Computations,  than  in  the 
coitemon  or  pra£kical  Parts  of  Arithmetick,  as  will  appear  further 
#0 }  although  even  in  thofe  they  are  very  ufeful  upon  feveral  Ac-  . 
counts ;  efpecially  in  the  Compuutions  of  Incereft  and  Annuities^ 
(^c.  But  of  that  more  in  it's  proper  Place.  I  (hall  therefore  conr 
dude  this  Chapter,  with  a  Remark  or  two  upon  the  Nature  and 
Properties  of  FraSions  in  general. 

If  any  given  Number  (whether  it  be  whole  or  mixed)  be  mul* 
tlplied  with  a  proper  Fraflion,  either  Vulgar  or  Decimal,  the 
Produd  will  be  lefs  than  the  Multiplicand,  in  fuch  a  ProponioQ 
as  the  multiplying  Fraflion  is  \tb  than  an  Unit  or  i. 

That  is ;  as  the  Denominator  of  the  Fra^ion  is  to  it's  Numerator^ 
fo  will  the  given  Number  be  to  the  ProduSi. 

Therefore,  whenever  any  Number  is  to  be  multiplied  with  a 

vFradion,  whofe  Numerator  is  an  Unit :  Divide  that  Number  by 

the  Denominator  of  the  Fraftion,  and  the  Quotient  will  be  the 

Produa  required.  Thus  12x^=3.  And  1 2 -r- 4  =  3.  Again, 

12  X  T  =  6»    And  12  -H  2  =  6,  ^c. 

From  hence  it  follows,  that  if  any  Number  be  divided  by  a 
proper  FraSion,  the  Quotient  will  be  greater  than  the  Dividend, 
by  fuch  a  Proportion  as  Unity  is  greater  than  the  dividing 
Fra£tion. 

Thus  12  -^5:  =  4^,  was.  i :  i : :  12  :  481  ^^.  But  the  Truth 
of  thefe  will  be  beft  underftood  after  the  next  Chapter. 


CHAP.    VI. 

Of  Continue  P|O(iO|tiOn0>  ^^d  bow  to  change  or  vary 
$he  Order  of  Things. 

Scft.  I.  Concerning  Arithmetical  Progreffion,  ufualfy  called 
Arithmetical  Proportion  Continued. 

WHEN  any  Rank  or  Series  of  Numbers  do  either  increafe 
or  decreafe  by  an  equal  Interval  or  common  Difference, 
thofe  Numbers  are  faid  to  be  in  Arithmetical  Progreffion. 


Chap.  6. Of  ^pffOlWAU n 

J,  ft  •a.3.4.5.6.7&rr.  M      Here  thr  Interval  or 
I  7.6.5.4.3.2.1        11  common  Differ,  is  r. 

rxi  2  .  4  .  6  .  8  .  10  .  12  •  14  .  &r.    }  f     Here  the  common 
ti.3-5*7.9-li'*3-  ^^-    J  .1  Difference  is  2. 
And  fo  of  any  other  Series,   whofe  common  Difference  is 

3.4.5.  ^^* 

If  any  three  Numbers  be  in  Arithmetical  Progreffion,  the  Sum 
of  Che  two  Extreams  (vix,  the'firft  and  laft)  will  be  equal  to  the 
Doable  of  the  Mean  or  middle  Number. 

As  in  thcfc,  2.4.6.   Or  3.  6.9.    Or  3.  7.  11 

f?x.2+6=4+4.  Or3+9=6+6.  And  3+11:^7+7. fa^r. 
Lanma  2. 

If  any  four  Numbers  are  in  Arithmetical  Progreffion,  the  Sum  of 
the  two  Extl-eams  will  be  equal  to  the  Sum  of  the  two  Means. 

Asia  thefct  2.4.6.8.    Or    3  .  6  •  9  •  12.. 

Yl%.  2-f8r::4+6.    And  3+12=6+9.  iic 

Corollary  i. 

From  tbifi  two  Lemmds  it  is  etffy  to  comoiwj  that  if  tvir  fo 
mmf  Numhrs  be  in  Arithmetical  Progreffion^  tie  Sum  of  the  two 
ittftam  will  be  equal  to  tie  Sum  of  any  two  Means^  that  are  equally 
^fientfrom  tbofe  Extreams. 

Asinthefe,  2  .  4  .  6  •  8  .  10  .  12  .   T4  .  16. 

Then  2  + 16  =  4 +14  =  6+  12  =  8  +  10. 

Or  if  the  Number  of  Terms  be  odd,  as  thefe, 
2  •  4  •  6  .  8  .  10  .  12  .  14  •  16  .  18.  dc. 

Then2+i8  =  4+l6=s6+i4=8+i2  =  io+io. 

Lemma  3. 
Each  Term  in  every  Series  of  Numbers  in  Arithmetical  Pro- 

pelEon  is  compofed  of  the  Interval  or  common  Difference,  (b 

often  repeated,  and  added  to  the  firft,  as  there  are  Terms  in  the 

I^rogrcffion,  after  the  firft. 
Asinthefe,  1.  3.  5.  7.  9.  ix.  13.  15.  17.  fie 
Here  the  Interval  or  common  Dimrence  being  two,  Jt  will 

ke  1+2=3.      3+2=5.    S+2=s7.     7+2=9.     9+2=11. 

n+2=i3.      13+2=15.     15+2=^17.  faTr. 

Corollary  2. 

Hence  it  is  evident  j  that  the  Difference  betwixt  the  two  Extreams 
[ya.-  I  and  iy}is  compofiJ  of  the  common  Difference  y  mult  if  lie  J 
«to  the  Number  of  all  the  Terms y  excepting  thefirjl. 

As  in  the  aforefaid  ProgrefSon,    I*  3*  5*  7*  9*   xi*   ^3.  15^. 

I*  The  ' 
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The  Number  of  Terms  without  the  firft  is  8  )  •  *  t*-^!^ 
The  common  Difercnce  is  2  1  Multiply 

The  Difference  betwixt  the  two  Extreams       16 

Propojkson  I. 
In  any  Series  of  Numbers  in  Arithmetical  Progreffion,  the  two 
Extreams,   and  the  Number  of  Terms  being  gtven^  thence  to 
find  the  Sum  of  all  the  Series. 

{MmltMy  the  Sum  of  the  HV9  Extnams  into  the  Num^ 
ber  of  all  the  Terms ;  and  divide  the  Product  fy  a. 
ne  ^tient  wiU  be  the  Sum  of  all  that  Series.  Per 
Carol.  I. 

E  XA  M  P  L  E    r. 
It  is  required  to  find  the  Number  of  all  the  Strokes  a  Clock 
firikes  in  one  whole  Revolution  of  the  Index,  vi%.  twelve  Hours. 
Here  i-f-i2=i3    the  Sum  of  the  two  Extreams. 

12    the  Number  of  all  the  Terms. 

26 
U 


.   Then  2)  156  (78,    The  Number  of  Strokes  required* 

EXAMPLE^. 

Su^pofe  one  Hundred  Eggs  were  placed  in  a  Right  Line  a 

Yard  difiant  from  one  another,  and  the  firft  Egg  were  a  Yard 

from  a  Bafket  i  whether  or  no  maj  a  Man  gather  up  thcfe  100 

Eggs  fingly  one  after  another,  ftill  returning  with  every  Egg  tp 

the  Bafket  and  putting  it  in,  before  another  Man  can  run  four 

Miles.    That  is,  which  will  run  the  greater  Number  of  Yards  ? 

In  this  Queftion  2oo4-2Zi202  Is  the  Sum  of  the  two  Extr. 

And  100  Is  theNumberofail  the  Terms* 

■   '  f       The  Number  of 

Then    2)  20200  (10 100  j  Yards  he  runs  that 

( takes  up  the  Eggs. 
Now  4  Milesrr  7040  Yards  i  The  Yards  he  runs  that  takes  up 
But  10100—7040=1 3060 1  the  Eggs  more  than  the  other. 

Propojition  2. 
In  any  Series  of  Numbers  in  Arithmetical  Progreffion,  the  twor 
Extreams  and  Number  of  Terms  being  given ;  thence  to  find  the 
commoa  Difference  of  all  the  Terms  in  that  Series. 

{The  Difference  betwixt  the  two  Extreams^  being 
divided  by  the  Number  of  Terms  lejfened  by  Unity  ar^ 
I.  the  ^otient  will  be  the.  common  Difference  cf 
the  Series.    Per  CoroL  2. 

EXAMPLE. 
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EXAMPLE    I. 

One  had  Twelve  Children  that  differed  alike  In  all  their  Ages ; 
the  youngeft  was  Nine  Years  old,  the  cldeft  was  Thirty-fix  and 
a  half;  what  was  the  Difference  of  their  Ages,  and  the  Age  of 
euh? 

Here  36,5—9=27,5    The  Difference  of  the  two  Extreams.    . 
And     J  2 — 1  =  11.      The  Number  of  Terms  lefs  an  Unit. 
Then   11)  27,5  (2,5  The  common  Difference  required, 
Goofequently  94-2)5= ii>5  The  Age  of  the  youngeft  but  one. 
And  1 1,5+2,5= 14  The  Age  of  the  youngdl  but  two.    And 
ib  on  for  the  xeft    Fir  Curd.  2. 

E  XJ  MP  L  E    OL. 

A  Debt  is  to  be  difcharged  at  eleven  feveral  Payments  to  be 
made  in  Arithmetical  Progreffion,  The  firft  Payment  to  be 
Twelve  Pounds  Ten  Shillings,  and  the  laft  to  be  Sixty-three 
Pounds.  What  is  the  whole  Debt,  and  what  muft  each  Payment 
be? 

Per  Tbiorgm  I.  Find  the  whole  Debt  thus : 
12,5+63=75,5  The  Sum  of  the  Extreams. 
I  I  The  Number  of  Terms. 

75  5 
755 


2)  **3o>5  (4I5»25=:4I5/.  5/*    The  whole  Debt. 
Then,  per  Theorem  2.  find  the  coomion  Difference  of  each 
Payment. 
Thus  63 — 12,5=150,5  The  Difference  of  the  Extreams. 
And  1 1 — I  =  10  The  Number  of  Terms  lefs  i. 
Then  lo)  50,5  (5,05^=5  /.  i  s.    The  common  Difference. 

/.     J.       /.    /.     /.      J. 
Confequently  12. 10  +  5. 1^=17. 11  The  fecond  Payment. 

/•       J.     /•      /•     /.       /• 
And  17  .  11+5  .  1=22  .  12  The  third  Payment,  bfc. 

EXAMPLE    z. 

A  Man  is  to  travel  from  London  to  a  certain  Place  in  ttn 
Days,  and  to  go  but  two  Miles  the  firft  Day,  incrcafing  every 
Day's  Journey  by  an  equal  Exccfs ;  fo  that  the  laft  Day's  Journey 
may  be  Twenty- nine  Miles ;  what  will  each  Day's  Journey  be, 
aod  how  many  Miles  is  the  Place  he  goes  to  diilant  from  London  ? 

L  2  Firft 
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Firft  29 — 2=27    The  Diffcrcqcc  of  the  Extreams. 
And  10 — 1=9     The  Number  of  Terms  lefs  i. 
Then  9)  27  (3    The  common  Difference. 
Confequcmly  ^1+3=5    The  fecond  Day's  Journey. 
And  5  +  Z^i     The  third  Day's  Journey,  fsTr. 
Again  29+2Z131     The  Sum  of  the  Extreams. 
10    The  Number  of  Terms. 
•  2)  3x0  (155   The  Diftance  required. 

There  are  eighteen  Theorems  more  relating  to  Queflions^  in 
Arithmetical  Progrcffion  ;  but  becaufe  they  would  require  a  great 
many  Words  to  fliew  the  Reafon  of  them,  I  therefore  refer  the 
Reader  to  the  Second  Part,  viz.  That  of  Jlgibroy  where  he  majr 
£nd  their  Analytical  Inveftigation. 


S«a.  2,  Concerning  ^eomettfcal  )^^aisat^ncintiuued*^ 
fonQctiincs  called  Geomeirical  PrqgreJftoB. 

X17  H  EN  a  Rank  or  Scries  of  Numbers  do  either  increafe  by  one 

^  ^   common  Mulriplicator,  or  decreafe  by  one  common  Divifiir^ 

thpfe  Numbers  are  faid<Co  be  in  Geometrical  Proportion  continued. 

.(2.4.8.  16  .  32  .  i^c.  here  2  is  the  common  Multiplier. 
C  ^4  •  3a  •  16  .  8  .  4  .  &r.  here  2  is  the  common  Drvifor. 
Q  f  2  .  6  .  18  .  54v  162  .  &r.  here  3  is  the  common  Multiplier. 
^      I  162  .  54  •  18  .  6  .  2  here  3  is  the  common  Divifor. 

M/^,  The  common  Multiplier  (or  Divitbr)  is  called  the  Ratio ; 
and  it  fhev^rs  the  Habitude  or  Relation  the  Numbers  have  to  one 
another,  vi%,  whether  they  are  Double,  Triple,  Quadruple,  i^c. 
which  Euclid  thus  defines. 

Ratio  (or  Rate)  is  the  mutual  Habitude  dr  Refpe£i  of  two  Mag» 
nitudes  (confequently  two  Numbers)  of  the  fame  kind  each  to  other^ 
according  t^  ^antity^  Euc.  5.  Dcf.  3. 

Proportion  (rather  Proportionality)  is  a  Similitude  of  Ratio% 
Eiic.  5.  Def.  4. 

So  that  there  cannot  be  lefs  than  three  Terms  to  form  a 
Proportionality  or  Similitude  of  Ratio's  ;  and  if  but  three  Terms, 
the  fecond  muft  fupply  the  Place  of  two,  As  in  thefe  2.4.8. 
That  is,  2:4::  4  :  8  .  (of :  :  fee  page  5.) 

Here  4  the  middle  Term  fupplies  the  Place  of  two  Terms, 
to  wit,   of  the  fecond  and  third  ^    8  bearing  the  faxoe  Reafon, 

Likenefs^ 
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Likcnels,  or  Proportion  to  49  As  4  doth  to  2.  viz.  As  2 :  is  to 
4  ::  So  is  4 :  to  8. 

Lemma  i. 

If  three  Nombers  are  proportional,  the  ReSangte  or  Prodtid 
of  the  two  Extreams,  viz.  of  the  firft  and  laft  Terms*  will  be 
cqtial  to  the  Square  of  the  Mean  or  middle  Term.  (20  Eucl.  j,) 

As  in  thefe  2:41:4:  8.  Here8x2=si6  the  Produd  of 
the  Extreams. 

And4X4  =  i6theSquaKeoftheMean«   ErgiSxzss^x^ 

Carpi  I. 

Hence  it  follows,  that  if  the  Produd  of  any  two  Numbers  be 
equal  to  the  Square  of  a  third  Number  \  thofe  three  Numbers 
Will  be  in  Proportion. 

Lemma  t. 

If  ibur  Numbers  are  proportional,   the  Produd  of  the  tw0. 
Extreams  will  be  equal  to  the  ProduA  of  the  two  Means 
(19  Eadid  7.; 

As  in  thefe,  2  :  4  : :  8  :  i6.    Here  16  x  2  ^  32. 

And  8  X  4  =  32.    Confequently  16  x  2  =  8  x  4. 

'  Corol  2. 

From  hence  it  foUows^  that  if  the  Produ£f  of  an^  twe  Numiert 
he  equal  to  the  Product  of  any  other  two  Numbers,  thofe  four  Num* 
hen  are  Proportionals. 

And  from  thefe  two  LemmJt  it  will  be  eafy  to  conceive,  that 
if  ever  fo  many  Numbers  are  in  continued  Proportion,  Hhe  Pro- 
doQ  of  the  two  Extreams  will  be  equal  to  the  ProduA  of  any 
two  Means,  that  are  equally  difiant  from  the  Extreams. 
As  in  thefe,  2  •  4  •  8  •  16  .  32  .  64  .  &r. 

Here  64  x  2  =  32  x  4  =  16  x  8.  &f.  And  if  the  Number  of 
Terms  be  odd. 

As  in  thefe,  2  .  4  •  8  •  16  .  32  .  64  •  128.  lie. 
Then  128  x  2  =  64x4=:  32  x  8  =  i6X  16. 

Note,  the  Chara^er  made  Vfe  of  to  fi^ifj  untinued  Pro^ 
fwtion^L  is  -H . 

I  In 


r 
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In  every  Series  of  -i^  (viz,  ef  c9hUnval  Proportionab)  that 
Number  which  is  compared  to  another,  is  called  the  Antecedent 
of  the  Ratio ;  and  that  Number  Co  which  it  is  compared,  is 
called  it's  Confequent. 

As  in  thefe,  2  :  4  :  :  4  :  8.  (lere  2  is  the  Antecedent,  and  4 
is  the  Confequent ;  and  4  the  middle  Term  is  an  Antecedent  to 
%  It's  Confequent :  whence  it  follows,  that  in  every  Series  of  -ff- 
all  the  middle  Terms  between  the  firft  and  laft  are  both  Ante* 
cedents  and  Confequents. 

As  in  thefe,  2  . 4 .  8  .  16  .  ^2  .  64,  ^c.  Here  4  •  8  •  16  •  32- 
are  both  Confequents  and  Antecedents. 

For  2  :  4: :  4  :  8  : :  8  :  16  : :  16  :  32  : :  '32  :  64,  Vc. 

So  that  all  the  Terms  except  the  laft  are  Antecedents.  And 
all  the  Terms  except  the  firft  are  Confequents. 

.Lemma  3. 

In  a  Series  of  proportional  Numbers,  it  will  be :  As  any  one 
of  the  Antecedents  is  to  it's  Confequent :  So  will  the  Sum  of  all 
the  Antecedents  be  ^  to  the  Sum  of  all  the  Confequents.  (1% 
Su^lid  s) 

That  is,  in  the  foregoing  Series, 
2  :4::2.-f  4  +  8  +  16-1-32:4 +8+  16  +  3^  +64- 
For  it  is  evident,  that  4  .[-  8  +  1 6  J|-.  32  -|-  ^4  ^^^  ^^^  ^^  ^^ 
the  Confequents^  is  double  to2-(-44-8-4-i6+32  the  Sum 
all  the  Antecedents;  as  4  is  to  2,  according  to  the  Ratio,  and 
would  have  been  Triple',  or  Quadruple,  iJc.  had  the  Ratio  been 
3  or  4,  fsi'f.         ,  . 

Note,  In  every  Series  of  ^  the  Ratio  is  found  by  dividing  any 
of  the  Confequents  by  it^s  Antecedent. 
,  As  in  thefe,  2  :  6  : :  6  :  18  : :  18  :  54 : :  54  :  i62« 
Here  2)  6  (3  the  Ratio.     Or  6)   18  (3  isfc. 
From  the  fecond  and  third  Lemma's  may  be  raifed  two  general 
Theorems  or  Rules,  for  finding  the  Sum  of  any  Series  in  r^  with- 
out a  continued  Addition  of  all  the  Terms. 

Let  the  Series  2  •  4  •  8  .  16  .  32  .  64  .  128  •  begiven^ 
to  find  it's  Sum. 

Si'ppofea;::^  the  SuTi'of  all  the  Terms. 
Then  will  z  —  128  =  the  Sum  of  all  the  Antecedents. 
And  z  —  2  =  the  Sum  of  all  the  Confequents. 
'   Ba    2:4:12 — llS  iz-^z  ,  per  Lemma  ;i. 
£r^*  42  —  512  =  ZZ-^/^.  per  Lemma  2. 

Confequently 
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Confequently  4%  —  22=  512  —  4. 

Theorem;  {   *  =  ^ — — ^    '"  Words  at  length  thus, 

{/V^w  /A^  ProduSf  of  thi  ftcond  and  laft  Terms 
fubtraSf  the  Square  of  the  firfl  l^erm^  and  that  Rf^ 
mainder  being  divided  by  tlxe  fecondTerm  lefi  thefirjl^ 
will  give  the  Sum  of  all  the  Series. 

Or  if  the  firft  Term,  the  common  Ratio,  ahd  the  laft  Term 
be  only  given;  Then, 

{Multiply  the  laft  Term  into  the  Ratio,  and  from 
their  Product  fubtra£l  the  firft  Term  ;  divide  that 
Remainder  by  the  Ratio  lefs  Umty  or  ly  and  it  tmS 
give  the  Sum  of  all  the  Series. 

For  4«  — 2«=  512— 4.     As  above. 
ConTequently  22s — zzi256<^2- viz.  the  laft <livided  by  2. 

Then  a  =  ^^    "^  ?  Theoremz* 
2  —  I. 

EXAMPLE. 
Let  2  .  6  .  18  .  54  .  162  .  486.  be  the  given  Series.    Here 
2  is  the  firft  Term,  3  is  the  Ratio,  and  486  the  laft  I'erm. 

But  486  J^  3  =  1458.  And  1458  —  2  =  1456. 
Then  3 — l  =  2)  1456  (7^8  the  Sum  required. 
That  is,  7^8=2  +  6 +  i8  +  54+'62  +  486. 

*  Since  in  cither  of  thefe  Theorems  it  is  required  to  have  the 
laft  Term  known,  (the  virhich  in  a  long  Series  of  a?,  will  be  very 
tedious  to  come  at  by  a  continued  MultipUcation)  it  will  therefore 
be  convenient  to  Ihew  how  to  obtain  cither  the  laft  Term  or  any 
other  Term,  whofc  Place  is  affigncd,  without  producing  ail  the 
Tcnns, 

In  order  tathat,  it'will  be  ncceffary  to  premife  the  Coherence 
or  Similitude  that  is  betwixt  Numbers  in  Arithmetical  Progreflion 
and  ihofe  in  Geometrical  Proportion. 

If  to  any  Series  of  Numbers  in  -^  when  the  firft  Term  is  not 
an  Unit  or  i,  there  be  affigncd  a  Scries  of  Numbers  in  Arithme- 
tical ProgrcflSon,  beginning  with  an  Unit  or  i,  and  whofecoin- 
mon  Di&rciice  is  i.  called  Indices  or  Exponents : 


^^^'^{2  .4  J  .  i6      3^.e4.  1^8  45^.  - 


Then 
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Then  will  the  Addition  or  Subtradion  of  any  two  of  thofe 
Indices  (or  Numbers  in  Arithmetical  Progreffion;  diredly  cor- 
refpond  with  the  Produft»  or  Qiiocient  of  their  re^)edive  Terms 
in  the  Series  of  -fr. 

'"^^"a  So  I X  i6  =  128  the  fcventh  Term  in  ^ 

Airom      f  As  64.4    =    10. 

^gam,  I  So  64  X  16  =  1024.  *«  ^cnth  Term  in  -«• 

But  if  the  Series  of  -ff- begin  with  an  Unit,  the  Indices  muft 
,  begin  with  a  Cypher. 

Now  by  the  help  of  the  Indices,  and  a  few  of  the  firft  Terms 
in  any  Series  of  -r^,  it  is  plain  that  any  Term  whofe  Place  or  Di- 
fiance  from  the  firft  Term  is  affigned,  may  be  fpeedily  obtain^ 
without  producing  the  whole  Series, 

EXAMPLE!. 

A  Man  bought  a  Horfe,  and  was  to  give  a  Farthing  for  the  firft 
Nail,  two  for  the  fecond,  four  loi  the  third,  CsTr.  in  -h*,  the 
Number  of  Nails  was  to  be  7  in  every  Shoe,  v/x.  28  Nails  in  alU 
What  muft  he  have  paid  for  the  Horfe  ? 

P^aTo  •  I  •  2  •  3  .  4  .  5    Indices 

C  I  .  2  .  4  .  8  .  16  .  32.    Farthing  in -f^ 

Th«i  \   5  +  5="    And  I   10+10  =  20 

'  C  32  X  32  =  1024      c  1024  X 1024=  1048576 

Which  is  here  to  be  accounted  the  28th  and  laft  Term.  Becaufe 
the  firft  Term  in  the  Series  is  r,  which  doth  neither  multiply 
nor  divide. 

Now  this  134217728  being  the  Number  of  Farthings  to  be 
paid  for  the  laft  Nail,  by  it,  the  common  Ratio  which  is  2,  and 
the  firft  Term  which  is  I,  may  be  found  die  Sum  of  all  the 
Series,  ftr  Theorem  2. 

134* 
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^    I  I  ■   M^i  I  T  —  I   II 1    ■ r — "■ — ' 

I342I7728  '^ 


268435456    From  this  Produ£l  rubtra£t  i. 
Ftz,  26843545O— I3BS268435455.    Then  2 — i:=z  i  the  Divifor. 
Confequently  268435455  is  the  Sum  of  ail  the  Series,  or  Price 
of  the  Horfe  in  Farthings,   which  being  brought  iato  Pounds, 
(Scc^^/ 46)  will  be  279620/.  51.  3^.  3fri. 

EXAMPLE    2. 

A  cunning  Servant  as!:reed  with  a  Mafter  (unlkiUed  in  >{umbers} 
to  ferre  him  Eleven  Years  without  any  other  Reward  for  his 
Service  but  the  Produce  of  oiie  Wheat  Corn  for  the  firft  Year  ; 
and  that  Produd  to  be  fowed  the  fecond  Year,  and  fo  on  from 
Year  to  Year  until  the  End  of  the  Time,  allowing  the  Increafe 
to  be  but  in  a  ten-fold  Proportion. 

It  is  required  to  find  the  Sum  of  the  whole  Produce. 


m{ 


1.2.3.      4     •      5     •    Indices  or  Years. 

.  10  .  100  .  1000  .  icboo  .  100000  Wheat  Corns  in -1^ 

f  As44-a=6 

I  So  1 0000  X  100  ni  1 000000  the  6th  Year's  Produce. 
And  J      6+5=11 

I  loooooo  X  I0OQQ0  2S  looocooooooo  the  eleventh  ot 
laft  Year's  Produce. 


Then  (either  by  Theonm  i.  or  2)  the  Sum  of  all  the  Series 
willbeiiiiiiixiiio  Corns.  Now  it  may  be  computed  from 
Pages  31  and  34,  that  7680  Wheat  Corns,  round  and  dry  out  of 
the  middle  of  the  Ear,  will  fill  a  Statute  Pint.    If  To, 

Then  7680)  iiiiiiiiiiio(  14467592  Pints,  but 64 Pints 
are  contained  in  a  Buihel. 

Therefore  64)  14467592  (226056  ^  Bulhels.  Snppofe  itfo 
be  fold  for  3  Shillings  the  Buihel ;  < 

Thenj     "^^564- 

Shillings  6781684=33908/.  8x.  ^\d.  A  very  good 
Rccompence  for  Eleven  Years  Service. 

There  are  fevcfal  pretty  Queftions  refolved  by  Numbers  in 
Arithmetical  Progreffion ;  and  by  thofe  in  -ff-,  which  the  ingenious 
Learner  will  cafily  perceive  hereafter  ;  viz.  When  we  come  to 
the  Solution  of  Qiieltions  relating  to  Incereft  and  Annuities,  t^c, 

**  M  There 
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There  is  alfo  a  third  Kind  of  Proportion,  called  Mufical, 
which  being  but  of  little  or  no  common  Ufe,  I  ihs^Il  therefore 
give  but  a  ftort  Account  of  it,- 

•'  Mufical  Proportion  or  Habhuda  is,  when  of  three  Nambers, 
'the  fird  hath  the  fame  Proportion  to  the  third,  as  the  Diference 
between  the  fntt  and  fccond  hath  to  the  Difference  between  tfav 
fecond  and  third* 

As  in  thefe,  6  .  8  .  12  viz.  6  :  12  :  :  8— (5  :  12  —  8 
If  there  are  four  Nuiaabers  in  Mufical  Prpportion  5    The  firft 
will  have  the  fame  Prpportion  to  the  fourth,  as  the  Difference 
between  the  firft  and  fecond  hath  to  the  Difference  between  the 
third  and  fourth.  ' 

As  in  thefe  8  .  14  •  21  .  84. 
HereS  :  84  :  :  J4  —  8  =  6  :  84  —  21=63. 
That  is,  8  :  :84  :  :  6  :  63. 

The  Method  of  finding  oiit  Numbers  in  Mufical  Proportion, 
^s  beft  exprefled  by  Letters  -,  as  (hall  be  (hewed  in  the  Algebraick 
Part. 

Seft-3.  How  to  (t^WX^t  or  ^SXfibe  Order  of  Things^  Sec. 

np  HIS  being  a  Thing  not  treated  of  in  any  coinmpn  Books  of 
^  Arithmctick,  (that  I  have  had  the  Opportunity  of  perufing} 
made  me  tliinlc  it  would  be  acoepxable  to  the  ybmg  LcKttfttj  to 
know  how  oft  it  is  poffible  to  tary  or  change  the  Order  or  Pofitien 
of  any  propofed  Number  of  Things. 

As  how  tnaiiy  feveral  Changes  may  be  rung  upon  any  propo/bd 
'Nuinberof  Ijdis;  or  how  many.  Several  VariatiokYs  may  be  Qiade 
of  any  determined  Number  of  Letters,  or  aoy  other  Things  pro* 
pofed  tp  be  varied. 

Thf  Aiethod  of  finding  out  thf  Numtir  of  Changes  is  by  a  continual 

Multiplication  of  all  the  Terms  in  a  Series  of  Arithmetical  Pr^ef 

/90ns J    whofe  firjf  Term  and  common  Difference  is  Unity  or  i.-  jtnd 

'j/>e  iflfl  Tjcr/n  the  Number  of  Things  ffopofed  Jo  h  Varied^  viz. 

1x2x3x4x5x6x7,  i:fc.  As  will  appear  from  what  follows. 

1.  If  the  Things  propofcd  to  be  varied  are  only  two,  they  ad-  ' 
init  of  a  dou.blc  Pofuion  (as  to  Order  of  Place)  aud  no  more. 


ihus  {    !;J    }=.= 


!  X2 


And  if  three  Things  are  propofcd  to  be  varicf*,  they  may; 

3  ^ 


i 
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be  zhangcd  iix  fevecal  Ways  (as  to  their  Ord^r  of  PIslcc)  and  no 
Biore. 


For,  beginning  with  i,  there  will  t>^  {  J  ' 
Next,  beginning  with  2,  there  will  be  < 
Again,   beginnmg  with  3,   it  will  be  | 


2 
2 
3 


3 
2 

3 

I 
2 

I 


'  Which  in  all  make  6  or  3  Tiraes  2,  viz.  1x2x3  =  6, 
Sttppofe  four  Things  are  prdpofcd  to  be  varied  i 
Then  they  will  admit  of  24.  feveral  Changes,  as  to  their  Order 
ff  different  Places, 

ri  •  a . 3 • 4 
\i  •  a  •  4  •  3 
I'be^*  •3-^*4 


For  beginning  the  Order  with  i,  it  will  1 
Here  arc  fix  different  Changes. 


\i  .  3  .  4  .  2 

yi . 4  .  2  .  J 

v,i  .  4  •  3  .  2 


And  for  the  fame  Reafon  there  will  be  6  different  Changes^ 
when  2  begins  the  Order,  and  as  many  when  3  and  4  begins  <h« 
Order;  which  in  all  is  24  =  I  X  2  x  3x  4.  And  by  this  Method 
of  proceeding,  it  may  be  made  evident,  that  5  Things  admit  of 
120  feveral  Variations  or  Changes  9  and  6 .Things  of  720,  &<:• 
As  in  this  following  Table. 


Tbt  Number 

The  Manner  how 

The  different  Changes  or  Vari 

of  Things 

their  feveral 

afions  every  one  of  the  propo- 

pr9f9fidto 

VariatUmenre 

fed  Numbers  can  admit  of 

hi  varied. 

produced. 

I 
2      . 

I 

1X2 

=  I 
=  2 

3 

ax3 

r=6 

4 

6x4 

=  24 

S 

24x5 

=  120 

6 

120x6 

:=  7«0 

7 

720x7 

=  5040 

8 

5040  X  8 

=  40320 

9 

40320  X  9 

=  362880 

10 

362880x10 

zz  .3628800 

II 

3628800  X  1 1 

==  3.9916800 

12 

39916800 X  12 

=  47000x600 

fcfr. 

fsfr. 

l5fc. 

M  2 


Thefe 
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Thefe  may  be  thus  continued  on  to  any  affigned  Number. 
Suppofe  to  24  the  Number  of  Letters  in  the  Alphabet,  which 
will  admit  of  620448401733239439360000  feveral  Variations* 

From  the(e  Computations  may  be  ftarted  feveral  pretty,  and 
indeed,  very  ftrange,  Queftions. 

EXAMPLES. 

Six  Gentlemen,  that  were  travelling,  met  together  by  Chance 
at  a  certain  Inn  upon  the  Road,  where  they  were  fo  pleafed  with 
their  Hpft,  and  each  other's  Company,  that  in  a  Frolick  they  made 
a  Contrafl  to  ftay  atthat  Place,  fo  long  as  they,  together  with  their 
Hoft,  could  fit  every  Day  in  a  diiFerent  Order  or  Pofition  at  Din- 
ner ;  which  by  the  foregoing  Computations  will  be  found  near  14. 
Years.  For  they  being  made  7. with  their  Hoft,  will  admit  of 
5040  different  Pofitions  j  but  5040  being  divided  by  365J  (the 
Number  of  the  Days  in  one  Year)  will  give  13  Years  and  291 
Days.     A  very  pretty  Frolick  indeed. 

I  have  been  told,  that  before  the  Fire  of  London  (which  hap- 
pened i/««<j  1 666)  there  were  1 2 Bells  inSt^^ryi^fi^w'sChurch 
in  Cheapjidej  Londont  Suppofe  it  were  required  to  tell  how  many 
feveral  Changes  might  have  been  rung  upon  thofe  12  Bells ;  an.d 
^t  a  moderate  Computation  how  long  all  thofe  Changes  woul4 
have  been  ringing  but  once  over. 

Firft,  1x2x3x4x5x6x7x8x9x10x11x12  ;=:47900i6oo9 

the  Number  of  Changes, 

Then  fuppofing there  might  be  rung  10  Changes  in  one  Minute : 
viz,  I2X  io=r  120  Strokes  in  a  Minute,  which  is  2  Strokes  in  s( 
Second  of  Time :  Now  according  to  that  Rate  there  muft  be 
allowed  47900160  Minutes  to  ring  them  once  over  in  all  their 
different  Changes  ;  viz.  10)479001600  (47900160. 

In  one  Year  there  is  365  Days,  5  Hours,  and  49  Minutes  % 
vhich,  being  reduced  into  Minutes,  is  525949. 

Then  525949)  47900160  (91  Years  and  26  Days. 

So  long  would  thofe  12  Bells  have  been  continually  ringing 
without  any  Internilflion,  before  all  their  different  Changes  could 
have  been  truly  rung  but  once  over.  It  is  ftrange,  and  icems  al- 
moft  incredible,  that  a  fe^y  Things  fliould  produce  fuch  Varieties. 

But  that  which  fcems  yet  more  ftrange  and  furprizing  (yea,  even 
impofl^JDle  to  thofe  who  are  no(  Verfed  in  the  Power  of  Numbers) 

is. 
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is,  that  if  two  Bells  more  had  been  added  to  the  aforefaid  1 2  thejr. 
would  have  advanced  the  Number  of  Changes  (and  confequentljr 
the  Time)  beyond  common  Belief.  For  14  Bells  would  require 
(at  the  (ame  Rate  of  ringing  as  before)  about  16575  Years  to  ring 
all  their  different  Changes  but  once  over. 

And  if  it  were  poilible  to  ring  24  Bells  in  Changes  (and  at  the 
&ine  rate  of  10  Changes  in  a  Minute,  which  is  2  Strokes  in  one 
Second)  they  would  require  more  than  1 1 7000000000000000 
Tears  to  ring  them  but  once  ovti  in  all  their  dtflbrent  Changes  ; 
as  may  eaiily  be  computed  from  the  precedent  Table. 


CHAP.    VIL 
0/l?|0pOltC0n  D(SSjUmt;  cmmoftfy  called  the  eiSX«a 

pRop9rtion  DisjunSf^  ortheOEfoI&eit  IBLuU,  is  either  Direfl  or 
^  Reciprocal,  called  Inverfe.  A^d  thofe  are  both  Simple  and 
Compound, 

SECT.     I. 

Tilreff  Proportion  is,  when  of  four  Numbers,  the  firft  bears 
^^  the  fame  Ratio  or  Proportion  to  the  fecond  s  as  the  third 
doth  to  tlje  fourth. 

As  in  thefe  2  :  8  : :  6  :  24.  ' 

Conicquently,  the  greater  the  fecond  Term  is,  in  refpc£l  to  the 
firft;  the  greater  will  the  fourth  Term  be,  in  refpeifl  to  the  third. 

That  is,  as  8  the  fecond  Term  is  4  Times  greater  than  2  the 
firft  Term  :  So  is  24  the  fourth  Term,  4  Times  greater  than  6 
the  third  Term. 

Whence  it  follows,  that  if  four  Numbers  are  in  DireA  Pro- 
portion, the  Produd  of  the  two  Extreams  will  always  be  equal  to 
the  Produ£l  of  the  two  Means,  as  well  in  Disjunfl  as  in  continued 
Proportion  j  according  to  Z^/n^n^  2.  pogoTj. 

For  As  2  :  2  X  4  ::  6  :  6  X  4.     Or  As  3 :  3  x  5  : :  6 :  6  x  5. 
But  2x6x4  =  2x4x6.     Or  3x6x5  =  3x5x6. 

That  is,  the  Piodu£t  of  the  Extreams  Is  equal  to  that  of  the 
Means. 

Again, 
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Again,  the  Icfs  the  fecond  Term  is,  in  rcfpeS  to  the  fir  ft  i  the 
kfs  will  the  fourth  Term  be  in  refped  to  the  third. 
Asinthefe  i8  :  6  r :  12  :  4. 
Tbatis^  18:  18  :-f-3::  12: 12 -r- 3. 
But  18  X  i2-r-3=;i8  -T-3X  12.  'Viz.  18  x+r:  6  x  12. 

Confequently  2  •  8  .  6  .  24.  And  18  t.  6  •  12  •  4  •  are 
true  Proportionals,  per  CoroL  2.  pi^e  77. 

From  thefe  Confiderations,  comes  the  Invcintion  of  finding  at 
fourth  Number  in  Proportion  to  any  three  given  Numbers* 

JVhence  it  is  called  the  Rule  of  Three. 

For  if  the  fecond  Number  multiplied  into  the  third,  be  equal 
to  the  firft  multiplied  into  thfe.fourth,  it  is'eafy  to  conceive,  that 
if  ahe  Produft  of  the  fecond  and  third  be  divided  by  the  firft,  the 
Quotient  muft  needs  be  the  fourth  Number.  For  if  that  Number, 
which  divides  another,  be  multiplied  into  the  Quotient  produced 
by  that  Divifion  ;  their  Produ£t  will  be  equal  to  the  Number  di« 
vided.     See  page  21. 

As  in  thefe  2  :  8  : :  6  :  24.     Here  8  x  6  =  48  =  24  x  2. 
Butit24X2  =  48,  then  will 48 -t-  2=  24.  Or 48-^-24  =:  2. 

Notey  Any  four  Numbers  in  direft  Proportion  may  be  varied 
feveral  Ways.     As  in  thefe* 

Viz.  If  2  :  8  : :  6  :  24.     Then  2  :  6  : :  8  :  24. 
And  6  :  24  : :  2  : 8.     Or  24  :  6  : :  8  :  2,  fefr. 

Thefe  Variations  being  well  underflood^  will  be  of  nofmall  Ufi  iu 
fhejiating  of  any  S^uefiion  in  this  Rule  of  Three. 

When  three  Numbers  are  given,  and  it  is  required  to  find  a 

fourth  Proportional ;  tlie  greateft  Difficulty  (if  there  be  any)  will 

be  in  the  right  dating  the  Queftion,  or  abftrading  the  Numbers 

'  out  of  the  Words  in  the  Queftion,  and  placing  them  down  in  their 

proper  Order. 

..  Now  this  will  be  very  cafy,  if  it  be  truly  confidered,  that  al- 
ways two  of  the  three  given  Terms,  are^only  fuppofed,  and 
iiffign  or  limit  the  Ratio  or  Proportion.  The  third  moves  the 
*Queftion  ;  and  the  fourth  gives  the  Anfwer. 

As  for  inftance  j  if  3  Yards  of  Cloth  coft  9  Shillings :  What 
will  6  Yards  coft  at  the  fame  Rate  or  Proportion  ? 

Here  3  Yards,  and  9  Shillings,  arc  two  fuppofed  Numbers 
that  imply  the  Rate  ^  as  appears  by  the  Word  [if]  viz.  if  ^ 
Vards  coft  9  Shillings  (then  comes  the  Queftion)  What  will  6 
Yards  coft  ? 

'.  KB. 


Chap.  7.  Of  ]^|Op0;ti«t,  &c.  87 

"  '  ■  ■        ■  *         -  -    _ 

y.  B.  The  Term,  which  moves  the  Qucftion,  hath  generally 
fomc  of  thore  W^ords  before  it;  v/x.'33li)at  tolll  ?  1^0to  titan?  ? 

^oto  tone  ?  1^01B  Car  ?  or  i^olb  muefi  ?  &c. 

Then  (carefully  obferve  this ;  vh^»)  the  firft  Term  in  the 
Suppofition  muft  always  be  of  the  £uae.Kind  and  Denomination 
with  that  Term  which  moves  the  Qijieftion.  And  the  Term 
(ought  will  always  be  of  the  fame  Kind  and  Denomination  with 
the  fecond  Term  in  the  Suppofitic 


Thus.   jyj>V.yAAA 

^"^  {   3:9::  6: Then 

All  QuefttonB  in  diredl  Proportion  may  be  anfwered  by  three 
{tsts^\Tbt9rems. 

i  Multiply  their  fecond  end  third  Term  together^  and 
Theorem  i.  A      divide  their  Product  by  thefirjl  Term;  the  ^a^ 
t     tient  will  he  the  Jnfwer  required. 

yds.  finU    yds.  JUL 
Tins  3  :  o  : :  6  :  18.    The  Anfwer. 

— —  ^  I  bccaufe  the  fecond  Term 

3)  54  (18  Shillings,    c      was  Shillings.     . 

f  Divide  the  fecond  Term  By  thifbrft^  Aen  nmhiply  the 
Theorem  2.  ^      ^otient  into  the  iiird  Term,  and  their  PreASt 
C     %mll  be  the  Anfwer  required. 

yds.  Jbil.    yds.  Jhil. 
3  :  9  :  :  6  :  i8. 
Thus  3)  9  (3=53.    Then  3x6=18,  as  before* 

r  Divide  the  third  Term  by  the  firjt^  then  multiply  the 
Tbcorcm  3.  •)      ^otient  into  the  ftcondTerm^  and  their  Produ£f 
I     will  be  the  Anfwer. 

yds.  fhil.    yds.  fhU. 
3  :  9  :  :  6  :  18. 
'  Thus  3}  6  (=2.    And  9  x  2  =  18,  as  before. 

Here  you  (ee  that  all  the  three  Theorems  are  equally  true ;  but^ 
%  firft  is  moft  general,  sind  ufually  praAifed.     Yet  the  two  laft 
^^1  be  readilf  performed^  when  either  the  fecond  or  third  Term 
^  be  divided  by  the  iirft ;  and  will  be  found  of  fingular  Ufe  in 
^  Rules  of  Fellowjhipy  &c.  as  will  appear  further  on. 


Ki 
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^uij}.  2.  If  8  Pounds  of  Tobacco  coft  1 4  Shillings ;  what  wW 
half  a  hundred  Weight  (viz.  56  Pounds)  coft  at  the  fame  Rate  ? 

Thus  8  lb,  :  14J.  ::  561b  :  4/.  18  j.    ThcAnfwcr. 

224 
.56 


8)  784  (=98  J.  =4/.  18 X. 
Or  thus  8)  $6  ( =  7    .Then  14  x  7  =:  981.  as  before. 

^uefi,  J.  If  li^  Shillings  will  buy  8  Pounds  of  Tobacco  j   how 
much  will  4/.  18  X.  buy  after  the  fame  Rate  f . 

Stated  thus,  14  :  81b  :  :  4/.  i8x.  ^()%s.  : 

Then  98  x  8  =  784.    And  14)  784  (56  lb.    The  Anfwer. 

^uejt,  4.  If  half  a  hundred  Weight  of  Tobacco  be  w«rth4/. 
i8x»  How  much  may  I  buy  for  14  Shillings  at  that  Rate  ?• 

Stated  thus,  4/.  18  j.  =981.  :  561b  ::  141.:—— 
Then  56  x  14  =  784.    And  98)  784  (8  lb.     The  Anfyirer. 

^iJi-S*  Suppofe4/.  lis.  will  buy  56  Pounds  of  Tobacco i 
what  will  8  Pounds  of  the  fame  Tobacco  coft  ? 

This  Qucftion  is  thus  ftated,  56  lb :  4  /.  r  8  /. =98  x. : :  8  lb :— ' 
w     Then  98  X  8  z=  784.    And  56)  784  (  =z  14J.    TheAnfwcr. 

Note^  The  three  laft  Queflions  are  only  the  fecond  varied,  being 
propofed  purely  to  give  an  Inftance  how  any  Queftion  in  this  RuU 
of  Thru  may  be  varied,  according  to  page  86. 

^ejl.  6.  What  will  three  quarters  of  a  Yard  of  Velvet  coft, 
when  the  Price  of  21  Yards  and  a  half  is  worth  22/.  zoi.  6  d. 
This  Queftion  truly  ftated  will  ftand 

Thus,  21  \yds.  :  22/.  10  x.  td.w^To  theAnfwer. 

Which  may  be  found  thi;ee  feveral  Ways  j  vi%.  by  ReduSfioni 
by  Vulgar  Fra^fions ;  and  by  Decimals. 

I.  By  ReduSlion.  Brin»  the  firft  and  third  Terms  into  one 
Denomination ;  viz.  into  Quarters,  and  i  educe  the  fecond  Term 
info  it'sleaft  Denomination,  perScSl.  4.  page  42. 

'     Thus  2 1  4.  =:  86  Quarters.  And  22/.  i o  x.  6  ^/.  zr  5406  Pence. 
Then  86  :  5406  : :  3  :  15--.  8 1-|.     For  5406  x  3  =r  16218. 

And 
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And  86)  1 62 1 8  (  =  1881^4/.  Then  j88||P^«c^=  15/. 
%i,  2  i^  Farthings 'j  the  Aniwcr  required. 

2.  The  fame  Queftion  ftated  in  f^ulgar  Fraffiom  will  fiand 
Thus  21  ^  =  V  :  22  fS=  \V  • :  T  :  (See  S^^J?.  3.  page  50.) 
Then  VV  X  I  =  V-^'-    And  V}  \%^  (  =  ij|4  /^.-^  55.  5^. 

Thcfe  I* J-*  Parts  of  a  Pound  arc  brought  into  Shiilings  by 
multiplying  the  Numerator  with  20,  and  dividing  the  Frodud 
by  it's  Denominator,  ^c^ 

Thus  5406  X  20:::  10.8120.    And  6880)  ic8i20  (i5i. 
And  thefe  renwna  49^.     Again  4920  x  12  =  59040.  . 
Then  6880)  59040  {8</.  and'4^,  as  before. 

3.  Tlie  lame  wrought  hy  Decimal Fra^Ihns  wtH  be  thus  ; 
2i|.  =  2i,5  •  ^^^*  'o^-  6V.  1^22,525,  and ^  =  0,75 
Therefore  2 1>5  :  ^ZyS^S  •  •  o»75  •  ^  ^^  Anfwcr. 
Then  22,525  x  0,75  =  16,89375 
And  21,5)  16,8937s  (0,7857/.  =  15X.  8i.  ufar.  ^?^V 

%/?.  7.     ViC.  ^qrs.  Ill  lb.  of  Sugar  coft  6/.  ix.  8  J. 
What  will  1 2  C.  2  frs.  coft  at  the  iamc  Rate  ? 
Thati5,:2  C  3^,  %i  lb  :  6/.  ix.  8i. ::  12C.  2frx.  To  what! 

4  .         ^^  ♦ 

II  yrj. 
28 

1400  lb« 


f^'^  3o8+ax2:3a9lb:i46oi.  : :  14001b:-— 

Then  1460  X  14003:2044000.  And  329)  2044000  (6212^^4 
^2^1.  ijs.  8  Id.  the  Anfwer  required. 

The  fame  Queftion  flated  in  Dedmals  will  ftand 

Thus  2,9375  :  6,c*33  : :  12,5  :  To  the  Anfwer. 

Then  6,0833  ^  ^2,5  =  76,04125,  which  being  divided  by 
•i*9375  ^^11  giv«  25,8863,  &c,  tfae  Anfwer  in  Dcciroala,  which 
te>ag|tt  into  Coin,  will  be  25  /.  17  /•  8  f  W.  as  before. 

Note,  ^en  the  firft  %erm  u  an  Unit  or  i,  the  ^ejlion  is 
^fiifired  by' Multiplication  only. 

Example.  *  Siippofc  I  give  5  ShtlKngs  4  Pence  for  one  Ounce  of 
Silver,  What  muft  I  pay  for  32  ^  Ounces  at  the  fame  Rate  ? 

That  is,  I  Ounce  :  ^  x.  4^.  r:  32  ^  Ounces :  To,  ^c. 
*^^h  i«  beft  ftated  thns  1 ;  04^* : :  32,5 : 

N  Therf 


po  SltftlltnCttCft^  Parti* 

Then  32,5x64=12080^.3=8/.  13X.  ^d.  the  Anfwcrrtquired^ 
For  I  neither  multiplies  nor  divides. 

When  the  fecond  or  third  Term  is  an  Unit  or  t,  then  the, 
Queftion  is  anfwered  by  Divifion  only.     As  in  this  ]£xample. 

If  a  Silver  Tankarfl  weighing  21  Ounces,  coft  5  /.  191.  What 
is  that  an  Ounce  i 

Thus  21  oz. :  5/.  19^  =  119X.  : :  i :  5/.  8^.  the  Anfwer. 

Thati8  2i)  119  (=  5*.  4*s=5x.  %d. 

The  Proof  of  all  Queftions  in  the  Ride  of  Thru  Direif^  may 
be(  eafily  conceived  from  what  hath  been  already  faid ;  vm. 
That  the  Frodud  of  the  firft  and  fourth  Terms,  muft  always  be 
equal  to  the^  Produd  of  the  fecond  and  third  Terms. 

Or  otherwife,  by  varying  the  Quefiion,  as  in  the  fecond^ 
third,  fourth,  and  fifth  Quefttons. 

r  ihall  conclude  thb  Sefiion  with  infertine  a  few  Queftions 
and  their  Anfwers  ;  leaving  their  Work  for  the  Learner's  Pradice. 

.    ^efl.  T.  What  will  the  Carriage  of  17  C.  3  qrs»  1 1  lb.  come 
to,  at  the  Rate  of  7  s.  the  Hundred  i 

Anfwer,  67.  4/.  ii^^. 

^Ji^  2.  If  6/.  41.  1 1  -^i.  be  paid  for  the  Carriage  of  17  C 
3  fri.  1 1  lb ;  What  was  paid  for  the  Carriage  of  i  lb  ? 

Anfwer,  3  Farthings. 

^teft.  3.  A  Grocer  bought  3  C  I  ^.  141b.  Weight  of  C&v«, 
at  the  Rate  of  is.  \d,  per  Pounds  and  fold  them  for  52  /.  i\s^ 
^Whether  did  he  gain  ot  lofe  by  the  Bargain,  and  how  much  I 

Anfwer,  he  gained  8/.  I2;. 

^eji.  4.  A  Draper  bought  of  a  Merchant  eight  Packs  of 
Cloth ;  ^very  Pack  had  four  Parcels  in  it ;  and  each  Parcel  con- 
tained ten  Pieces ;  every  Piece  was  twenty-fix  Yards ;  he  gave 
after  the  Rate  of  four  Pounds  iaattn  Shillings  for  6  Yardt. 
Wiiat  came  the  eight  Packs  to,  and  what  were  they  worth  per 
Yard? 

Anfw.  They  Came  to  6656  /.    And  were  worth  its.  per  Yard* 

^Sluefl.  5.  A  Merchant  bought  436  Yaida.  of  Broad  Chth  for 
8  s.  bd.  per  lard-,  zud  fold  it  again  for  lOJ.  ^d.  per  Yard* 
.What  did  he  gain  by  the  436  Yards  f 

Jnfw^  he  gained  39  A  195.  4/  ^ 

Siueft. 
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J^«^.  6.  A  Goldfmkb  bought  a  Wedge  of  (7^^/,  which  weighe4. 
1 14 lb.  3 9Z.  Spw.  for  514/.  41.   What  did  he ^zyper  Ounce? 

Anfw.  3/.  per  Ounce. 
^fi.  7.  What  will  48  9%.  17  fw.  20  Gr£i/»j  £/*  Silver  Place 
cofflc  to,  at  the  Rate  of  5  x.  6  d.  per  Ounce  f 

Anfw.  13/.  IS,   lo^d. 
^ueft.  8.  If  in  four  Weeks  one  fpend  13>.  41/.  How  long; 
will  53/.  6  J.  laft  at  that  Rate ? 

Anfw.  6  Years,  47  Days,  2  Hours,  2' 4* 
i^tt^.  9*  What  will  the  one  eighth  Part  of  a  Ship  be  worch» 
when  the  half  is  valued  at  10 15  /.  10  j. 

Anfw.  253/.  17  J.  6V. 
^Ji.  10.  The  Sun  is  faid  to  perform  one  entire  Revolution 
(or  360  D^eea)  in  the  Space  of  365  Days,  5  Hours,  48  Minutes, 
ud  57  Seconds  of  Time,  called  a  Tropical  or  Solar  Year ;  How 
ouch  doth  it  move  ta  one  Day  i  ,      r      ,., 

Anfw.  59  .  8  .  19  i^c 
^Jl.  II.  If  j.  of  a  Y;ird  of  Felvet  coft  4  of  a  Pound  Sterlings 
What  will  Vr  of  a  Yard  coft  of  the  fame  Felvet  at  that  Rate  i 

Anfw.  ^y*^  =  I  f.  4^.     . 
^ift.  12.  Suppofe  2/.  and  4.  of  4  of  z  Pound  Sterling  will 
b«V  3  Yards  and  4.  of  4  of  a  Yard  of  Clothy  How  much  will  i  of 
tivd  coft  at  that  Rate? 

Anfw.  ^444  of  a  Pound  =  9  ;.  4  ^d. 


Sea.  2.  Of  Rertpiacall9iopajti0ni  «/iwi^  caM- 

The  Rule  e/"  Three  Invcrfc. 

PEctprocal  Proportion  is,  when  of  four  Numbers  the  third  (viz. 
that  which  moves  the  Queftion)  -beareth  the  fame  Ratio' to  , 
^  iirft :  As  the  fecond  does  to  the  fourth. 

Therefore,  the  Icfs  the  third  Term  is,  in  refpcfi  to  the  firft  ; . 
^  greater  will  the  fourth  Term  be,  in  refpe£i  to  the  fecond. 

EXAMPLE    I. 

If  fncteen  Men  can  do  a  Piece  of  Work  in  fix  Days ;  How 
many  Days  will  eight  Men  require  to  do  the  fame  Work,  at 
the  fame  Rate  of  working  ? 

Here  it  is  plain  that  eight  Men  muft  needs  have  more  Tim« 
^  16  Men  to  do  the  &me  Work.    Confequemly  the  greater 

N  a  the' 
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the  third  Term  is,  in  refpcS  to  the  firft,  the  lefs  will  the  fourth 
Term  be,  in  rcfpcft  to  the  ^cond. 

Example  2,  If  8  Men  can  do  a  Piece  of  Work  in  12  Days, 
How  many  Days  will  16  Men  require  to  d6'  the  fame  Work  ? 
Here  it  is  plain  the'  fourth  Term  muff  be  lefs  ihnn  the  lecond^ 
b^aufe  16  Men  undoubtedly  can  do  the  fame  Work  in  lefs  Time 
than  8  Men  can. 

From  thefe  Conjiderations^  compared  with  thoft  in  page  85.  it 
ft  ill  he  eafy  to  perceive^  whether  the  Terms  tfany  propojed  S^cjlion 
art  in  Dire/3  or  Reciprocal  Proportion. 

For  when^  according  to  -the  true  Meaning  and  Defign  9/  anf 
^ejiion  in  Proportion ^  More  requires  More^  or  Lefe  requires  Lefs^ 
d>e  Terms  are  in  DieSl  Proportion ;  as  in  this  laji  Sexton. 

*  But  if  More' requires  Lefs^  or  Lefs  reqtdres  More  (as  above)  then 
{be  Terms  will  be  in  Reciprocal  Proportion. 

The  Manner  of  placing  down  the  propofed  Terms  is  the  fame 
in  both  Rules,  viz.  The  firft  Term  in  the  Suppofition  muft  be  of 
the  fame  Kind  and  Denomination  with  the  third  Term"  which 
moves  the  Queflion  ;  and  the  Term  feuprht  muft  be  of  the  6ihe 
Kind  and  Denomination  with  the  f^cond  Term  in  the  Supppfitipn. 
As  in  the  two  laft  Examples. 

Men       Dafs       Men     Dayl' 

TK»c    i^iE^amplei.  ^  16     :     -6     :  :    8    :--^—     • 

Thus,  m  I  ^^^^^^  ^,  8     :     12     :  :  16   : 

The  Qucftion  being  truly  ftated,  obfcrvc  this  Theorem. 

^X      Multiply '  the  frjl  and  fecorid  Terms  together j  and 
Theorem,  j  divide  the  Produ£i  by  the  third  Term^  the  ^otieni 
t  will  be  the  Anfvber  required. 
Thus  in  the  fecond  Example  1 2  x  8  =  96* 
Then  1 6)  96  (=s6Day8,  the  Anfwer  required. 

That  is,  16  Men  may  do  the  fame  Work  in  6  Days  as  8  Men 
ckndo  in  12  Days. 

Now  the  Reafon  of  this  Operation  (and  confequently  of  the 
Theorem)  is  grounded  upon  this  Confidcration ;  viz.  If  8  Men 
require  1 2  Days  to  do  the  Work,  it  is  plain  that  one  Man  would 
require  8  Times  12  Days  1^96  Days  tp  do  the  fame  Work  ;  but " 
if  one  Man  can  do  it  m  96  Days,  moft  certainly  i^  Men  can  do  it 
in  one  1 6th  Part  of  that  Time.  Therefolre  96  divided  by  1 6  will 
give  the  Anfwer  required,  viz.  it)  96  (fear  before,  ^c. 

■  ^e/l.  3.  Suppofe  800  Soldiers  were  befieged  in  a  Town,  and 
fheir  Vi£luals  were  computed  to  ferve  them  two  Months  (or  56 
Days)  How  many  of  thofe  Soldiers  muft  depart  the  Garrifon,  that 
the  £ane  Victuals  may  ferve  the  remaining  Soldiers  5  Months  ? 

The 
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•    *  '  ^' 

The  Q^ieftion  truly  ftatcd  will  ftand 
Months.  Soldiers.    Months.  SoMers. 
Thus,     5t     :     800    1:5:    ——  "^ 

2 

S)  1600  (^20  :  So  many  Soldiers  may  ftay  inihe 
Garrifon.  ^ 

Confequently,  8oo-r'320rr4So  .Soldiers  that  muft  go  out  a£ 
die  Garrifon,  which  is  the  AniWer  required. 

^eftlon  4,  A  borrowed  of  his  Friend  B  250  /.  for  fix  Months,* 
promiiing  to  do  him  the  like  Kindnefs  upon  Demand :  Some 
nme  after  B  defires  A  to  lend  him  400/.  the  Queftion  ti,  hew- 
long  B  muft  keep  the  4C0A  to  be  fully  fatisfied.  for  his  former 
Kindnefs  to  A. 

Thus,        25t>/.  :*  6  Months  ::  400/.:—^ 
6 

,  406)  1500  (3  Months. 
12 

28     Days  in  one  Month. 
4)  84  (21  Days;    Anfw.  3  Moikht,  2 1*  Days. 

^eftton  5.  If  a  Penny  White  Loaf  ought  to  weigh  eight! 
0<M^  Tf'oy  Wnght^  when  Wheat  js  bid  for  .fix  ShiUims  fix 
PicDce  the  Bufliel,  what  muft  it  weigh  when  Wheat  is  fowifor' 

four  Shillings  the  Bufhcl  ?  ^    ,  .      .  .  •  .     . 

Thus.6j.  bd.zz. yiJ.  :  8 oz.^  : :  4^.  =: 48 i/. :  to  the  Anrwo*. 

8  .    '  ?     :      J 


48)  624  { f3  oz.  the  Airfwer  required. 

144 
144 


(O)    '  '       •  -   , 

The  Proof  of  this  Inveffe  Kule  is  eafil)^  deduced  from  it't 
Operations  5  viz.  The  Product  of  the  firft  and  fecond  Terms, 
muft  be  equal  to  the  Produfi  of  the  third  and  founh  Terms. 

Nftty  Any  <^ftion  that  falls  under  this  Invcrfc  Rule  or  Re* 
ciprpcal  Proporcion,  may  be  fo  ftated  as  10  have  it's  Therms  io 
Dtrea  Proportion ;  by  only  changing  the  Places  of  the  ficft  ani 
dW  Terms  in  the  Queftion.    Thus, 

^ftf/KoM 
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^eJiton6.  If  a  Field  will  feed  eighteen  Horfes  for  kvcn 
Weeks :  how  long  will  it  feed  forty-two  Horfes  at  the  fame  Rate 
of  feeding  ?  ... 

Firfl,  1 8  Horfes  :  7  WceVs  : :  42  Horfes  :  3  Weeks. 

Here  the  Terms  arc  ftatcd  invericly,  as  before. 

Otherwifc  thus,  42  Horfes :  7  Wteks  : :  18  Horfirs :  3  Weeks. 
Then  18  x  7  =:  126.  And  126  -r-  42  n  3  Weeks.  The  Anfwer 
required. 


Sed.  3.  .  Of  CompOUttH  P^pO|ttot ;  cofmoulf  calkd 
The  Double  Kuie  oi  Three. 

xy7m^«i/ffiPy0^0r/^ii  (as  it.is  here  meant)  is,  when  there  are 
^  five  Numbers  given  to  ifihd  out  a  fixth  Proportional  5  and  this 
IS  generally  performed  by  a  Double  Pofition ;  that  is,  by  ftating 
and  working  the  Queftion  at  t^^rb  Operations,  either  ih  Direft 
or  Reciprocal  Proportion,  according  as  the  Queftion  requires. 

And  tberefon  it  is  calUd,  The  Double  Golden  Rule^  tr  DotAU 
Rule  of  Three. 

The  Double  Rule  DirecSl  is,  when  the  fixth  Termor  Number 
fought,  is  found  by  two  Operations,'  both  of  them  in  Dired 
Pkroportion.  1       .. 

Exempli  I.  If  a  hundred  Pounds  gain  fix  Pounds  Intereft  in 
twelve  Months ;  how  much  will  three  hundred  Pounds  gain  in 
>  Bine  Months,  at  the  fame  Rate  I 

Fir(i  100/.  :  6/. : :  300/. :  18/. 
6 

100)  1800  (18/.  I  The Intcrcft  of  300 /. 

.1  for  twelve  Months. 
Months.  Months. 

Then,  12  :  18/.  : :  9  :  13/.  loj. 
9 
12)  162  (13/.  io#.    The  Anfwer  required. 

I  fuppofe  the  Learner  will  eafily  conceive  the  Realbn  of  thefe 
two  Operations*  For,  firft,  it  is  plain  by  Dired  Proportion,  that 
if  too  /.  gain,  6  /.  in  twelye  Months,  30Q  /•  will  gain  18  /•  in  the 
fame  Time,  and  at  the  fame  Rate. 

I  And 
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And  by  the  fame  Rule'it  Is  plain,  that  if  ir  Months  will  pro- 
duce or  give  18  /.  Intercft  for  300/.  then  9  Months  muft  needs 
give  13  ^  for  the  ft  me  Sum,  viz,  300  /. 

The  Double  Rule  of  Three  Inverfe  is,  when  the  fixth  Term 
or  Number  fought  is  found*at  two  Operations  (as  before.)  But 
one  of  them  requires  an  Anfwer  in  Reciprocal  Proportion. 

^eftion  2.  If  6  Buihels  of  Oats  will  ferve  4  Horfer  8  Days, 
How  many  Days  will  2,1  Bufhels  ftrve  16  Horfes,*  at  the  iamt 
Rate  of  feeding  ? 

This  ^ueftion  being  parted  into  two  Pofitrons,  the  firft'  will 
be  thus : 

If  6  Bulhels  of  Oats  will  ferve  4  Horfes  8  Days,  How  muif 
Days  will  21  Bulhels  ferve  them  ? 

Here  it  is  plain,  that  21  Buihels  will  ferve  them  longer  than  6 
fioihels;  therefore  the  firft  Pofltion  falls  in  Direfi  Proportioji* 

Bujh.  Days.       Bufi.     Daft. 
Thus,    6    :    8    :  :    21     :    28 

8 

6)  168  (28  Days 
Thak  iV,   if  6  Bujhek  will  ferve  4  Hirfes  8  Days^  21  Bujbels 
ynU  ferve  them  28  Days. 

The  next  Pofition  muft  be  to  find  how  long  the  (kid  21  Buihels 
will  ferve  16  Horfes  at  the  fame  Rate  of  feeding:  ■  it  is  plain, 
that  21  Bulhels  cannot  ferve  16  Horfes  fo  many  Days  as  they  will 
ferve  4  Horfes ;  therefore  this  fecond  Pofition  &lls  in  Reciprocal 
Proponion. 

Horfts.    Dens.      Horfes.    Days.  

Thus,    4     :    28    :  :     16    :     7    the  Anfwer  required.    . 

After  the  like  Manner  any  Queftion  in  the  Double  Rule  of 
Three  may  be  anfwered  by  two  fingle  Pofitions,  if  Care  be  taken 
in  fiating  them  right,  viz.  Whether  their  Operation  mult  be 
performed  by  the  fingle  Rule  Dired,  or  Inverfe. 

But  all  Quefiions  in  this  Double  Rule,  where  five  Numbers  are 
propofed  to  find  a  fixth,  may  more  eafily  andTeadily  be  anfwered 
by  one  general  Theorem ;  which  comprifeth  both  the  DireA  and 
Inverfe  Kulea  ;  withput  cpnfidering  either  of  them  being  deduced 
from  the  fingle  Operatiohs  before-going. 

But  firft  you  muft  carefully  note,  that  in  all  Quefiions  of  this 
Nature^  three  of  the  five  propofed  T^rms  ace  always  conditional 

and 


96  atftHmttlClU  Partl^ 

;md  ftippored;  and  that  the  other  tw»  move  theQycflioo..  As 

for  Inftance  in  Example  i. 

Fiz.  If*ioo/.  wiligaiti  6/.  in  12  Months:  thefe  three  Terms 

are  only  fuppofed  or  conditional.     Then  conies  the  Queflion  ; 

What  wili  300  L  gain  in  ^  Months  i  Now,  in  onler  to  raife  the 

ceneral  Theorem,  let  us  Aip^ofe,  iaftead  of  Numbers^    tbefic 

Letters. 

The  Principal.    J  f  In  the  Suppofition 
The  Time.  '        >  -)     of  any  propofed 
The  GoiM.         3  C     Quefiion. 
The  Principal.   1  f  The  three  Terim 
The77iii#.  M  wherein tbeQue- 

The  Gain.  3  I  (lion  lies. 

Then  P  •<?  •  •  *  -  ^^  _  5  The  Produftof  the  two  Means  divided 
'       P       X     by  ihc  firft  Extream. 
_^     .  ,  riooX6       o  7  (     Whkh  is  the 

That  IS,  100  :  6  ::  300  ;i-— =18.  U  firft  Part  of  tte 

3  L  Queftion. 

Viz.     12    :     i8    ::     9    :  13,5  3  C  the  Queftion. 

Erzo  Tz  -^  ^  \  \  ^^^^  •*•  ^^^  Produa  of  the  Extrcams  is 
^  P   S  1     equal  to  that  of  the  Means. 

Confequently,  TgP  =  (ypt  is  the  Tbs^sm^ 

This  Theorem  affords  two  Rules,  by  which  all  QueRions  in 
this  Double  Rule  of  Three,  or  rather  of  five  Numbers,  may  be 
reiblved ;  due  Regard  being  had  to  the  true  placing  down  of  the 
propofed  Terms,^  which  muft  be  thus : 

Always  place  the  three  conditional  Terms  in  this  Order ;  lei 
that  Number  which  is  the  principal  Caufe  of  Gain,  Lofs^  or 
Aflion,  i^c.  (viz.  P.J  be  put  in.  the :  firft  Place ;  that  Nunober 
which  denotes  the  Space  of  Time,  or  Diftance  of  Place,  i^c. 
(viz.  T.)  be  put  in  the  fecond  Place;  and  that  Number  which 
is  the  Gain,  Lois,  or  A6Uon,  i3\.  {viz.  G.)  be  put  in  the  third< 
Place.  Now  according  to  thefe  Dire^ions,  the  conditional  Terms 
of  the  lafl  Queftion  will  ftand  thus';  P.  T.G.  ' , 

That  done,  place  the  other  two  Terms  which  move  the  Qucr' 
(lion,  underneath  thofe  of  the  fame  Name, 

■         ■    Th€l( 
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Then  if  the  Blank  or  Term  fought,  fall  under  the  thifd  Place^ 
as  in  this  Queftion, 

ItwiQbe  i  211  zzg.    Which  gives  this  Rule. 

f      lidvittply  the  tbra  laft  Tirmt  together  for  a  DividinJ^ 
Rule  i.^  and  the  twofirji  together  for  a  Divifor  j  the  ^otient 
L  urijmgfhm  them  wiU  hi  thofixth  Term. 

That  is,  in  our  propofed  ExampU  r. 

Thus  6  X  300  X  9  =  16200  the  Dividend. 
And  100  X  12  =  1200  the  Divifor. 
Then  1 200}  16200  (i3^theAnrwer,  as  before. 

But  if  the  fitank  or  Term  fought  fall  under  the  firft  Places* 
tlieii 

ItwUlbe  I  ^  =  ^ 
I    t  G       ^ 

Or  if  the  BUnk  fall  under  the  fecond  Place, 

It  will  be  I  t^—t.  Either  of  theft  giires  this  Rule. 

i      Qp 

i  Multiply  thefirjly  fecond^  andhtft  Terms  together  fir  a 
Dwidindy  and  the  oAir  two  together  for  a  Divijdr  j  thi 
Quotient  arifmgfrom  them  will  be  thejixth  Term. 

And  becaufe  our  Example  2.  falls  under  Ihe  Confideration  both 
of  Dired  and  Reciprocal  Proportion,  let  it  be  here  propofed  again. 

Fix^  tf  6  Bulhels  of  Oats  will  ferve  4  Horfes  8  Days ;  how 
many  Days  will  21  Buihels  ferve  16  Horfes,  tiTr. 

If  the  Terms  of  this  Queftion  be  placed  down  as  before 
direfied,  they  will  ftand 

t  Horfes.  Days.  Bstfitds. 

Thus{      4.8.6        Terms  in  the  Suppofitioo. 


Here  the  Blank  faHs  under  the  fecond  Place,  therefore  it  muft 
he  found  by  the  fecond  Rule. 


Thus  4  X  8  X  21  r:  672  the  Dividend. 
And  16  X  6  =  96  the  Divifor. 

Then       96)  672  (7  the  Anfwerf  as  before* 


^ifi* 


idWHU^fiMBM 
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j^eft.  3.  What  Principal  or  Stock  will  gain  26/.  in  8  Moatba 
a  6  pef  Cent,  per  Annum? 

Prin.       Time.     Gain. 
.     100    •     12    •    6  Terms  in  the  Suj^pofidon* 
.      8    •  20 
In  this  Queftion  the  Blank  falls  under  the  iirft  Place,  thereforcf 
it  muft  be  found  by  the  fecond  Rule^ 

Thus  1 00  X  12  X  20  zr  24CO  the  Dividend. 
And  8  X  6  =z  48  the  Divifor.  ^ 

Then     48)  24000  (500/.  the  Anfwer  required* 

The  Proof  of  all  Queftions  in  this  Double  Rule  of  five  Num- 
bers, is  bed  performed  by  varying  the  Queftion  $  vi%.  by  dating 
ic  in  another  Order,  as  in  the  laft  ExampU :  Thus^ 

If  100/.  gain  6/.  in  12  Months,' what  will  500/.  gain  in  8 
Months  i 

The  Anfwer  to  this  Qucftion  muft  be  20  /.  if  the  Work  ot  the 
laft  Example  be  true. 

Prin.   ►    Time.      Gain. 

Stated thus|  ^^^;    ;     '^    *' ^}  then,. ^^r Rule  i, 

500  X  8  X  6  =3  24000.    And  100  x  12  ==  1200. 

Then  1200)  24000  (20/.,  the  Anfwer,  ifc. 

^eji.  4.  If  two  Men  can  do  12  Rods  of  Ditching  in  6  Days, 
How  many  Rods  may  be  done  by  8  Men  in  24  Days,  at  the  fame 
Rate  of  working  ? 

An(W.  192  Rods. 

^efl.  5,  If  the  Carriage  of  5  C  3  qn.  Weighty  150  Miles, 
coft  3  /.  -J  s.  ^d.  What  muft  be  paid  for  the  Carriage  of  7  C  2  qrs^ 
2slhfFeight^  64  Miles,  at  the  fame  Rate  ? 

Anfw.  iL  lis.  J i J. 

^ejl,  6.  If  8  Men  dcferve  2  /.  Wages  for  5  Days  Work,  How 
«inuoh  will  32  Men  defervc  for  24  Days,  at  the  fame  Rate  t 

Anfw.  38/.  8x. 

^ijl.  7.  Suppofc  a  Hundred  Pounds  would  defray  the  Ex* 
pences  of  five  Men  for  Twentv-two  Weeks  and  fix  Days,  How 
long  would  twelve  Men  be  in  (pending  of  one  Hundred  and  Fifty 
Fopids,  at  the  (ame  Rate  ? 

AnC  14  Weeks  and  2  Days. 

CHAP. 
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.     CHAP.    VIII. 

Of  Trading  in  Oempany^  ufuatty  called  the  RulC  Of  ftXlOHB' 
ft^  J  al/o  XMXmSy  and  aE^yCfjangtnS  of  coins,  &CC 

^  H  E  RuU  •fFilhwfbip  is  that  by  which  the  Accompts  of  fevcral* 
*-  Partners  trading  in  a  Company,  are  fo  adjufted  or  made  up,' 
that  every  Partner  mfiy  have  his  juft  Part  of  the  Gain,  or  fuilain 
his  jttft  Part  of  ttie  Lofs ;  according  to  the  Proportion  or  Share  of 
Money  he  hath*  in  the  Joint-Stock  :  Now  this  falls  under  two 
Coofidecations,  cajledfhe  Single  and  Double  Rules  of  FeU<nvfbip. 

srft  I.  The  dbtgle  Eule  of  JTefloinHifp  -,  viz.  nar 

I  witbwt  Time* 

DY  the  Singh  Rukpf  Fellou^/hip  is  adjufted  the  Accompts  of 
*^  thofe  Partners  that  put  all  their  fevcral  and  perhaps  differcRt 
Suins«f  Money,  into  a  common  Stock  at  one  and  the^fanie  Time  ;  ^ 
and  therefore -it  is  ufually  called  xht.Rule  of  Felbwjhip  without 
Time:  Now  all  Queftions  of.  this  Nature  are  anfwered  by  fo 
ttany  ftveral  Operations  in  the  Rule  ofTbret  Din^,  as  there  are 
IVtners  in  the  Stock. 

At,  as  tbg  Total  ^um  of  Money  in  the  Stock  it  in  Proportion  to 
the  whole  Gain^  ffr  Lofs :  fo  is  every  MarCs  particular  Part  of  that 
StO(k%  i&  bis  parti0ilar  Share  of  that  Gain,  or  Lofs. 

^ueft.  I.  Three  Partners,  fuppofe  >f,  5,  and  C,  make  a  Joint- 
StQcic  of  96  /.  in  this  manner, 

d  puts  In  2^/.  B  puts  in  jiA  and  C  puts  in  40/.  with 
this  96/.  they  trade  and  gain  12/.  It  is  required  to  find  eacb 
Man's  true  Part  of  that  Gain. 

The  Operation  will  ft^nd,  thus 

f  24/.  :  3/.  =  ^'s7  . ' 

96 /. :  12  /.  : :  S  32  A  :  4/.  z:  B*s  >Paxt  of  the  Gain, 
C40/.  :.  ^J.:r=CsJ 

Proof  3/.  +  4/.  -|-  5/.  —  12  /.  the  whole  Gain. 
That  isj  if  the  Sum  of  each  Man's  particular  Gain,  amount  to 
tie  whole  Gain^  the  IVoriis  true  \  if  not^fome  Error  is  committed^ 
^bich  muft  be  found  out. 

Note^  Thefe  Operations  will  be  very,  much  abbreviated,  if  yiju  ^ 
^rk  them  by  Theorem  2.  page  87.  For  here  96  is  a  common  .* 
Anteoedent,  and  12  is  the  common  Cpnfequent  in  all  the  thr^e ' 
P/oportions. 

O  2  There- 


Therefore  96  :  X2  :  :    i  :  b)i25  a  common Multipiicator. 
Thcn247  {$11       fYo 

32  f  xo,i25=:<  4/.  >  for  <  5,  Cas  before. 

4o3  ts/.3       tC,5 

Now  this  Method  is  more  readily  performed  than  the  other^ 
tiTpccially  when  the  Partners  are  mai^^  becaufe  one  Single  D|« 
viiion  ferves  for  all  the  Work. 

^uj/l.  2.  Three  Merchants,  Aj  By  and  C,  freight  a  Ship  with 
-M^un  of  Wine :  Thus,  J  loaded  98  Tun,  B  86  Tun,  and 
C  64  Tun.  By  Extremity  of  Weather  the  Seamen  were  forced 
io  caft  or  throw  93  Tun  of  it  over-board.  How  much  of  this 
Loft  muft  each  Merchant  fuftain  ? 

Firft  248  :  93  : :  X  :  0,375  ^^^  common  Multiplier. 
,Tbcn  98  7  f  36,73  for  jf^  1 

64  y  c  ^4,00  for  Cs  3 

Proof  93>oo  =:  tbe  whole  Loft. 

.Now  if  the  Qjwftion  were  to  find  how  much  of  the  i«fiMinia|^ 
Wine  that  was  uved,  belongs  to  J^  to  B^  MDdtoC. 

Then  98  •—  36,75  ^  61,25 1  (jf. 


86  ~  32,25  =  53,75  >  bekdni^  to<  B. 
64-^  24,00  =  40,00  3  C  C 


That  is,  J  ought  lo  have  61  Tun  $nd  63  Galtons*  So^ht 
to  have  53TU0  and  189  Gallons,  And  C  pu^ht  to  haye4o  Tiua 
of  what  was  left. 

.    ^f^'  3*  Suppofe  fix  Men,  -/,  P,  C,  /),  JP,  and  F^  make 
m  Jomt*Stock  of  2558  /• 

Thus-/)  r654  .  10  =  654,40 


Bf  \543  •  'S  =  S43i7S 

^putsin<4*0  •  00^480,00 
A|  ja54  •  I0=M4,50 

M  /365  •  05=^3*5.^5 

FJ  L260  .  00=266,00 


B 


00 1=  266,00 
The  whole  StoCk  2558  .  oos25;r>»oo  according  to  the  j^^. 


Chap.  8.  Eiile  of  itXlaWp*  loi 

With  thif  Stock  of  aj58  A  they  trade  eighteen  Months^  ^d 
gaia  83^  Z.  7  i«  It  i^  required  to  find  every  Mao^s  l^art  or  Share 
of  that  Gain. 

Kolit,  AbhMigh  tbi  Time  af  Tradings  y\%.  iightfen  Months^  }# 
mmim§4  m  ib$  ^u^ion^  Jit  it  is  no  fk'ay  conunud  in  anfinersng  of 
afS  #f  jMir  My  '^Arvf  ^  dfefoUomng  Work. 

Firft,  2558/.  :  831,35/.  ::  i/.  :  0,325  Decimal  Partj. 

Confcquently,  iL  :  0,325  ::  654,5  :  212,7125.     That  is, 

6S4»sO  ("212,71250 

480,00  V  xo,325«=<  '56500000 

254»50(  )  w»7'»50 

365**5  \  / 118,70625 

^  260)06  J  C  84,50000 

/.    /flr/r.         /• 
ai2,7i250r:2t2 
176,71875=:  176 


gains/ *56>ooooo=  156 
^        )  82,71250=   82 


ii8jo625=  118 

.  84,50000=    84 

Sum  831,35       =831  •  07  •  00 

I  have  omitted  rdblving  this  Queftion  accordbg  to  ihe  ufoal 
Method  (as  before  dire£^d)  of  finding  every  Man's  particular  Part 
•rtheGainbytheGoldenSAile,aibduefiiftWorJ(ofi>4»^i. 
leaving  that  for  the  Learner's  Pira^ce. 


Time. 

q^H  I S  is  ttfiially  called  the  DsuUo  Rule  o/FeUouiflup,  becaufe 
''    every  partkular  Man's  Money  is  to  be  confidered  with  Re- 
lation to  the  Time  of  it's  Continuance  in  the  Joint-Stock. 

^uiftion  I.  J^  and  A,  join  in  Partnerfliip  upon  thefe  Terms, 
etnt.  A  agrees  to  lay  down  100/.  and  to  employ  it  *in  Trade  3 
Months :  Then  ff  is  to  lay  down  his  100/.  and  with  the  whole 
Stock  of  200 /•  they  are  to  trade  3  Months  more.  Now  at  the 
End  of  that  Time,  they  find  their  whole  Gain  to  be  21  /.  It  is 
icquired  to  know  what  each  Man's  Part  of  the  Gain  ought  to  be» 
icmdiog  to  his  Stock,  and  the  Time  of  employing  it. 

Here 


^02  atitlimeticlt*  Pmi, 

_^_ .       .  — ' ^ " — 

Here  it  19  but  j-eafonable  to  conclude,  that  jf  6iight  to  gain 
jRiore  than  R^  notwitkftanding  their  Stocks  of  Money  are  equal  ^ 
t>ecaure  J  employed  his  Mooey  jsl  longer  Time  than  B. 

\  Now  for  folving  of  this  Queftion,  let  us  fiippofc  ^s  too /• 
employed  the^rftthree  Months  to  gain  ZssaSum  as  yet  unknown  {< 
^hen  it  muft  gain  2  Z  in  6  Months ;  and  to  fiod  what  £  mutt 
gs^n,  it  will  be 

/.     Months. 

^*         100X6 

But  if  s  Gain  added^  FsJSain  muft  =  21  ^^  the  whole  Gain 
by  the  Que(Uon«  . 

Therefore  2  Z  +  '^  - — ?-  =  21  f. 

100x6 

That  is,  foox  6x2ZH-io6y3X2Z  =:2ix  100X6^ 

Which  cdntraAed  is,  500  x  2  Z  =  21  x  600. 

Confeque^itly,  2  !Z  =^ ^-^  which  gives  the  following 

Anjilogy,  '  9^^ 

,   r?*.  ^00  :  21  : :  600  :  2  Z  f=  14/.  for  jfs  Gain. 
;   And  900  :  21  : :  100  x  3  =  300  :  7  /.  for  ^'s  Qain. 

■  Now  this*  way  of  arcuing  hath  not  only  refolved  the  prefent 
Queftion,  but  it  alfo  affords  (and  dembnftrates)  a  general  Rule 
(or  -refeiving  all  QueAions  of  ilvis  Nature,  be  the  Partners  never 
(p  many.' 

"  Multiply  every  particular  Marts  Stocky  with  the  Time  it 
is  employed^  then  it  will  be^    As  the  Sum  0/  all  thofe 
Rule.-^       ProduSfs  Isio  the  ivhete  Gain  {or  Lofs)^  So  \s  eoerf  y 
one  of  thofe  ProduSfs  to  ifs  proportional  Part  of  thht 
whole  Gain  (or  Lofs). 

^e/tiom  2. .  Three  Merchants  >/,  £,  and  Cy  enter  into  Partner-^, 
(hip,  thus ;  j/fuxs  into  the  Stock  65  /.  for  8  Months ;  B  puts  in 
78  /.  for  12  Mootbs ;  and  C  puts  in  84/.  for  6  Months.  With 
thefe  they  traffick,  aod  gain  166  /.  I2s.  It  is  required  to  find 
each  Man's  Share  of  the  Qaio^  pnoportionabliB  tp  the  Stock  and 
Time  of  icmploying  ix. 

f.  jfs 
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The  Sum  of  tbore  Produ£b  is,  1960' 

Then,,  accoiding  to  the  Rule,  the  feveral  Proportions  wUl 
fiandthus^ 

r  520  :  44,20  =:  44  /.    4^.  0^.     1      €  A. 

i960  :  166,6:  ^936  :  79,56  =  79/.  \\5.^\d.  Morj  5, 

i  504  :  42,84  =  42A  i6i.  94^/.  J      CC 

The  whole  Gain  ==  1 66  /.  12  /.  o  i/. 

Or  you  may  work  as  in  fome  of  the  former  Exampla^  viz.  b/ 
finding  the  proportional  Part  of  the  Gain  due  to  one  Pound,  lie. 
Thus  1960  :  166,6  : :  I  :  0,085  the  common  Multiplier^ 
Thcn520'|  (44i2   ^      \4.'\ 

lie.  As  befqre. 


>520^  f44ia   7      \A'\ 

936  >  X 0,085  =  <i  79,56 \{w<B\ 

5043  1 42,84  3    ley 


^JHm  3.  Six  Merchants,  viz.  A^  B^  C,  Z>,  i?,  and,  F  enter 
into  Partnerfliip,  and  compofe  a  Joint-Stock  in  this  manner  -, 

I.  s. 
64  .  10 
78.  15 

putsin^J^oo  •  00 V  for  J  ^\\  Months. 
80  .  lOf 
74  •  la 
.125  •  15 

They  traffick,  and  gain  258/.  i8i.  4:^^.    It  is  required  t^  . 
find  e?ery  Man's  Share  of  the  Gain,  according  to  the  Stock  and 
Time  it  was  employed. 

The  feveral  Stocks  of  Money,  and  their  refpefiive  Times  be- 
ing firft  brought  into  Decimals,  and  then  multiplied  together, 
wiD  produce  tbefe  following  Produdls. 

A        Months. 

64,50x4,50  T  r  290,25 

78,75x6,00  /  \472>50 

^Stock< '00,00  X  8,25  ybe  Ttnu  it  was  /«- J825,oo 

80,50  X  1 2,00  f  P^oy^d  =  J  966,00 

74»6   X9,50  \  /  708,70 

^125,15x7,00  J  L88o,25 

.  The  Sum^f  thofc  Pxadu^s  zz  4142,70 

Thca 
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Then  if  you  work  by  the  common  Way;  it  will  be 
4142,7  :  258191875  ::  290,25  :  18,140625  =  18/.  af.  ^yL 
for  ifs  Part  of  the  Gam  ;  and  To  on  for  the  reft. 

But  if  you  work  by  the  eafieft  Way,  vhc.  by  finding  the  pro« 
portkuial  Part  of  the  Gain  due  to  one  Pound. 

Thuf  4142,7  :  458,91875  ::  I  :  0,0625. 

Then                                                  ''     '•      ^*  -%  -^  ^ 

^9^>^s0                   \  18,140625  =:  18  •  02  .  09i  y  Ca 

47M^/                    V9'53»a50  =  29  .  10  .  07^/  \B 
«25,oo^x 0.0625  =^5^562500=51 .  II  .03  Vfer/^ 

gbSyOof                    160,375000  =  60  •  07  •  06  f  ji/ 

io8,7o\                    /44>i93750  =  44  •  05  •  loA  /E 

80,25  J                    L55>o^5625  =:  55  -  00  -  034  j  L/^. 
The  whole  Gain  =  ^^5^  .  18  .  04^ 

Thefe  few  ExampUs  being  well  underftood,  are  fttfedent  to 
(hew  the  whole  fioiinefi  of  Fellowfhip^  fst€. 


Se<a.  .3.   Of  Bartering* 

tlfyHEN  Merchant!,  or  Tradefmeo,  exchange  oaeCommoditlr 
^^  for  another,  it  is  called  BgrUring ;  and  the  only  Dtfficulqf 
In  this  Way  of  dealing,  liei  in  duly  proportioning  the  Conimoili* 
ties  to  be  exchanged,  fo  as  that  neither  Party  may  fiiftain  Loft. 
^mefttMi.  Two  Merchaati,  ^,  and  i3.  Barter  i  A  would 
exchange  5  C.  3frx.  x^peund^^  Pepper^  which  is  worth  3/.  10 1* 
per  C.  with  B  for  CcttoUy  worth  lO  J.  jkr  pound  Weight  i  hoW 
much  C§iiM  tnntt  B  give  to  jf  for  bis  Fipptrt 

Note,  In  Qfdir  U  the  refeiving  tf  this  ^flien  (mfiattithef 
^eflions  ef  ibis  Nature)  yen  muftfirflfind^  tj  the  Rmh  ef  three 
(or  etherwije)  the  true  Veime  ef  ehat  Commodity  whefe  J^fumtily  is 
given  (tohtcb  in  this  ^efiien  u  Pepper),  And  tbenfendlew  much 
of  the  ether  Cemmedity  will  4tmeunt  te  that  Sum^  at  the  Rate  pre*' 
pofed. 

Firft5a  3?^'- Hlb.  =  S.875li„Decio»I,, 
And  3/.  10 i.  od.       z=  3,500  I      *-'*^"*~** 
Then  1  :  3»5  : :  5,875  :  20,5625  =  20/.  it  !•  ^d.  the  true 
Value  of  the  Pepper. 

Next  it  is  eafy  to  conceive,  that  A  ought  to  have  as  much 
Gotten  at  lod.  per  Pound j  as  will  amount  to  20 /•  11 9.  3^ 
which  may  be  thus  found ; 

loy. :  I  lb, : :  2(fl,  us.  ^d.  ss 4235 </• ; 493,51b* 
a  TW 
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That  li,  4C  I  qr.  17  ^  pound  of  Cotton^  And  (b  much  £  muft 
give  to  A  in  exchange  for  his  5  C  3  frr.  14.  pound  of  Pepper. 
jfSiueJiton  2.  Two  Merchants  ^  and  £  barter  thus  \  A  hath 
801  ards  of  Broad  Cloth  worth  9 x.  id,  per  Yard  ready  Money  '\ 
but  in  Barter  he  will  have  1 1  j.  per  Yard.  B  hath  ShallooQ 
iW)rih  2 J.  id,  per  Tard  ready  Money :  it  is  required  to  find  how 
many  Yards  of  the  Shalloon  B  mxxfi  give  to  A  for  his  Cloth,  to 
make  his  Gain  in  the  Barter  equal  to  that  of  >f  s. 

The  Method  of  refolving  this,  and  the  like  Qucftions,  differs 
a  little  from  the  laft  Cafe;  for  in  this  you  ^  muft  firft  find  what 
Advance  B  ought  to  mzktper  Yard  upon  ^his  Shalloon,  in  propor- 
tion to  what  /r  hath  done  upon  a  Yard  of  his  Cloth. 

/pt     ( /.  d,       d,       s,         d,       s,  d,      d,     s,  d.      d, 
"'19.  2  cr  no  :  II  =  132  ::  2.  i  r=:  25  :  2f.  6  =  30 
the  advanced  Price  for  a  Yard  of  S's  Shalloon.     Then  proceed 
as  before  in  the  laft  Example. 

Thus  I  Yard  :  1 1  j.  : :  86  Yards  :  946  j.  =  47  A  6  f.  the  ad- 
vanced Value  of  all  the  Cloth. 

Next,  If  2  i.  6  d.  will  buy  one  Yard  of  $hal1oon,  at  it's  ad- 
vanced Price,  bow  many  Yards  will  47  A  6 1.  buy  ? 

Thus  2,5  :  I  : :  946  :  378,4  Yards. 

That  is,  B  muft  give  378}  Yards  of  his  Shalloon  to  A^  for 
his  86  Yards  of  Broad  Cbth. 

Thcfe  two  Examples  are  fufficient  to  fliew  thelicajner,  that  the- 
Method  of  bartering,  or  exchanging  Commodities  for  Commodi- 
ties, wholly  depends  upon  a  clear  Underftanding  of  the  Golden 
Kule ;  which  indeed  is  fo  called,  becauf<?  of  it's  Univerral  Ufe. 


Sea.  4.    0/  Cjceljansins  Cotn0. 


exchanging  the  doins  of  one  Country  for  tbofe  of  another,  is  like 
the  Bufinefs  of  jbartferirt^^  Commodities.    That  is,  it  cqnfifls  in 
finding  what ^ Sum  of  one  Country  Coin,  will  be  equal  ip  Value 
to  any  p^poftd  Sum  of  anoiher-Country  Coin.     And,  innarder  to- 
pcrforni  that,  it  will  J>e  very  necefTary  to  have  a  true  Account  at 
alPtiinA  of  the  juff  Value  of  tVioter  Foreign  Coins  which  are  to  bo  , 
exchanged,  ast^ey  are  cbmpaTed'iriyalue  with  our -Pj»f//^  Coin     - 
*Ifav,    at  .all   times,    bedaufe  tht  Par*  of  Exchange  (ks  the  , 
Merchants  ckl?  it)  differs  aliltoft  ^try  Day  from  London  to  other  • 
Countries.     Tha^  is,  it  rifcs  and  falls,  according  as  Money  is 
plenty  or  fcarce^^  or.accQrdipajto  the  Time  allowed  for.Pjiymcnt 
01  the 'Money  Iji  Exchange,*  cfr.     '   -       -  v   .^    '  -  •  • 


io6 


Part  !• 


Thofe  that  defire  to  be  fully  fatisfied  in  the  common  Vali/es  of 
Foreign  Coins,  Weights,  Meafures,  &r.  may  find  them  in  a  Book 
called  the  Mtrchants  Mup  of  Commerce^  which  for  Brevity  rak#I 
bave  omitted  tranfcribing,  and  only  colleded  thefe  few  of  Coin« 


Fonigu  Coim. 


French  Coin*  *  A  Denier  z 

12  Ditttirt  zi  I  Soulz  ' 

12  Soiilz:sz  I  LivTi  : 

3  Livres  =:  i  Crewn  z 

Ia)W  Country  Com.  A  Stiver  z 

6  Stivm  =:  i  PUmifi  Sbilltng  : 

20  Stivers  =  i  Gilder  z 

10  Gilders  zz  ^3y  Shillings  ]  ^ 

or  a  Pletmjb  Pound       3  " 

"Embden  Dollar  z 

Compen  Dollar  : 

Zealand  D0Uar  z 

Lyons  Dollar  z 

Specie  Dollar  z 

_         Duccatoois  z 

A  RixdoUar  of  the  £»i^iW  ? 

A  Gilder  of  Nuremherg  : 

The  LiVr^  at  Leghorn  : 

Florence  Crown  Current : 

The  Current  Ducat : 

The  ATtf^/w  Ducat : 

Tht  Cadiz  Ducat  z 

The  Barcelona  Ducat : 

Thef^a//iuYVii)f<^/: 

The  Bergonia  Ducat : 

The  Portugal  Teftoon : 

The  Piece  of  Eight : 


Germany.     { 


Jn  Italy 
and    . 
Spain. 


Englijb  Coin* 


O  •  0^ 

0  •  o^ 

1  .  6 
4  •  6 
o  .  I  ^ 
o,  7f 

0.2.0 


I   .  O 


2 
2 

3 

4 

5 

6 

4 

7 
o 

5 

4 

3 

5 

o  .  6 

0  .  5 

o  .  4 

o  •  I 

o  ,  4 


7t 
o 

o 

o 

3i 

Si 

I 

9 
3 

4 
4 
o 

6* 


.  o 

•  3 

•  4 

•J 


^^/^  The  £if^i^  generally  reckon  their  Exchange  with  other 
Countries  by  Pence,  viz.  other  Countries  value  their  Crowns^' 
DoRars,  or  Ducats,  &r.  by  Englijb  Pence.    Except  with  fome 
Parts  of  the  Lew  Countries f  with  whom  the  £|:chsing^  is  in  Poumls 

Sterling. 

^eft.  I.    How  Duny  DoIlarS)  at  j^s.6d.per  Dollar^  may  one 
have  for  1 6a/.  1 8/.  Anfwco  VH^^oBars. 

Thua 
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Tbus  162/.  18  J.  =33258  J.  and  4,1.  Sd.ssi^^d. 
Then  54  ;  I  : :  3258  :  yz4.  the  Anfwer. 

^e/l.  2.  How  many  Saragojfa  Ducats,  of  ss.6d.  the  Ducaty 
Biajr  be  had  for  275  Bergonia  Ducats,  at  ^s.  j^d.  the  Piece  ? 

Anfwer,  216  and  3^.  id.  oren 

Thus  $s.f^d.:^  66 d.  and  ^.s.  44/1  =:  52  d. 
Then  275  x  52=  14300^.  =  275  Ducats. 

Coofequemly  66)  14300  (216^  the  Anfwer  required. 

^Jl.  3.  A  Traveller  would  change  233/.  16/.  8^.  Sterling 
Montfj  for  fWr#  Ducats  at  4/.  ^id.  per  Ducat;  How  many 
Ducats  niuft  he  have  f  Anfwer,  976  Ducats. 

Thus  4i.  9t^.  =  57»5</-  and  233/.  i6x.  Sd.=^6t2od. 
Then  57,5  d.)  561 20  i.  (976  the  Anfwer  required. 

Af?/?.  4.  A  Calhicr  hath  received  759  Ducats,  at  js.  6  J. 
fir  Ducat ;  and  579  Dollars  at  4  x.  8  d.  per  Dollar :  Which  he 
would  exchange  for  Flemijb  Marks  at  14/.  3  d.  per  Piece  :  How 
many  ought  he  to  have  i 

Anfwer,  589  Marks,  15^.  over* 

For7j.  6i/.!=:90^.  and  4^.  8^.  =  56^. 

Then    i  759  x  90  =  68310  A  the  Value  of  the  Ducats. 

1 579  X  56=  32424  rf.  the  Value  of  the  DoUacs. 

their  Sum  =  1 00734  d. 

And  14 X.  3d.—  ijid.  the  Flemijb  Mark  in  Pence. 
Confequently  171)  100734  (589  i^e.  the  Anfwer  required. 

^Jl.  5.  A  Bill  of  Exchange  was  accepted  at  Loudon  for  the 
Payment  of  400  /.  Sterling,  for  the  like  Value  delivered  in  >f«- 
priam^zt  iL  i^s.6d.  for  iL  Sterlings  How  much  Money  was 
if&rtredztJmJerdamf 

Anfwer,  670/.  Flemjb. 

For  i/.rr  240i.  and  i/.  131.  6d.  zz^ozd. 

Then  240 :  402  : :  400  :  670  the  Anfwer  tequired, 

%5/?.  6.  When  the  Exchange  from  Antwerp  to  London  is  at 
J*.  4i.  Td.  FJemiJhj  for  I /.  Sterling;  How  many  Pound* 
^ing  muft  be  paid  at  London^  to  balance  236/.  Flemi/h  at 
dntwerpf 

Anfwer,   192  /.  Sterling. 
Thus  I  /.  4r,  7^-  =  29s  d.  and  i  /.  =  240^/. 

Then  295  ;  ^40 : :  236 :  192  the  Aufwer* 
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^eft.  7.  A  Merchant  delivered  at  London  120/.  Sterling  to 
receive  i^^jL  Flemijh  mAmJUrdami  How  much  was  i/.  Sterling 
valued  at,  in  FUmijb  Money  ? 

Aniwer,  i/.  41.  6^. 

•    Thus  J26 :  147  : :  240^. :  254  J.  =  i  /.  4*.  6^.  fcTc. 

i^£/?.  8.  A  Fador  hath  fold  Goods  at  Caii^  for  1468  Pieces 
of  Light,  valued  at  4  J.  64//.  Sterling  per  Piece )  How  nattcb 
Sterling  Money  do  tfaofe  Pieces  of  Eight  amount  to  \ 

Anfwer,  333/.  71.  2  A 

Thus,  if  I  rr  54,54/.  then  1468  X  54,5  =  83006  i/.  fsTr. 

^v^.  9.  A  Traveller  would  have  an  equal  Number  of  Crowns 
at  5  X.  6 d*  perCxoyra ;  and  Dollars  at  4^.  5 d.  per  Pieces  How 
many  of  eaph.fort  may  he  have  for  309 h^Ss.f 

Anfwer,  624  of  e^ch. 

Thus  309  A  8  X.  =  74^56  d. 
At^  ^s.  6d. '^  j^s,  ^d.^szligd. 
Then  119)  74256  (624  the  Anfwer  required. 

^^e/i.  lO.Suppofe  t  would  exchange  527/.  17  x.  6  J.  for 
Dollars  at  4  x.  6  d.  a  Piece,  Ducats  at '  5  x.  8  ^.  a  Piecl(,  and 
Crowns  at  6-x.  i  d,  a  Piece ;  and  would  have  2  Dollars  for 
I  Ducat,  and  3  Dollars  for  2  Crowns.  How  many  of  each  fort 
muft  I  have  ? 

Anfwer,  927  Dollars,  4634-  Ducats,  and  618  Crowns, 

r54rf.=s  1  Dollar,  1 
Fors  6Sd.=i  I  Ducat,  >per  ^ejihn. 
L'j^d.zz::!  Crown,  3 

And  i26690.</.  =  527A  17X.  bd. 

Now  if  the  Crowns,  Dollars,  and  Ducats  were  to  be  equal  in 
Number;  then  73+54+68  muft  have  been  the  Divifor,  by 
which  126690  muft  have  been  divided,  and  the  Quotient  would 
have  been  the  Anfwer  to  the  Queflion.     As  in  the  laft  Example. 

Bat  here  inftead  of  their  Sum,  fuch  Parts  of  them  muft  be 
taken  as  are  afligned  or  limited  by  the  Q^ieftlon  i  that  fo  the, 
Number  of  fome  one  of  them  may  be  found. 

Therefore  It  will  be  |-  of  a  Ducat  for  one  Dollar,  and  ^  of  a 
Crown  for  6nc  Dollar* 

Confequcntly, 
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Confcqucntly,  54+ V  -+4  ^^  73  —  ^S^  t>  ^^  "^V  will  be 
the  Divifor  to  find  the  Number  of  Dollars. 
Thus  ♦^®)  126690  (927  the  Number  of  Dollars. 
Then  4  of  927  =  463  i  is  the  Number  of  Ducats« 
And  j.  of  927  =  618  is  the  Number  of  Crowns. 

Or  if  you  pleafe  you  may  form  DIvifors  to  find  either  the 
Docats  or  Crowns  firft :  For  if  it  be  2  Dollars  for  i  Ducat,  and 
3  Dollars  for  2  Crowns,  as  before ; 

Then  will  6  Dollars  be  for  3  Ducats,  and  6  Dollars  for  4 
Crowns. 

Therefore,    {   f^^^g^J^^  }  will  be  for  r  Crown. 

Confcquently,  |  of  54  :  +  ^  of  68  :  +  73  ==  205  will  be  the 
Divifor  to  find  the  Crowns  firft,  i^c. 

^(/f.  1 1.  A  Calhier  is  to  receive  500  /.  He  is  offered  Crowns 
■t  6i.  i^d.  per  Crown,  which  are  worth  but  6 /•  Or  he  may 
have  Dolls^  at  4/.  5</.  the  Piece,  which  are  worth  but  41.  4^. 
Which  of  thefe  (hall  he  receive  to  havd  the  leaft  Lofs  ?  And  how 
moch  will  he  lofe  in  the  Payment  ? 

'  {  I  dS  =  Hi:  }*««>''''"g  »o  *« »'«  Value  ' 

Now  to  find  which  will  be  the  leaft  LoTs  ;  find  what  the  ad- 
vanced Value  \Df  a  Dollar  ought  to  be  in  Proportion  to  that  of 
I  Crown. 

Thus  7a :  73,5  : :  52 :  53*083,  fcTr.  But  he  may  have  Dollars 
"^53^  ^r  Piece,  therefore  the  Payment  in  Dollars  will  be  the 
kaft  Lofs;  viz.  53  is  lefs  than  539O83,  ^c. 

Next,  to  find  what  the  whole  Cofs  will  be  by  receiving  Dollars. 
Bccaufe  the  500/.  -^  120000  J.  is  advanced  as  much  above  the 
tnic  Value,  as  53^/.  is  above  52  i.  therefore  fay.  If  53^,  ad- 
vance I  i  =  53  d.  -— •  5a  J.  i  what  will  120000  rf.  advance  i  1.  e. 

Sid. :id.::  120000 i.  ;  2264  -^d.  =  9 /.  8 j.  4 ^jd.  =  the 
Lofi. 

^«5^,  12.  Suppofe  I  exchange  4/.  10  x.  lo^.  for  11  Crowns 
and  1  Dollars  ;  and  at  another  Time  I  have  4  Crowns  and  3 
Dollars  for  i  /.  i$s.  each  being  of  the  fame  Value  with*  the  firfl. 
^hat  is  (he  Value  of  a  Crown,  and  of  a  Dollar  { 

Fiift 
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Firft  f  I  Crowns  +  7  Dollar.  =  logod.  1  ^   ^^^  q^^^. 
Second4Crowns  + 3  Dollars  =    420  rf.  >    ^        ^ 

Then  in  order  to  find  the  Value  of  i  Crown,  you  imift  caft  off 
the  Dollars  by  making  them  of  the  fame  Nuofiber ;  Thus, 

33  Crowns+2i  Dollars  =  32704/.  the  firft  mukipl.  with  3. 

20  Crown8+2i  Dollars  =  2940  i>  the  fecond  multipl.  with  7. 
Then  5  Crowns  =  330^.  being  the  Difierenee. 

Confcquently  5)  330  (66  =:  51.  6  i.  is  the  Value  of  iCrowiu 
And  4  Crowns  =  264^. 

Then  will  3  Dollars  =:  420  d.  —  264  </.  =:  1 56  </. 
Confequently  3)  156  (52^.  =  4/.  4^.  the  Value  of  1  Dollar. 


C  H  A  P.    IX. 

WHEN  it  is  requirecLto  mix  feveral  Sorts  of  Ingredients 
together;  asdiiSerent^rts  of  Com,  Wines,  Woof,  Spices^ 
or  Metals ;  or  to  compofe  Medicines,  bfc.  the  Method  of  pro-* 
portioning  fuch  Mixtures,  is  called  the  RuU  of  Jttigation ;  andis 
divided  into  two  Parts  or  Branches  called  Medial  and  Altitmatt. 

scft.  I.  o/aiUgatlonSjWWitiU 

ALligatim  Medial^  is  that  by  which  the  Mean  Rate  or  Price 
^^  of  any  Mixture  is  found,  when  the  parttci^ar  QoantMes  oF; 
the  Mixtures  and  Rates  are  given ;  and  is  thus  performed. 

Firft  find  the  Sum  of  all  the  Quantities  propofed  to  be  mixed  ; 
and  alfo  the  Sum  of  all  their  particular  Rates. 

Then  the  Proportion  will  be» 

C  As  the  Sum  of  all  the  ^lantities  :  Is  to  the  Bum  of  all  their 
Rule  "j      Rates : :  So  is  any  Part  of  the  Mixtun:  To  the  Mean 
I      Rate  or  Price  of  that  Part. 

^efl.  u  Suppofe  IS  Buihels  of  Wheat  at  51.  theBufhel, 
imd  1 2  Buihels  of  Rye  at  3 ««  6  d.  ik^Buihel,  wereoiixed  together  ; 

What 
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«» • 


What  IS  the  Mean  Rate  or  Price,  it  fiiay  be  (bid  /or  a  Bu(hel» 
without  Lois  or  Gain  f 

This  (^ftion  prepared  as  direSed  above  will  ftand 

Thas    {  '  ^  Bufliels  of  Wheat  at  5  /•  per  Buihel,  comes  to  900  d. 

\  12  Bufliels  of  &yc  at  3  j.  bd.  each,  comes  to  5041! 

27  =  their  Sum*  And  their  total  Value  =:  1404  £ 

Then  27  Bufhels  :  1404^. : :  i  Buihel :  52 4f.  =4x«  ^d.  tba 

Aafvcr  required* 

^ft.  2.  A  Grocer  mixeth  36  Pounds  of  Tobacco,  worth  ir, 
6iL  a  Pound,  with  x  2  Pounds  of  another  Sort  at  2  /,  a  Pound,  and 
12  Pounds  of  a  third  Sort  at  I  i.  10  d.  the  Pound*  flow  may  ho 
|bli  the  Mixture  per  Pound  ? 


ID.  4»       o. 

r  36  .  at  I  .    6  7                                       f  648       ^ 

Rrft  S  12  •  at  2  •    or  per  Pound  amounts  to  j  288 

C  12  .  at  I  .  loJ                                       C  264 

6o=che  Number  of  Pounds,   Their  Value  =  1 200 
Then  60 lb  :  1200^.  : :  i  lb  :  2#i.  zz  is^  Sd.  the  Anfwer 
fcquired^ 

^Jl*  3.  A  Vintner  mixeth  31  Gallons  and  a  half  of  Malaga 
Sack  worth  7  j.  6d.  the  Gallon ;  with  18  Gallons  of  Canary  at 
is,  gd.  the  Gallon ;  13  Gallons  and  a  half  of  Sherry  at  5  s.  the 
Gallon;  and  27  Gallons  of  White  Wine  at  4s.  3^.  the  Gallon. 
It  is  required  to  find  what  one  Gallon  of  this  Mixture  is  worth. . 

Gal.       /.    d.  Pence. 

{3iiat  7  .  61  f283c 

I'i-^U^-GalloncomestoJHsS 
27     at  4  .  3J  ^n77 

9oi:the  Number  of  GaL    Their  Valuers  6480 
Then  90  :  6480  : :  i  :  72 d,ss:i6s>  the  Rate  or  Price  of  one 
Gallon,  as  was  reijuired* 

The  Proof  of  all  Operations  in  thefe  Sorts  of  Mixtures,  is  done* 
^  comparing  the  Value  of  all  the  Mixture  (being  fold  at  the  Mean 
Kate)  with  Ae  total  Value  of  all  the  particular  Quantities^  fap* 
pofii^  they  had  been  fold  at  their  refpefUvc  JKat^s  uomixed  ;  if 
tkofeSuiQs  are  raual>  ika  Work  j$  uiie.  * 

Sea. 
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Sea.  2.  0/ SHUgatfott  alternate, 

ALIigatton  AlternaU^  is  that  by  which  the  particular  Quantities 
•"  of  every  Ingredient  concerned  in  any  Mixture  are  found  ; 
when  the  particular  Rates  of  every  one  of  thofe  Ingredients,  and 
the  mean  Rate  are  given  ;  being  (as  it  were)  the  Converfe  to  Alli- 
gation Medial ;  as  will  appear  hy  the  follawiog  Operations,  which 
admit  of  three  Cafes. 

Cafe  I.  The  Particular  Rates  of  any  Ingredients  propoled  to  be 
mixed,  and  the  Mean  Rate  of  the  whole  Mixture  being  given  ; 
To  find  how  roach  of  each  Ingredient  is  requifite  to  compofe  the 
'Mixture ;  when  the  whole  Quantity,  or  any  Part  thereof^  is  not 
limited. 

^eft.  I.  How  much  Wheat  at  5  5..  the  Bufliel,  and  Rye  at  35^ 
bd,  the  Bufhe),  will  compofe  a  Mixture  that  may  be  fold  for  4x. 
^d.  theBufliel?  , 

Note,  In  all  Sfuejiiom  of  this  Nature^  it  will  be  cwoenient  t9 
fiace  the  Mean  Rate  foj  as  that  it  may  be  eofdy  compared  Hoith  thi 
particular  Rates^  in  orders  to  find  every  one  of  their  Differences  from 
the  Mean  Rate^  by  InfpeSiion  only. 

Thu5.  theMcanRate  =  52i{^^"^6o^; 

Then  take  the  feveral  Differences  between  the  Mean  Rate^  and  the 
Particular  Rates  j  fetting  down  thofe  Differenas  Alternately^  4tnd 
they  will  be  the  ^antitio  required. 


-^^s^itWiV^-f, 


That  is  52  —  42  =  10  for  the  Quantity  of  Wheat. 
And       60  —  52  =    8  for  the  Quantity  of  Rye,  that  will  com- 
pofe the  Mixture  required. 

The  Proof  hy  Alligation  Medial. 
Add  \  '^  ^"^'^'s  of  Wheat  at  60  d,  per  Bufliel  r:  600  d. 
^^  t    S-Buihcls  of  Rye  at  42  d.per  Bufliel   -376  rf. 

18  =  the'Nonibep  of  BuOiels.  =936^.         , 

1  Then    18 .:  9.36  :  1  i  :  52 i/.-tr  4 1. 4//.  the  M«in  Rate. 
Note^  Altho'  10  and  8  do  anfwer  the  Queftion,   as  plainly  ap- 
pears by  the  Proof;  yet  they  are  not  the  only  twa  Numbers ;  lor 
this  Queilion,  and  all  others  of  tTiis  Kind,  will  admit  of  various, 
Anfwers,  arid  ail  whole  Numbers ;  for  any  two  "Numbers  that  arc 
\r\  the  fame  PK>portion  to  one  another,  as  xo  is  to  8,  will'as  truly " 
anfwepthe  Queftion.  .       .. 
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Ftz.     10  '.%  :A    II:  \l  >  ^c.  ad  infinitum. 


20  :  16  f 
i»5  :  aoJ 


^efl-  2.  A  Orocer  would  mix  three  Sorts  of  Tohacco  together, 
m.  one  Sort  of  18^.  /^Ib,  aootber  Sort  of  22^.  /#rlb,  and 
a  third  Sort  of  2  x.  the  lb.  How  much  of  each  Sort  muft  he  take^ 
ihat  the  whole  Mixti^re  may  he  foljdl  for  20  d.  the  Pound  ? 

Having  fet  down  the  given  Rates,  as  before,  then  find  each  of 
their  Di&rences  from  the  propoied  Mean  Rate,  and  place  thofe 
Differences  alternately.    Thus, 

p8lf4+2   =24.  — 2f0»nd22-- 20 
Mean  Rate  20  <  22  >-{  2  sr  20 — 18 
t243C2  =  20— l8 

^hefe  DifFerencea,  6  •  2  •  2  are  the  Quanticto  required. 
C  6  lb  of  Tobacco  zHSd.l  (  '^^  7 

Pmff2  lb  at  22  d.  f  the  Pound  come  to^    44  f  ^ 

C  2  lb  at  24^.  3  C   48^ 

10  =  the  Number  of  Pounds.      Their  Value  =  200  d. 
Then  10)  200  (20  the  Mean  Rate. 
Or  indeed  any  three  Numbers  that  have  the  fame  Ratio  to  oile 
another  as  6  and  2  have,  will  anfwer  the  Queftion. 

f   9  •  3? 

That  is,  6  :  2  : :  j  12  c  4  >  f^c. 


{Ail] 


But  if  only  one  of  the  three  given  Rates  had  been  greater  than 
the  Mean  Rate;  as fuppofe  i^d^pr  Pound,  iS  ^.  ptr  Pound,  and 
i^d.  per  Pouod,  and  the  Mean  Rate  20  d.  as  before 2  then  their 
Differences  muft  have  been  placed, 

VI47U       7 
Thus,  20'J  18  f ")  4         f  CsTf.  as  before; 


^243(6  +  23 


^ejt,  3.  A  Vintner  Would  make  a  Mixture  of  Malaga,  worth 
7x.  td.  ^«r  Galleon,  with  Canary  at  bs.,  gd.  ^#r  Gallon,  iihcrry 
«  5f.  per  Gallon,  and  White  Wine  at  4/.  3d.  per  Gall<m; 
What  Quantity  of  each  Sort  muft  he  take,  that  the  Mixture  may 
be  fold  for  6  J.  psr  Gallon? 

In  all  Queftions  of  this  Kind,  wherein  it  is  required  to  mix 
four  Things  together,  two  of  them  having  their  Prices  greater, 
and  two  Icfs  tha^n  the  mean  Rate^  you  muft  always  alUgate  or 
.  »•  Q^  compare 
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^omparc  a  greater  and  Icfs  Price  with  the  mean  Price,  fctiing 
down  their  Differences  alternately,  as  in  the  firft  Example  of  this 

{MalagaQorf.  )  r  21  =  72  —  51 
Canary  8i^.  3^  C  12  zn  72—  60 

Hence  21  Gallons  of  Malaga,  12  of  Canary,  9  of  Sherry,  and  18 
of  White  will  compofe  the  Mixture  required. 

f  Malaga  90  rf.  7  C  1 2  Malaga  1 
i-.   .u     -    J  Sherry  60  rf.  H  18  Sherry    I     .,•    ,. 
O'  *^*  72  S  Canaor  80  rf.  U  21  CanaJy  f  ^^^'  ^^• 
L  White  5iiiJ  I    9  White  J 

Either  of  thcfe  Mixtures  equally  anfwer  the  Qiieflion,  which 
may  be  eafily  tried  as  before  in  the  lafi,  i^c^ 

\  Cafi  n.  The  particular  Rates  of  all  the  Ingredients  propofed 
to  be  mixed,  the  Mean  Rate  of  the  whole  Mixiure,  and  anyone 
oi  the  Quantities  to  be  mixed  being  given :  Thence  to  find  how 
much  of  every  one  of  the  other  Ingredients  is  requifite  to  compofe 
the  Mixture, 

Nati^  This  1%  ufually  called  JUigathn  Partial. 

^eft.  4..  How  much  Wheat  at  5  s,  the  Bufliel,  rouft  be  mixed 
with  1 2  Bufhels  of  Rye  at  3  j.  6  ^.  a  Buflipl,  that  the  whole  Mix- 
ture may  be  fold  for  4  j.  4  ^.  the  Buihel  ? 

In  this  Cafe  you  mud  fet  down  all  the  particular  Rates,  with 
the  Mean  Rate,  and  find  their  Differences  juft  as  before  j  without 
'any  regard  had  to  the  Quantity  given. 

iAs  the  !^antity  found  hy  the  Dffferences  of  the  fame 
Name  nJUith  the  ^antity  given :  Is  to  the  ^antity  given  : : 
$0  is  any  of  the  other  ^antities  found  by  the  Differences : 
To  the  ^antity  of  it's  Name. 

Thus  8  :  82  : :  10  :  15,  the  Quantity  or  Number  of  Bufhels  of 
Wheat  required. 


^ejl.  5.  How  much  Malaga  at  ys.6d.  the  Gallon,  Sherry  at 
5^:  ihe  GalMn,  and  White  Wine  at  4i.  3^/.  the  Gallon,  muft  be 
mixed  with  18  Gallons  of  Canary  at  6  s.  gd.  the  Gallon  j  that  the 
wiiolc  Mixture  may  be  fold  for  6  j.  the  Gallon  ?    ^ 

The 
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*  '  ■■■■>■  II  ■  .  IIIMIIM  ■         I  ■    ■■■  ^ 

The  Terms  being  fet  down,  Vc.  as  before,  will  (land  ' 

{Malaga  90 ^.  7  C  2Hr 
Canary  81  ^/.  H  12 
fir  :  31  4  Gallons  of  Malaga. 
Then,  as  12  :  18  :  :^  18  :  27    Gallons  of  White. 
L   9  :  134  Gallons  of  Sherry. 
That  is,  31  i  Gallons  of  Malaga,  27  of  White  Wine,  and  j^i 
of  Sherry,  being  mixed  with  18  Gallons  of  Cana>y>  will  make  th^ 
Mixture  reguir^. 


Or  thus. 


{Malaga  90 1  f  12 
Sherry  6o3(  18 
Canary  81  I  (21 


I  White  il^l   9 

C  12  :  10^^  the  Malaga.  1 
Then,  21  :  18  :  :  •)  18  :  15 /^  the  Sherry.   >(fc. 
i   g  :     7  i4^  the  White.  3 


7  i^  the  White. 


froof. 


458 


Sum  $1  -^r  Value  =z  3702  ^4-  *he  Mean  Rate. 

Therefore  the  Quantities  are  as  truly  ailigned  here,  as  in  the 
laftWork.  . 

Cafilll,  The  particular  R^tcs  of  all  the  Ingredients  propofcd 
^  be  mixed  ;  and  the  Sum  of  ?11  their  Quantities  wirh  the  Mean 
Mte  of  that  Sum  being  given  3  to  find  tbe  particular  Qii^ntitics 
^f  the  Mixture. 

This  is  called  JUigation  Totals  and  is  thus  performed. 

Set  down  all  the  panicular  Rates,  with  the  Mean  Rate,  and  find 
^kcir  Differences,  ^  before  :  add  together  all  the  Differences  into 
oncSuin; 

'  f  As  the  Sum  of  all  the  Dtferences  :  Is  to  the  Sum  gf  all  the 

Thcn-J      ^amities given  :  :  iio  is  every  particular  Difference', 
(•Tortus  particular  ^antity. 

.•<?4/?.  6.  Let  it  be  required  to  mix  Wheat  at  5  s.  the  Bufliel, 
•ilh  Rye  at  3/.  6  d.  the  JBufliel ;  fo  that  the  whole  Qiiantity  m*iy 
^^1  Bufhels,  to  be  fold  for  41.  4//.  a  Bufhel ;  what  Quantity 
«  each  mull  be  taken  to  make  up  the  Mixture  ? 

Q^  2  Mean 
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Mean  Ratc^2  } ^^^      ^^^^^  M    8     ■ 

i8aK  their  Sum. 

Then  ^8  :  ii7  : :  I  ^g  ;  J^  Jth<  Quantities  required. 

^uijlion  7.  Su]>pore  it  were  required  t0  mix  Malaga  al  7  x.  6^. 
theGaflon,  with  Canary  at  6  j.  9 d.  the  Gallon,  Sherry  at  5 r.  the 
Gallon,.and  White  Wine  at  4J.  3^.  the  Gallon;  fo  that  the 
whole  Mixture  may  be  go  Gallons  j  to  be  fold  for  6  j.  the  Gallon : 
How  much  of  each  fort^ill  compofe  that  Mixture  ?  ^ 


'i  f  Malaga  90  M  21 

^eanRate=72./.jCanJy8ttj   9 
L  Sherry  60  J  j^  12 


2 

60  their  Sum. 


Then  60  :„::]■«;  ;7.  Uq^A  S:?.*'°«- 

1.12  :  iB    y  LCinary. 

("Malaga  90  I  J  12 
/-I  .v  ^3  Sherry  60I  (  18 
Or  thus,  72<  Canary  8i  I  hi 

LWhite   51I  t   9 

60  their  Sam. 

!r2  :  18.   "J  r  Malaga, 

9  t  13  J  J  L  White  Wine. 

Either  of  thefe  Ways  do  equally  anfwer  the  Queftion,  as  tna^ 
be  cafily  tried  by  J/ligation  Medial,  .  As  before,  fSc. 

Note,  The  fFork  of  thefe  Propcrthns  may  he  much  Jhortened 
(efpecialfy  when  there  are  many  Ingredients  to  te  mixed)  if  you  ohfer^ft 
the  fame  Method  as  was  propofed  in  the  Rule  of  Fcllowfliip,  pagk 
99,  fsTr. 

I  have  made  Ufe  of  the  very  fame  Examples  both  in  Alligation 
Medi^,  zn6  Alternate^  throughout  the  three  C^es'^  being,  as  I 
prefume,  much  better  than  if  they  had  been  different  ones  ;  be- 
^aufe  the  Learner  may  (if  he  confidcrs  them  a  little)  eafily  perceive, 
not  only  the  Difference  J^etween  the  two  Rules,  but  alfo  wherein 

th9 
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the  chitf  Difference  of  each  Cafe  in  the  jf^ernate  Rule  depends, 
^c.  Not  but  that  I  coald  *avc  inftrttd  many  various  Examples^ 
as  alfo  the  Manner  of  compofmg  Medicines,  ^c.  which,  for 
Brevity  ftke,  I  hate  omitted,  and  rtftt  thofe  Aat  defirfe  to  ftp 
into  that  Bnfineft  to  Sir  Jcnas  Mdri*s  Ariththetick^  wherein  hfe 
trill  find  it  largely  handledL  And  fo  I  Biall  conclude  with  JIS- 
{CtiiH  JfherrrMj  Which  allhb'  it  givei  trde  AAfvfrers  to  Qu^ftions 
of  th«  Kind,  with  fotn«  Kttle  Variety,  according  as  the  Ingrc- 
dicrti*  are  more  or  leTs  in  Nothber'j  kS  appear*  \>y  the  foregoing 
Examples ;  yet  it  will  no(  |ive  all  the  Anfwers  fuch  Quefiions  arc 
capable  oF,  nor  pbrhaps  thofe  which  foit  bfeft  \vlth  t^  prefcnt  Qo- 
cilion :  Nor  can  this  ImperffcdWon  be  remedied  by  comm^on 
Arilhmetick\  but  by  an  /f/gebraki  Way  of  arguing  it  ipay.; 
Witrcby  all  the  poffibte  ArifWert  to  arty  QUeftion  may  be  clear^f 
and  ea&]y  difcovered  9  as  (hoH  be  IhfcWed  uiftfaer  oh  in  thd  Second 
Part. 
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Sea,  I.    Of  ©OJBI  and  ®i][tjet# 

pURE  Gold,  free  from  Mixture  ^ith  other  Metarls,  vfntWf 
calltd  Fine  Gold,  is  of  fiich  a  Nature  and  Parity  that  it  will 
endure  the  Fire  without  wafling,  although  it  be  kept  contihuAliy 
taelied :  and  therefore  fome  of  the  ancient  PhiTofophers  hhve  fup^- 
pofed  the  Sun  to  be  a  Globe  of  liquid  or  melted  Gold. 

Silver  having  not  the  Purity  of  Gold,  will  not  endure  the  Firte 
like  it :  Yet  Fine  Silver  will  wafte  but  a  very  little  by  being  ih 
the  Fire  any  reafonable  time ;  whereas  Copper,  Tin,  Lead,  i^t. 
^ill  not  only  wafte>  but  may  be  calcined  or  burnt  to  aPoWdcr. 

Both  Gold  and  Silver  in  their  Purity,  are  fo  very  Ae)(ible  or 
fcft  (like  new  Lead,  faff  J  that  they  are  not  ^o  ufcful  either  ih 
Coin,  or  othctwife  (except  to  beat  in  Leaf  Gold  or  Silver)  as 
when  they  are  alJay'd,  or  mixed  and  hardened  with  Copper, 
And  aliho'  moft  Places  differ  more  or  Jefs  in  the  Quantity  of  fuch' 
AUay,  yet  in  England  it  is  generally  agreed  on,  that, 

.  Standard 
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Standard  for  ^OUk 

-22  Cara£h  of  Fine  Gold,  and  2  Carai^  of  Copper*  being 
netted  together,  ihall  be  efteemed  the  true  Standard  for  Gold  Coin, 
^c.  (The  French  and  Spantjh  Gold  being  very  near  of  the  fame  Stan^ 
dard.)  That  is,  if  any  Quantity  or  Weight  of  r  inc  Gold,  be 
divided  into  Twenty-four  equal  Parts,  and  22  of  thofe  Parts  be 
mixed  with  2  of  the  like  Parts  of  Copper  \  that  Mixture  is  called 
Standard  Gold. 

Whenoe  you  may  obfenre,  that  a  CaraA  is  not  any  certain 
Quantity  or  Weight,  but  -^t  ^^^  ^^  ^^7  Quantity  or  Weight  j 
and  the  Adtnters  and  Goldfmtths  divide  it  into  4  equal  Parts,  which 
they  call  Grains  of  a  CaraS ;  alfo  they  fubdivide  one  of  thofq 
Grains,  into  Halves,  Quarters,  i^c. 

Standard  for  dtHKr^ 

Eleven  Ounces  and  Two  Penny- weight  of  Fine  Silver,  and  Eigh- 
teen Penny-weight  of  Copper  being  melted  together,  is  efteemed 
the  true  Standard  for  SHver  Coin,  called  Sterling  Silver.  And  fo  in 
Proportiorf  for  a  greater  or  lefs  Quantity ;  which  is  a  lefs  Pro- 
portion of  Allay  for  Silver,  than  the  other  is  for  Gold. 

N^e^  When  eifher  Silver  or  Gold  is  finer  than  Standard,  it  is 
called  Better ;  if  coarfer,  it  is  called  Worfe ;  and  that  Betternefs 
or  Worfenefs,  js  reckoned  by  Carads  and  Grains  of  a  Carad  in 
Gold,  and  by  Penny- weights  in  Silver ;  and  is  thus  difcovered : 
The  Goldfmtths  or  Refiners^  Sec.  take  a  fmall  Quantity  of  fuch 
.Gold  as  they  intend  to  try  (which  they  call  making  an  Ajay)  and 
weigh  it  very  exa£tly,  then  they  put  it  into  a  Crucible,  and  melt 
it  in  a  ftrong  Fire,  fo  long,  that  if  there  be  any  Copper,  or  other 
Allay  mixt  with  it,  that  Allay  may  be  confumed  or  burnt  away  : 
When  it  is  cold  they  weigh  it  very  exadly  again,  and  if  it  have 
Joft  nothing  of  it's  firft  Weight,  they  conclude  it  is  Fine  Gold, 
but  if  the  Lofs  be  -^^^  Part,  they  call  it  23  Cara6h  Fine,  or  one 
CaraS  better  than  Standard :  If  it  have  loft  ^  Parts,  it  is  22  Ca- 
ra£ts  fine,  or  Standard :  If  ^V  Parts,  it  is  faid  to  be  21  Cara<99 
line,  or  rather  one  Carad  worfe  than  Standard,  and  fo  in  Pro- 
portion as  it  happens  to  be  better  or  worfe. 

In  the  (ame  Manner  they  make  their  AfTay  on  Silver,  only  they 

compute  it's  Lofs  by  Penny-weights,  fffr. 

The  Author  of  the  Prefect  State  ofEnglandy  mentioned  before 

(page  32.)  fays,  .^ 

'  «  Tbat 


Chap.  lo.        Of  ^^ettAH^  ^ItBattitfh  &c/  X19 

<  That  the  EngUfi  Q>in  may  want  neither  the  Purity  nor 

<  Weight  required,  it  is  moft  wifely  and  careftiUy  provided,  that 

<  once  every  Year  the  chief  Officers  of  the  Mint  appear  before  the 

<  Lords  of  the  Council  in  the  Star-Cbamiir  at  Wijhmnftery  with 

*  fome  Pieces  of  all  Sorts  of  Monies  coined  the  foregoing  Year, 

*  taken  at  Adventure  out  of  the  Mint^  and  kept  under  feveral 

*  Locks,  by  feveral  PeHbns,  till  that  Appearance;  and  then  by  a 

*  Jury  of  24  able  GMfmithsy  in  the  Prefence  of  the  faid  Loids^ 

*  every  Piece  is  moft  exa&Iy  weighed  and  aflay'd/ 

This,  if  it  were  conftantly  praSifed,  would  keep  our  Coin  to  it's 
tnie  Standard,  Vc. 

Many  pretty  Queflions  may  be  fiarted  concerning  the  Finenefi 
tf  Gold  and  Silver,  &r. 

EXAMPLE    I. 

,      If  an  In|Ot  of  Silver  weighing  787  Ote.  14  Pwt.  6  Grains^  be 
'    II  Gz.  6  Pwt.  fine }   How  much  fine  Silver  is  there  in  it,  and 

what  amounts  it  to,  at  5  j.  i\i.  the  Ounce  / 
This  Ingot  is  better  than  Standard  by  4  Pwt.     For  11  0%. 
I    l?v3t.  =  222  Pwt.  the  fine  Silver  in  12  Oz.  of  Standard.     But 
I    II  Oz.  6  Pwt.  =  226  Pwt.  the  fine  Silver  in  12  Oz.  according 

to  die  Queftion. 

Firft  787  Ox.  14  Pwt.  6  Grains  =s  378102  Grains. 

And  12  0%.  z=  240  Pwt. 

Then,  As  240  :  226  ::  378102  :  356046^^  =  74'  Oz. 
15  Fwt.  6^7  Grains  J  the  fine  Silver  in  that  Ingot. 

Which  at  5/.  i^d.  the  Ounce,  amounts  to  190/.  i  x.  f>d. 
and  near  k  Half-peony. 

EXAMPLE    %. 

If  an  Ingot  of  Gold  -  weighing  115  0%.  13  Pwt.  18  G^rains^ 
|>c  ^  of  a  Grain  worfe  than  Standard  :  How  much  Standard  G#ld 
is  there  in  it,  and  what  comes  it  to  at  3  /•  11  x.  in  Ounce  I 

Firft  1 15  Oz.  13  Pwt.  18  Grains—  55530  Grains  Troy. 
Thtn  24)  55530  (2313,7s  lapaCaraft  of  that  Quanrity. 
And  4)  2313,75  (578,4375  =  a  Grain  of  thatCara£t 
Confequently  4)  578,4375  (^S4>6o9375  =  i  of  a  Grain. 

Again,  2313,75  x  22  =  50902,5  ought  to  be  the  fine  Gold  in 
that  Ingoty  if  ic  had  been  Standard  ; 

But 


^19  ^  gWttHtWetiU  '      /        .    Pan  I. 

Pm  S990^S  -^  '44^609375  =59757*890625  U  the  Qgaiuity 
pf  fine  QqI^  ^cording  to  the  Quefti^n,    Therelbre  5090^,5 1 

S^7S7M^^S  -  5553P  :  S5372»H4>  ^<^»  Gr^n$  =  UsQ^- 
7  Pwt^  4»244,  &f.  Grains  Trpy,  betfigthc  Quaatity  of  Sts^idM 
GoM  in  that  Ingot,  9S  w^^  required. 

Next  for  the  V^lqe  9f  it  at  3/.  1 1  /*  per  Ounce ;  i  (%s,  ^  480 
Grains  (    ^    3/.    |ii.  =  7ir.     Coiiicquentiy  480  :  71  :: 

55372,i»44>  *^^-  •  8>90,4777>  ^^  =40^9'-  101.  5^4.  wry 
near ;  being  the  Value  of  that  Ingot^  a$  w^  required. 

Or  the  Uft  Queftion  laay  be  otherwife  wrought  thtfs ;  1 15  Oz. 
1 3  Pwt,  1 8  Grains  =  1 1 5,6875,  And  i  of  a  Grain  ojf  a  C«rft 
13  Vt  fv^s-  the  i  of  4:0  Then  2a  —  ^iy  ='21  4^  =  ^41,9375. 
Confequently  22  :.2i,937S  - ';  "S>6875  :  IIS*35*842»  6f^ 
n:  1 15  Oz.  7  Pw/.  4)244  Grains^  &€•  as  before. 
.  Next  for  theValu^;  as  i :  3*55  :  :  ii5>}$8842  :  4P9,523889 
=:  409/.  I  ox.  5^i/.  very  near:  as  before. 


Seft.  4.  The  &ptcffitk  ^rautt?  of  ^njag,  &c. 

T  Take  an  Enquiry  rpade  abour-  the  (JifFerent  Gravities,  or 
^  Weights  of  Metab,  and  other  liodi»»i  to  be  (not  onlv  a  Work 
of  Curiofity,  but  alfo)  of  very  good  Ufe  upon  many  UccafioriS. 
Therefore  fcycral  Authors  hav?  given  us  fuch  Proportions,  or 
Difference  of  their  Weights,  as  they  arc  fatd  to  have  one  to  ano- 
ther ;  fuppofing^  every  one  of  ^hem  to  be  of  the  fame  Magnitude 
or  fiignefs.     Some  of  which  I  fhairhei^  ihfert. 

!•  Nenry  van  Etten^  in  his  Mathematical  Recnations,  printed 
Jnno  1633,  fets  down  the  Proportion  of  their  Weights  thus;  GoM 
1875.  Lead  1 165 .  Silver  1040 .  Copper  910  .  Iron  810  .  Tin  750. 
Water  lOO.  r,'\\^ 

2.  One  yfl/leaJ^  in  his  Eruydopadia^  printed  1649,  hath  theoi 
thus  :  Gold  1875  .  Quickfilvcr  1500  .  Lead  1165  .  Silver  1040. 
Copper  910  .  Iron  806  .  Tin  750  .  Honey  150  .  Water  100 . 
Oil  90.  Thefc  feem  to  be  taken  from  thofc  of  Fan  Etten'Sy  with 
fome  Additions  only. 

3.  The  ingenious  Mr  Oughtred^  in  his  Circles  of  Proportions^ 
printed  Anno  1660,  hath  their  Proportions  (according  to  the  Ex- 
pei^'nicnts  of  one  Marinus  Ghetaldi^  in  his  Tra£l  called  Afchimedts 
Promotus)  thus  :  Gold  3990  .  Quickfilvcr  2850  .  Lead  24J5  • 
iilvcr  2i70  .  Brafs  1890  .  Iron  x68q  •  Tin  1554. 

2  .  4-  ^'^ 
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4*  In  the  Philofophical  Tranfadions,  (Number  169  and  199} 
there  is  an  Account  of  a  great  many  Experiments  of  this  Kind  ; 
from  whence  I  coUeded  thefe  following,  viz.  Gold  18888  ^ 
Mercury  14019  •  Lead  ii34|  •  Silver  11087  •  Copper  8843  • 
bammered  Brats  834Q  .  Caft  Brafs  81OO  •  Steel  7852  •  Iron 
7643  .  Tin  7721  •  rump- water  1 000. 

Thefe  laft  Proportions  being  approved  of  and  publiflied  hj 
Order  of  the  Royal  Socuty  (eem  to  be  unqueftionably  true :  Neverr 
thelefs,  becaufe  they  differ  fo  much  from  the  before- mentioned, 
(and  thoftfrom  me  another)  I  have  for  my  own  Satisfiidion  made 
feverml  Experiments  of  that  Kind  :'  AncI  have  (Ipre/ume)oht^ntd 
the  Proportions  of  Weight  that  one  Body  bears  to  another  of  the 
£ime  Bulk  or  Magnitu^,  as  nicely  as  the  Nature  of  fuch  Matter^ 
which  may  be  contraded  or  brought  into  a  leiler  Body  (viz. 
either  by  Drying,  or  Hammering,  or  otherwife)  will  admit  of  | 
which  are  J|  followeth : 


hCuUd 
Imbrf 


fFmi  CM  is 
Standard  G$U^ 
^ickfihtry 
Leady 

Fine  Silver^ 
Standard  Silver^ 
Rofi  Coffer^ 
PuaeBrafs^ 
Caft  Bra/sj 
Steel, 

BUck  TtHy 
Fine  Marble^ 
Cmnman  Glajsj 

Dry  Iv$ry^ 
Dry  B9x^wo9d^ 
SeaWaar^ 
Comm&n  Qeot  WatiTj 
RedfTtne, 

Proof  Spirits  of  Brandy^ 
Sound  Dry  Oak^ 
LinfeedOil^ 
\QUOS»e^ 

a. 


Omxa  Tnf,     |    Omkc  y#Btnt  i 


»o.359»73  = 
9,962625=. 
7,384411  = 
5,984010  = 

5.850035  = 
S.556709- 

4.747>»»  = 
4,404273  = 
4,272409  = 
4,142127  = 
4,071361  =: 
3,861519  = 
1,429411:= 
1,360841 = 
0,988456= 
0,962083= 
o.543a82= 
0,542742  = 
0,527458  = 
0,523766  = 
0,489268= 
0,489008  = 
0,491591  = 
°»4»^S69  = 


1 1,303002 
10,930422 
8,101 7|3; 

6,4i»3a4 
6,096569 
5,208369 
4»8327i6 
4,630300 

4.544505 
4,422975 

4.*3663o 
1.5688^9 

»»493037 
1,084477 

»>05554« 
0,596057 

o»594894 

0,578697 

0^74646 

0,5367 

0.5365 

0.539345 


In 
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In  this  Table  you  have  the  Speciiick  Gravity  or  Weight  of  a 
Ciibicklnch,  of  various  Sorts  of  Bodies,  both  in  7r^  Ounces  and 
jiverdupois  Ounces,  and  Decimal  Parts  of  an  Ounce,  which  I  can 
afTure  you  required  more  Charge,  Care,  and  Trouble,  to  find  out 
nicely,  than  I  was  at  firft  aware  of. 

Now  from  hence  it  will  be  eafy  to  determine  the  Weight  of 
any  propofed  Quantify,  of  the  fame  Matter  and  Kind  with  thote  ixi 
the  Table ;  it*s  folid  Content  being  given  in  Cubick  Inches.  For 
it  is  plain,  that  if  the  Number  of  Cubick  Inches  contained  in  any 
dvcn  Quantity,  be  multiplied  with  the  tabular  Weight  of  orte  Inch, 
(ifthefami  kind  of  Matter)  the  Produft  will  be  the  Wcfght  of  that 
d^ancity  in  Ounces,  ^c. 

EXAMPLE.  ^ 

5ypp.Qfc_  »t  were  acquired  to  find  the  Weight  of  a  Piece  of 
ij^rble,  containing  three  Solid  Feet,  and  40  Cubick  Inches. 

Firft  17I8  X  3=  5184  the  Cubick  Inches  in  3'SolM  Feet. 
And  5 1,84  4-  40  =  5224  the  Number  of  Cubick  Iilches  in  the 
Piece  of  Marble. 

Then  5124  x  1,42941 1  =  7410,066624  Ounces  Troy. 

Or      5224  X  1,568859  =:  8195,719416  Ounces  Averdup^u.  . 

The  Weight  of  that  Piece  of  Marble,  in  Ounces,  ^e.  which  \$ 
eafihr  brought  into  Pounds,  ^c.  The  like  for  any  of  die  reft. 

The  Converfc  of  this  Work  is  as  eafy;  viz.  if  the  Weight  of 
any  propofed  Quantity  be  g^ven,  thence  to  find  the  Solid  Content 
<tf  that  Quantity  in  Cubick  Inches,  Vc. 

Thus,  divide  the  given  Weight  of  the  propofed  Q^aAtifjr  {it 
heing  firft  reduetd  into  OunaSj  &c.)  by  the  tabular  Weight  of  one 
Ihch  (o/tife  fame  kind  of  Matter)  and  the  (^tient  liill  be  the 
Number  of  Cubick  Inches  contained  in  that  Quaiitity. 

Note^  If  you  would  find  what  Weight  any  Qu^tiiy  of  thofe 
Bodies  nie/itiohed  in  the  Table  wiH  have,  when  irhmd-fed  or  put 
into  Water,  you  muft  fubtrad  the  Weight  of  an  equal  Quantity 
of  Water  fwith  that  of  the  feodyj  from  the  Weight  of  the  propofed 
Body  (if  it  be  heavier  than  Water)  and  there  willrcinain  the  Weight 
reijoired.    As  for  Infiance, 

A  Cubidc  Inqh  of  Lead  =  5,084010  \r\         er'      9. 
ACubick  Inch  of  Water  =  Ss^y^a  }°'"*="  ^'-'J*  **=* 
Their  Difference  is,  =  5,441268  the  Weight  of  a  Cubick 
Inib«t>f  Lead  in  the  Water,  (^c»  • . 

CHAP. 
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C  I^  A  P.    XL 

CWUttOrU   fr  Extraaini  the  EOOtJf  ^t  of  all  gf ngK 
]^OfOCl^ »  ^  ^^  Geometrical  Method. 

S  E  C  T.     I. 

tpf^oUaian  it  the  Unravelling,  or  as  it  were  the  Unfolding  and 
^-'"Kclblvihg'any  propofed  Power  or  Number,  into  the  fame. 
Parts  of  which  it  was  compofed,  or  fuppofed  to  be  made  up.  Now 
in  order  to  perform  that,  it  will  be  convenient  to  confid^r  how 
tbofe  Powers  are  oompofed,  ifc. 

A  Square  Number  is  that  which  is  equally  equal ;  or  vjhich  i% 
contained  under  two  equal  Numbers.  Euclid.  7.  Defi  18.  Thus 
the  Square  Number  4  is  compofed  of  the  two  equal  Numbers  2 
and  2,  viz.  2x2=4.  Or  the  Square  Number  9  is  compofed  ot 
the  two  equal  Numbers  3  and  3,  ifiz.  3x3  =  9:  according  to  . 
EucEd,  That  is,  if  any  Number  be  multiplied  into  iifelf;  that 
Produ£i  is  called  a  Square  Number. 

A  Cube  is  that  Number,  which  is  equally  equally  equal,  or 
which  is  cont^ned  under  three  equal  Numbers.  Eu.  7.  Def.  19. 
Thus  the  Cube  Number  8  is  compofed  of  the  three  equal  Num- 
bers 2  and  2  and  2,  viz.  2  x  2  x  2  =z  8,  &c.  That  is,  if  any 
Number  be  multiplied  into  itfelf,  and  that  Produ£l  be  multiplied 
with  the  fan^e  Numbers  the  fecond  Produd  is  called  a  Cube 
Number. 

Tbefe  two,  viz.  the  Square  and  Cube  Numbers,  borrow  their 
Names  from  Gfometrical  Extenfions  or  Figures ;  as  from,  the 
three  Signal  Quantities  mentioned  in  page  2.  That  is,  a  Rdotxs 
lepreientcd  by  a  %XXit  or  &lDe,  haying  but  one  Dimenfion,  viz. 
that  of  K^enfft^  only.  The-Square  is  a  Plane  or  Figure. of  two 
Dimenfions,  havingequal  %  tng^t^  and  Sctfltl  tl^ «  The  Cube  is  a 
Solid  Body  of  three  Dtmenfions  \  having  equal  Hetlfft^^^CeaUt]^, 
2UKi  ^|^cfcnef0  :  But  beyond  thefe  three.  Nature  proceeds  not, 
as  to  £^tf/ Exteniion.  That  is,  the  Nature  of  Place  or  Space, 
admits  no  Room  for  other  Ways  of  Extenfion,  than  Length, 
Breadth,  and  Thicknefs.  Neither  is  it  poffible  to  form,  or  com- 
pofe  any  Figure  or  Body  beyond  that  of  a  Solid. 

And  therefore  all  the  fupcrior  Powers  above  the  Cube  or  third 
Power ;  as  the  Biqtufdrat  or  fourth  Power,  the  SurfoUd  or  fifth 
Power,  &c.  are  beft  explained  and  underftood  by  a  Rank  or  Series 
of  Numbers  in  Geometrical  Proportion.  For  Inftance  :  Suppofe  • 
any  Rank  of  Geometrical  Proportionals^  whofe  firft  Term  and 
Ratio  are  the  iame^  and  to  them  let  there  be  afligred  a  Scries 

R  2  o  i 


1^4 


^ttfi^cttdu 


Fart  1- 


Thus. 


51.2. 
M  2  •  4  • 


of  Numbers  in  Arithmetical  Prcgreffion^  beginning  with  an  Uail  or 
Xy  wbofe  common  DiiFerence  is  alfo  i,  as  in  fagt  79* 

4  .  5  ,  6  .  7  Indices. 
16  .  32  .  64  .  128^^.  irt-fA- 
Then  arc  thofc  Numbers  in  -r?-  produced  by  a  continued  MoU. 
tiplication  of  the  firft  Term  or  Root  into  itCrlf  j  »n(l  thofc  in 
JrUhmeticalSrogriJfton  or  ^l  tlD  f  CeS ,  do  {hew  wh^t  De2;ree  or  Power 
each  Term  in  the  Geometrical  Protortion  is  of.  For  £xample ;  In 
this  Series  of  -;j-  2  is  both  the  firft  Term  or  Root,  and  common 
Ratio  of  the  Scries.  Then  2  x  2  =  4  the  fecond  Term  or  Square  5 
and^a  X2  x  2=8,  or4y  2=8,  the  Cube  or  third  Term;  2X2^  a 
X2=i6,  6r8x2=ix69  the  fourth  TermorBiquadrat.  And  fq 
oh  for  the  reft. 

Note,  This  is  called  JutJOlutlOlt,  v/z.  Pf^en  any  Numher  is 
drawn  into  Itfelf^  and  afterwards  into  that  Produ^^  &c.  it  isfnd 
t9  hefo  often  involved  into  itjclf\  and  the  Indices  art  the  Exponents 
rf  their  reffe&ive  Powers  Jo  involved. 

And  according  to  thefe  Involutions,  is  formed  the  following 
Table  of  Powers ;  wherein  the  Root  is  only  one  fingle  Figure. 


1 

i 

9 

1 
1 

1 

i 

m 

JmJoc 

U) 

1 

»?« 

is9» 

1 
1 

'4 

ii 
4 

h 

11 

•8 

«1 

(5) 

I  (6) 

(7) 

Judex. 

(8; 

(9) 

r 

4 

16 

36 

49" 
«4 
81 

•1 

r 

«4 

■J4$ 
7«9 

' 

1 

128 

I 

t 

3^ 

"  1014 

'7116 

71S 
4096 
.5615 

V^;*56 
•  '6561 

6^536 

5>» 

>i87 

,9683 

»6,i4 

261144 

78125 

300615 

>9«;3"S 

■4^&56 

4799^6 

1679616 

IC077696 

4401 
4096 
6561 

16S07 
1*768 

H7649 

821543 

^764801 

403s 1609 

&6ii4^ 
53144? 

*097i52 

16777*16 
43046711 

1342177*8 

478*969 

387420489 

This  TaWe  plainly  (hews  (by  infpeftion)  any  Power  (under  the 
Tenth)  of  all  the  nine  Figures  ;  and  from  thence  may.be  taken  iho 
neareft  Root  of  any  Square,  Cube,  Biquadrat,  ^c.  ofj^nyNum* 
ber  whofe  Root  or  Side  is  a  fingle  Figure. 

?ut 
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But  if  the  Root  oonfifts  of  two,  three,  or  more  Places  of  Figuresn 
then  it  mvft  be  found  by  piece^meal,  or  Figttre  after  Figure,  at 
ftveral  Operations. 

The  ExtraSion  of  all  Roots,  above  the  Square  (vht.  of  the 
Cube,  Biquadrat,  Surfolid,  bfc.)  hath  heretofore  been  averytedi- 
€«s  and  troubkibme  Piece  of  Work :  All  which  is  now  very  much 
ihortened,  and  rendered  eafy,  as  will  appear  further  on. 

When  any  Number  is  propofed  to  have  it's  Root  extracted,  the 
firH  Work  is  to  prepare  it  by  Points  fet  over  (or  under)  their  pro- 
per Figures ;  according  as  the  given  Power,  whofe  Root  is  fought, 
4otb  require ;  and  that  is  done  by  coniidering  the  Index  of  the 
eiven  Power,  which  for  the  Square  is  2,  for  the  Cube  3[,  for  the 
Biquadra^  is  4,  bft.  (as  in  the  precedent  Table)  Then  allow  fo 
many  Places  of  Figures  in  the  given  Power,  for  each  fingle  Fi- 
nre  of  the  Root,  as  it's  Index  denotes  i  always  beginning  thole 
Pbifita  over  the  Place  of  Unity,  and  afcend  towards  the  Left- 
Hahd  if  the  given  Number  be  Integers,  and  defcend  towards  the 
Righc-Hand  in  Decimal  Parts.     As  in  thefe  following. 

Suppofe  any  given  Number ;  as  75640387246t  which  I  fhall  all 
along  hereafter  call  the  Refolvend. 

Then  if  it  be  required  to  extrs^  any  of  the  following  Roots,  it 
inuft  be  pointed  (according  to  the  forementioned  Confideration)  ta 
ifaia  MaoDCTf  •    ^  #  •   •   • 

SSpiori  R$^t    Thus    75640387246 
CuisRHt  7sM387Hi 

Bi^uadratRHi  75640387246 

f         •         • 
SurfiKdR90t  75640387246 

Or  fuppofe  the  Number  to  1)00,674035982 

•  f  •  •  •  • 
rSfuari  M^  Thus  0,6740359820 
1  •      •      •     • 

Then  for  fhe<  CubiRo9t  0,674035982 

I  •        •       •       • 

l^Biquadrat  R§ot  0,674035982000 

Now  the  Rea(bn  of  pointing  the.gtven  Refolvend  in  this  man- 
Mr  I  tvsL  the  allowing  two  Figures  in  the  Square ;  three  Figures 
in  the  Cube,  and  four  Figures  in  the  Biquadrat,  ifc.  for  one, 
F%ure  in  the  Root,  may  be  made  evident  (everal  Wavs ;  but  I 
thtok  it  is  eafily  conceived  froiti  the  Table  of  fingle  powers, 
prbercio  you  niaj  obferve  that  all  the  Powers  of  the  Figure  9 

%  (jiriucii^ 


lA^    a?ftiim«ewu  Parti- 

(WSiich  is  but  a  fingle  Figure)  have  the  Tame  Nucabcr  of  Places  of 
Figures,,  as  the  Index  of  ^bofe  Powers  denotes :  Therefore  fe 
ibany  Pfac^s  of  Figures  myft  be  taken  or  affigocd  for  fveiy  fingle 
Ffgure  in  the  Hoot.    Confequently  by  thefe  PoioU  is  known  bovr 

J^any  Ptaeeaof  Figures  there  will  be  in  the  RoqlE,  viz.  So  many 
^nts.  as  there  are,  fo  many  Figures  there  muft  be  in  the  Root ; 
S^d  whether  they  muft  be  Integers  or  Decimal  Parts,  is  eafUy- 
etermined  by  the  refpedive  Places  of  the  Points. 


A  I^  D  firft  how  to  oxtrad  the  Square  Root,  according  to  tha 
^  commpn  Method. 

.  Having  pointed  the  given  Re(blvend  into  Periods  of  two  F^ures 
as  before  diredled ;  then  by  the  Table  of  Powers  (or  otherwife)  find 
the  great^ft  Square  that  is  contained  in  the  firft  Period  towards  the 
Left- Hand  (fetting  down  it's  Root,  like  a  Qiiotient  Figure  in  Di» 
vjjfion)  and  fubtraa  that  Square  out  of  the  faid  Period  of  the  Re* 
folvend :  To  the  Remainder  bring  down  the  next  Period  of  Fi- 
gures, for  a  Dividiend,  and  double  the  Root  of  the  firft  Square  for 
apiVifor}  enquiring  how  oft  it  may  be  had  in  that  Dividend,  fo 
as  when  the  Quotient  Figure  is  annexed  to  the  Divifor,  and  that 
increafefi  Divifor  fnoltiplied  with  the  fame  Quotient  Figure,  the 
Produ6i  may  be  the  gteateft  Number  that  can  betaken  out  of  that 
Dividend;  which  fubtrad  from  the  faid  Dividend,  and  to  the 
Remainder  bring  doWn  the  next  Period  of  Figures,  for  another 
new  Dividend :  Then  fee  how  often  the  laft  increafed  Divifor, 
can  be  had  in  the  new  Dividend  (u/itb  the/am^  Caution  as  he/ore, 
viz.)  fo  ^s  that  th^  Quotient  Figure,  being  annexed  to  the  Divifor, 
and  that  increafed  Divifor  multiplied  ^ith  the  fam^  Quotient  Fi- 
gure, their  Produd  may  be  the  greateft  Number  that  can  be  fub- 
traded  (xqin  the  new  pividend.  (As  before.)  And  fo  proceed  on 
from  Period  to  PeMod  (viz.  from  Point  to  Point)  in  the  very  fame 
Manner,  until  ^11  be  ^nifhed. 

An  Example  or  two  being  well  obferved  will  r^rnder  the  Work 
of  for^in^  the  new  Divifors,  (5^^.  more  plain  and  eafy  than  can 
be  exprefl^d  in  a  Multitude  of  Words. 


Example  I.  Let  it  be  required  to  txtTz€t  the  Square  Root  out 
of  572199960721.  This Refolvend  being prepiicd  or  pointcdas 
befprp  diri^^ed)  will  ftand 

Thus, 


'^  —. ■ ' -A 
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:  = —T— , J — ■ 

Tht»,  572199960721  (7564^  the  Root. 
49  =  ^qu^l  «hc  greateft  Square  in  57. 
t.  Divifor     145)  82*1    .    ' 

S_        7^5=  US  X  5 

2.  Divifor    1506)  9699 

6         .   9036  =  1506  X  6 


3«  BirUor    15124)  66396 

•  4  604963515124x4 

4.Diviibr    151283}  590007 

3  4538^9  -  IS'283  X  j 


5.  DWiTdr    15128G9)  1361582* 

9  T36is82rag  1512869x9 

Proof  756439  X  756439=5735*99960721  the  Refplvcnd, 
Exampli  2.  W6at  is  the  Square  Root  of  1856701,7640^5  ? 

.  Operation  1850701,764025  (1360,405 


^3)         85 
3  69 


,1 


266)       1607  J  Hence  1360,405  is  the 

6  '590        ^  C     Root  required. 


17204)  1101,76 

4  1088  16 

1720805)  13604025 

5  13  604025 

(o) 


Ex.  3.  What  is  the  Square  Root  of  0,06076225  Decimal  Parts  ? 

Operadon  0,06076225  (0,2465  the  Root  require. 
,04  =  ,2  X  ,2    *      ^ 

j44)  207  • 

4  176  C  0,2465  X  o;2465  i= 

,486  3i;6i  ^'"^n     2^^5^76225    ^br 

'^6  ^ji6  ^     Rcfolvtnd.      » 

,4925)        24625  -     .^  ;   ^ 

.  .^         ^4625 
"~~"    ""  (o)  What 


—— ^^»-"— ^-^— ^■^^— ^-^— -^■^— — ^—  .        ■     ,  ,.     ■  ■  ■  -■   ■     ■ 

What  18  here  done  Itk  whole  Nufftbers,  nlixed  Numbers^  and 
Deciiiials,  may  alfb  be  doile  in  Vulgar  Fradions :  if  yoQ  (irft 
change  the  given  Fradton  into  DecimaU.  (As  in^&^.  5.  p.  68.) 

ExinnpU  4.«  L«t  it  be  required  to  cxtrad  the  Square  Root  of 
i}.    Firfti4sfco,64  .    . 

Then  0,64  (,8  thi  Rm  requirid. 

M 
(0) 

tn  tfaefe  four  Examptes  the  Reibi  vend  hath  been  k  pttkSt  Square  ; 
and  therefore  the  Root  hath  been  extrafied  without  leaving  slxij 
Remainder :  But  it  very  often  happens  that  the  Refolvend  is  not 
a  tme  Figurate  Number,  according  to  the  propofed  Power,  That 
is,  it  is  not  a  perfed  Square,  Cube,  Biquadrat,  f^c.  and  then' 
Ibmething  will  remain  after  the  £ictra£tioii  hath  been  made 
throughout  all  the  Pomts.  Such  Numbers  are  called  ^Utt  Nam* 
bers,  and  their  Roots  can  never  be  truly  found,  but  will  become 
a  ooQtinued  Series,  adinjbutum .-  If  to  the  Renrutinder  there  be  ftili 
annexed  Cyphers  according  as  the  propofed  Power  requires,  me. 
by  two"^  in  the  Square,  three's  in  the  Cube,  four's  in  the  Biqua« 
dtrat,  f^c*  And  the  Operations  contihued  on  as  before. 
^  Exmuflig.  Suppofe  it  were  required  to  extrad  tbe  Square 
Root  of  6968*  «  • 

Operation  6968  (83,4745,  ifc. 


64 


/ 


1669485)  9133400 
5             83474*5 


1669490)  784975f  ^^* 

^1???  ^^  ^^  ?"y  ^"'^  Number  may  be  eontinoed  on  t . 
^m  £xaanefe  you  pleafe,  but  cannot  be  truly  found. 

In  my  CmpenJium  of  Algibroy  Chap.  9.  1  have  mopoled 
Mother  way  of  extradfing  the  Square  Root,  and  there  fivea 
Maoplet  of  the  WoA  3  which  to  avgid  Prolixity  is  thus ; 

Having 
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Having  poiotcd  tbc  given  R^folveod,  iuvl  «uken  .the  greatei 
Sqiitie  to  the,  firft  Point  frosi  it,  ae  befoi^  4  «ben  divide  tbe 
Remainder  of  the  whole  SLefolvend  by  2  (that  is,  tidveit)'ah4 
I  Mint  it  a-Aew.  (This  I  ^11  a  new  QSvidend.)  the«  ouke  the 
^of  tbe^ft  Squaic  a  Dariior,  inquiring  how  oft  it  may  he 
kmd  in  the  mw  Dividend  to  the  next  Figure  forward,  referving 
Alt  rigure  under  the  flcact  Foint  for  Ae^  Mf  S«|mre  di  the  <2uo- 
limF^re.  Which teingfpvnd,  muWpljr  the DivUbr with- it, 
adding  to  that  Produfi  the  Tens  of  the  half  Square  if  there  be  ahy^ 
m  m  phin  Qtvifion.  Then  ahner  the  Quotient  Figure  to  the 
lift  Diyifor  ibr  a  new  Divifor,  with,  which  proceed  in  alf  Rc^ 
IftQM  as  with  the  iaft  EMvifor  s  and  fa,  on  untH  all  4>c  finiflxed. 

£Mai^  6.  What  is  the  Square  Koot  of  29906(7969  f ' 

Qperatbn  2990667969 

—  25 (5  The  firft  fingle  Root 

2)  490667969  7;3ie  Reqopndcrto  hi  divide^  by  2U 

Rift  fc)oe  s)    245333984*5  (54^ 

^^4    208  =:  56'j<4v-+4jdieSquai!e(Qf  4,  vjsl  '^  -  8. 
Divifcr     54)     3732 

+    6     325Sc54K6^«|-T^Sqi«iieof6. 
Diififor    546.)     4753^ 

+      g     43712=  S4^x»;+j^&e fiquace  of  g. 

DlWfor    5468)      382784,5 

+       7      382784,$  =;  54j68  X  7 ;  +  |  the  Square  of  7.  • 

(0) 
Hence  the  Root  is  found  fo  he«546S7,  aa.  was  required. 

AH  the  Pifficulty  in  this  Method  is  onl^  the  true  placing  of  the 
^Square  of  the  Qiiotient  Figprie,  when  it  happens  to  be  an  odd 
Number:  In  that  Cafe  you  muftlbring  down  one  Figure  more  of 
4e  Dividend ;  vi^  of  the  next  period ;"  under  which,  place  the 
^  5  that  will  always  arife  from  the  half  Square  of  aa  odd  Num- 
•>^:  As  ^  whofe  Square  is  49 ;  the  Half  of  which  is  24,5  to  be 
phced  as  in  the  laft  Operation  of  this  Example. 

N.  B.  Wbtn  thi  Uumkir  ofFigura  in  tbt  R^ot  afany  Surd 
Mrwi^r  are  Umiud;  you  need  not  proceed  in  exiraSling  the  rvhole 
W/  as  before  ;  ha  only  to  one  Figure  more  than  half  the  d'efignei 
i^vmher  of  figures  j  for  the  rejl  may  he  obtained  by  plain  Divifton 

EiiampU 


igo 


9nt|)ntetfc&4 
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Example  7.  Suppofc  it  were  required  to  cxtra<9t  the  Square  Root 
of  7  (a  Surd  Number)  to  have  12  Places  of  Figures  40  it. 


7  (3.645751 
4. 


Firft  part  of  the  Root. 


Remainder 


«        * 

1,50  =z  Half  the  Remainder. 

1,38  =  2  x  >6 :  +  :itheSquarcof  o,!5=:p,i§ 


2,6) 
+  221 

2,645) 
4-  ,0007 

^,6457) 
4.  5OO005 

a,64S7S) 
4-  ,000001 

"  ai6457Si 


.1200 
1048 

132125 

* 

1851745 

13575^00 
13228625  ° 

.34687500 
a6457505 


Having  th»o  gp|  7  of  the  12  Flg|«es  require^  in  the  Root }  th« 
reft  may  be  eafily  found  by  the  coritniaed  Way  of  Divifion  RW: 
pofed  in  pegi  68.  ' 


Thus   2,645750   8229995 

....     7937253 

292742 

264575 


28167 
46457 


(2.64575i3"P§ 


•1710 
_i697 

(13) 

Hence  I  find  t|jc  Root  of  7  to  be  2,^4575^31106,  <?i  vat  rt-* 
furti. 
Thus  you  have  two  ways  prextra£ling  the  Square  Root^  either 

of  which  may  be  pradifed'  as-  every  one  Kkes  bcft.  '   "    ' 

'■'•••*"     .   .   .   .•  Sect* 
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^  H  £  Method  I  (hall  here  propofe  for  extraSing  the  Cube  Root 
^   admits  of  two  Cafes ;  both  which  are  to  be  very  well  obferved. 

Having  pointed  the  given  Refol  vend,  (zs  before  direded)  viz,  in- 
to Periods  of  three  Figures ;  then  feek  a  Cube  Number  by  the  Table 
of  Powers  (or  otherwife)  chat  comes  neareft  to  the  firft  Period  of 
the  Relblvend,  whether  it  be  greater  or  lefs  than  that  Period. 

Cafe  I.  If  the  Cube  Number  fo  taken,  be  lefs  than  the  firft 
Period  of  the  Refolvend,  call  it's  Root  %ttti  than  3|uS :  And  fub- 
trad  that  Cube  from  the  firft  Period  of  the  Refolvend. 

Cafe  2.  But  if  that  Cube  be  greater  than  the  firft  Period  of  the 
Refolvend,  call  it's  Root  9^0^  than  JuS :  And  fubtradt  the  Re- 
folvend from  that  Cube,  annexing  Cyphers  to  it,  that  fo  Subtract* 
tion  may  be  made. 

To  the  firft  Root,  whether  it  be  lefs  or  more  than  Juft,  annex  (b 
many  Cyphers  as  there  are  remaining  Points  over  the  whole  Num- 
bers of  the  Refolvend,  and  multiply  it  with  3 :  Then  making  that 
Produd  a  Divifor,  by  which  you  muft  divide  the  Difference  be- 
tween the  Refolvend  and  the  aforefaid  Cube ;  that  Quotient  will  be 
the  Refolvend  deprefled  to  a  Square,  and  therefore  muft  be  pointed 
asfuch,  viz.  into  Periods  of  two  Figures  each.  That  being  done, 
make  the  firft  Root  (without  thofe  Cyphers  that  were  annexed  to  it) 
a  Divifor,  enquiring  how  oft  it  may  be  found  in  the  firft  Period  of 
the  new  Refolvend  (as  before  in  extra£ling  the  Square  Root)  with 
this  Confideration,  that  if  the  Root  (now  a  Divifor]  be  lefs  than 
Juft,  as  in  Cafe  i.  you  muft  annex  the  Quotient  Figure  to  it,  and 
then  multiply  the  Root  fo  increafed,  into  the  faid  Quotient  Figure  ; 
fetting  down  the  Unit's  Place  of  their  Prodtid  under  the  pointed 
Figure  of  that  Period,  fubtraSing  it,  as  in  Divifion.  And  fo  on 
from  one  Period  to  another,  as  before. 

But  if  the  faid  Root  (now  a  Divifor)  be  more  than  Juft^  as  ia 
Cafe  1.  then  you  muft  fubtrad  the  Quotient  Figure  from  a  Cy- 
pher annexed,  or  fuppofed  to  be  annexed,  to  the  faid  Divifor ; 
multiplying  the  Root  fo  decreafed  into  the  Quotient  Figure  -,  fetting 
down  their  Produfi  as  before,  &r.  An  Example  or  two  in  each 
Cafe  will  render  the  Work  plain  and  eafy. 

Note,  Each  patient  Figure  ought  always  to  be  twice  added  to  the 
Divifor^  if  theTabular  Cube  was  taken  lefs  thanjufiy  or  twice  fub^ 
traced  from  it,  if  greater  5  vir.  once  before  you  multiply  by  it^  and 
once  with  the  next  ^otient  Figure  :  as  will  bejhewn  in  the  following 
Secetmplei ,  which  ere  therefore  more  exdSl  and  conafe  than  as  done 
by  the  Js^b^  in  the  former  Editions  of  bis  Work. 

S  %  £xampU 


,j2      gtiC&metlclu  P^ti^ 

Ex.  I.  Whati»tbeC«beRootof  i46363i83thegivenK«folveiid», 

to  be  pointed  thus  146363183  (the  firft  Root,  leis  thai>>ift. 
*^  1 25  =  the  neareft  Cube  to  146 

50D  X  3-  1500)  21363183  (i4a4i»>»       ««*'  «efiil«*«. 
lirftRoots 

jDWifor  52)     unM*  (S«7  *e  *«**  "^"^■^ 
■f   a7    IC4 

2  Divifor'  S47  )  3?4-» 
3829 

13  the  Remainder  ta  be  rqioae J. 
Here  the  Root  %VJ  is  the  true  Root  at  the  fifft  OpefatfMS  ^ 

But  tf  it  hil  not  b  Jn  the  true  Root,  then  «ve7  dl«gt»«  «»* 
Wn  here  domr  isuft  hate  bocn  repea«ed;  only  mflt**  of  the  &t 
SL  R^V^«.  c)  you  muft  ha« tafcci»tbe  increafedRoot  (vm. 

S Root  to «ne Race,  of  Figures-,  vt%,  every  Operattonttiplea 

S  XAMP  I  B    2. 

What  Is  the  Cube  Root  of  67S078H»39  (4000  *<»*****  J^l 
rifft  ueateft  Cube  ==64    tr» 

.    »ooti(ooo»js:iMOO  )  3S07«a4«39(«9ay»»** 
-f  lift  Root  4 

4-07        ,  .  .    . 
t  Divifor  407  )    *i«3»M8  (♦07»,79 

+  07'     ^»49 
s  I^vifer  4«4*  )      74»8' 

■f    i,r    4«4f 

■I  Divifor  4'4»»7)    3«77»6» 
**  _-f 22i    ^99»87 


bp.  II.     Of  entamng  Soatj$>  &c.         i$$ 

>       ■  I  I  ■  IBM  ■  I 

i  Eaxds  is  not  an  Unit  in  the  laft  Places  for  if  there  wenr 
ide  a  fecond  Qperatton,  the  lU>ot  would  be  4071,78,  fie  $$ 
17  be  taBj  tried. 

MZAMPtR    z.  ^ 

Let  k  be  reqmted  to  textra  A  the  Cube  Root  out  of  this  Nuiber  > 
be  ncareft  Cube  to  976  is  looaWhoTe  Root  ki  10  oiore  tbtnjuft, 

Vhi.  976379602989073960279630298890 
liCiibs  joooooooooooooooooooooooooooooo 

—  976379602989073960279630298890  the  RcfolvenA 

buttDs     23620397010926039720369701x10 

Sie  fifft  Root  10000600000  X  3  =  30000000000  the  Diviibr. 
hen  30000COO000)  23620397010926039720369701110(7873^4 
{67030867990  for  a  new  Reiblvendw 

IRootio 
«—   C07 

,  ^  .  •  •/loooooooooo  =  iftRooC. 

Dh^»    993)      787346567030867990^  0079364^  &c.  fubtraa. 

—  79     6951  Remain*  99206^6000    the    Root 
il^  ""7fl7,  \ — ITTT^  ^^  ^  **  fi'™  Figure^  and  ©■- 

'^  i     f^t  ^  ^  ^^^  by  an  Unit  at  the 

^.  = 23,  ■    T  &  lamulHatdisiiiftOpeMiMb 

|Diy.    98417 )      358756 

— 3;b^     ^95251 

iDiv.   9*4134)      6330570 

—  64      5904804 

JDw.   9841276 )     4457^3<> 

For  a  feobnd  Operation  (if  yoir  ifqam  no  laore  tbair  ten  F&ioes  #f 
ligiffes  trve  in  the  Root)  yon  need  only  afliioie  9920000000$  whiob 
pi«  left  diao  j«a,  proceed  with  at  follows. 

ti  tke  vmn  Rcfolvend  =  97637960298907396027963029889^ 
duCabe  ef  ^2q6ooqoq==976  i^  i  488ooooooooooDOoo€OOOooa 
Remainder,  i«8i  1498907 396,  iuu 

l1m3X992frcuB2976l(c.}  1881x498967396  te«  [631106^ 

kanewRdfolvcikU 

99209 


134 


iStttt^ntctfdu 


Part  I- 


06200 
+   06 


6321068181 

3687081 
2976369 


99206 ) 

+ ^ 

992123 ) 

+ ir 

9921267)    71071281 

+  *  7  &c,  69448869 


(9920660000  the  Root  aflialhed 
^___637j63j  acW 

9920637163,5 
"   Fi 


the  tenth 
much  by 
eleventh. 


the  Root  true  to 
igiire,  and  only  too 
an     Unit    in     the 


992127*) 


♦  Here  the  Additions  of  the  Que- 
tient  Figure  being  of  no  Confc- 
qiience,  therefore  the  Divifion 
is  carried  on  from  hence^  as  in 
pa^i  68. 


1622412 
992127 

630285 
595276 

'  ■■!  ■  ■         -  I 

35009 

.  ^9763 

524.6 

49^ 
&c.  .... 

In  the  fame  manner  the  Cube  Root$  of  Decimal  l^artft  i  or  of 
Vulgar  Fra£Uons»  being  firft  changed  into  Decimals,  may  be  ex- 
traded. 


scft.4.  Toemsa^beidiqfxmitiSMxt^ 

IN  extrafiing  the  Biquadrat  Root,  or  that  of  the  Fourth  Power; 

^  (and  indeed  the  Roots  of  all  even  Powers) ^here  are  fome  fmall 

Difficulties,  not  fo  eafily  expreflfed  and  explained  iin  a  few  Words, 

at  they  are  by  an  Algebrtnck  Thiorem  (fuch  as  (hall  be  (hewed  fur* 

ther  on)  I  have  therefore  in  this  Place  made  Choice  of  extraAing 

fuch  Roots  by  two  feveral  Extractions  ;  and  the  rather,  becauffe  I 

prefume  the  Reader  by  this  Time  thoroughly  acquainted  with  the 

Bufinefs  of  extracting  the  Square  Root,  by  which  thi^  may  eafily 

be  performed.     Thus : 

^     Fiift;   EwraA  the  Square  Root  of  the  propofed  Refolvcnd, 

;  then  the  Square  Root  of  that  firft.  Jlop|  will-be  the  Biquadrat 

*  Root  required.  ,•  ; 

.    \Ex9mpb  I.   What  is  the  Biquadrat , Root  of  4857532416? 
Firft  extras  it's  Square  Root, 

Thua 
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,       •      .      •      • 

Thus  4857531416     ^_  ^  r-D     .'    a 

_   36  =  the  greateft  Squanp,  whofe  Root  is  6. 

■", 2 jy 5324x6  Ifemaindcr  to  be  divided  by  a. 

•   •    •    • 

r^ft  Root  6)       ,628766208  (.69696 

+9      S^°$  ' 

4158, 

668626 
^26805 

6969        418158  .....     J 

418158        •        •   .    ' 


—  4 

29696  Remainder  t^  be  divided  faj^. 
{lift  Root  2)       14848  (264  the  Biquadrat  Root  as  was  required* 

26)      J048' 
.-4-      4     1048 


■     264       (o)        ^ 
This  is  fo  eary  I  need  not  infert  any  fnore  Examples, 

Sea.  5.  r^Cjrtcatt/i^ewMliJBUKit* 

Tj  A  y  I N  G  pointed  the  given  Refblvend  according  as  it's  Index 
f^  denotes ;  viz,  into  Periods  of  five  Figures ;  feelcing  fuch  a 
Surfplid  Number  10  th^  Table  of  Powers  (or  otherwife)  as  comes 
ibe  neareft  to  the  iirft  Period  of  the  Refolvend,  whether  greater  or 
Icis ',  and  call  it's  refpeftive  Root  accordingly;  viz,  more  than  Juft; 
orlefsthaii  Juft;  annexing  fo  many  Cyphers  to  it,  as  there  are  re- 
gaining Periods  of  whole  Numbers  in  die  Refolvend ;  as  before  in 
extrading  the  Cube  Root :  Then  find  the  Difference  between  the 
kifolvend,  and  the  Sur(<Jid  Number  fo  taken,  by  fiibtraAing  the 
left  from  the  erei^ter  (as  befpre  in  the  Cub^).  Next  find  the 
Cube  of  the  aforefaid  Surfolid  Root  \fith  it's  annexed  Cyphers, 
(which  you  may  alfo  do  by  the  Table  pf  PPwers)  and  multiply 
(hat  Cube  with  5  the  Index  of  the  Surfolid,  fhe  Prpdufl  mufl  b^ 
a  Divilbr,  by  which  the  Pifference  between  the  Refolvend  and 
Ihe  Surfolid  Number  muff  be  divided  -,  that  fo  it  may  be  depreflec 


IJ^  ggtttmgtirtU  Pari  I. 

f>  a  Square  (as  Moioe  in  the  Cube)  which  muft  be  pointed  into 
^riods  of  two  Figures  each^  calling  it  the  new  ReUvend  (as 
before)^  Tberf  fljake  the  fiift  Roo^  wi&out  it's  Cypher^  41 
pivifor»  en^rios  how  oft  it  may  be  fonad  in  iha^rft  Period  of 
ihe  new  Sbefolveni,  with  this  Confideraftiot^  if  the  Root  (now  a 
PiYifer)  be  lefi  than  Juft»  you  mvift  ande^  twi<3e  tb^  QyotieDt  Fi- 
gure to  it  'p  b^t  if  it  be  more  dian  Juft^  you  muft  fiihtrad  twice 
the  Quotient  Figiire  from  a  Cypher  either  annexed^  or  fuppofidi 
to  be  annexed  to  that  2>ivifor  or  Root,  nHdtiplyin^  it  fo  tncrea^ 
or  diminilhed,  with  the  faid  Quotient  Figuce,  fettiag  down  their 
Produa,  fsf€.  as  before.  Aa  Ex$m^  in  each  €aftwS[  render  i]t 
plain  and  eafy. 

Ex^tmpU  X.  S^ppofe  it  be  requtrtd  to  eitjrad^the  Siirfolid  Root 
put  of  this  Number  ia309$02O09375. 
•        •        .• 
1930950^009375  the^Refelrend  pointed. 
The  nmxA  Surfolid  Number  to  1230,  the  firft  Period  of  tii# 
Itefiiivciid^  is  1024,  wh^e  Rbot  is  4  beiiij^)^  jtJbiiHi  Juft« 

Ti^refdre  12309502009375 
—  1024    . 

^11  U     Xl. 


2069502009375    their  Difference. 
Next  liie  Ciibe  of  400  is  64000000  per  Table,  <f  c«    Ao4 
64000000  X  5  r:  720000000  the  Divifor. 
Then  320000000;  2069502P09375  (6497  ^c^ 

Firft  Root      400 
4.  2  X  IX)  =  +  20 

,     -^—  ,  •/     4eo 

I  Divifor  420)        64671+     15  ^ 

4-30+^x5-4-30         li_'"ljs»oottw. 
450         2267 
'    2250 


17  t&e  Remainder  to  be  rejeAed^ 

That  is  415  is  the^  Surfolid  Root  of  the  given  Refolvend^ 
As  may  be  eafily  tried  by  involving  it  to  the  fi&b  Power.     Fiz^  * 
415  X  415  ;<  415  X  415  X415  =  1230950209375  the  pvcn  Rc^ 
fi)lvend. 

I     "    ■  I '  ■  ' "  ■ ' 

Note,  Hire  again  the  Double  ^wtiint  Ftgun  ought  to  U  twiu 
mdiid  or  fiibtralfed^  in  the  fame  Manner  as  the  Jingle  one  fuas  di- 
reBedfir  the  Cube  Root^  page  131,  and  the, Operation  for  the  Surr 
f$Ud  Root  in  thefe  two  Example^  is  per/omuif  <tfcgr4inffy :  contrary 
to  what  WMs  betetofore  don$  bj  tU  ^as^hou 
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•  •  • 

ExampU  2.  What  is  the  SurfoUd  Root  of  2327834SS9873? 
The  ncareft  SurfoUd  Number  to  232  is  243  whofo  Root  is  3 
king  more  than  juft. 

Tberefore  2430000000000 
—  2327834559873 

Remains        102 165440 127  for  a  Dividend. 
The  Cube  of  300  is  27000000  and  27000000  x  5=135000000 
Theni350ooooo)  102165440127  (756,78x0  new  Refolvcnd. 

Firft  Root  300 
—  2X2=—  4 

■  I     '  -.   •    •  •./300 

iDififor           296)  756,7810V — 2,566 

— 4--2xo>5= —  5,0  59^             297,434    The  Boot  only 

aDwifor           291,0)  164,78         too    little  ]by   2    in   the 

-I— 2x0,06=— 1, 1 2  145,50         loweft  Figure. 

3  Divilbr  289,88}    1 9,28 1  o 

Now  the  Reafop  why  this  Root  comes  out  to  fo  many  Places 
«f  Figures  at  the  iirft  Operation,  is  becaure  the  firfi  Surfolid 
Number  was  fo  near  the  Refolvend,  &c.     As  before. 

"    '        ^  -pi    ■    ■     ■    »     i^^m-  ■   -■  ■  I  I      I      in  I  ■■    I  ■ 

Sea.  6.      To  Cjrtratt  ^^^  i^OOt    0/  the 

^HIS  may  be  eafily  performed  by  two  Extraflions,  according 
I  as  it*s  Name  denotes.  Thus,  firft  extrad  the  Square  Root 
m  the  given  Refolvend ;  then  extrad  the  Cube  Root  of  that  Square 
^oot,  and  it  will  be  the  Root  required  :  That  is,  it  will  be  the 
^oot  of  the  fixth  Power.  CSx  thus,  firft  extrad  the  Cube  Root 
of  the  Refolvend  ;  then  extra<fl  the  Cube  Root  of  that  Cube  Rojt, 
ttA  it  will  be  the  Root  required. 

EXAMPXE    I. 

[Lex  it  be  required  to  extraft  the  Square  cubed  Root  out  of  this 
plumber  1452205373535 15625  the  Refolvend. 
I   firft  1  extniS  the  Square  Root  of  this  Refolvend,   which  I 
t^c  to  be  the  beft  and  eafieft  Way. 

T  Thus . 
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Thus  

145220537353515625 

—     9 ,      . 

Remains      55220537353515625   tobcbalvd. 


Then    3)        276102686767578x2,5  (381078125   . 
4-  8        273^ 

38)  4102 

+     10        3805 

3810)      2976867 
4.       7       2667245 

38107)      3096226 

4-    8_  3048592  ^ 

'^1078)      4763+757 
+    I   38107805 

3810781)   95269528 

4_  2  76215622 

__  'l     ■  ■■  ♦ 

38107812)      1905390612,5 

+ 5,     1905390612,5 

3^1078125  (0)    '^ 

Having  found  the  Square  Root  of  the  given  Refoivend,  I  pro 
cccd  to  rtctraft  the  Cube  Root  of  that  Sqparc  Root. 
«     •      » 
That  is,  of    38 1078 125 

r-  343  =  the  neareft  theCubc,  it's  Ropt  is  7001 

Then  700  x  3  =  2100)  381078125  (18161^ 
Firft  Root    7  . . 
+  2 
.    .  /  700 

1  Divifor      72.)         18161  V+25 

+  25  144  725 

2  Divifor     745)  3761 

3725 


(36) 
Hence  I  find  725  to  be  the  Square  cwbcd  Root  reqiiifcd;  I 
miy  eafily  be  tried  by  involving  it  to  the  fixth  Power-     That  i%, 
725  X  725  X  725  X  725  X  725  X  725,  will ^c  found  =:  1452205J 
73535^5625  the  given  Rcfolvcnd. 
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Scft.  7.  To  eEflrttaCt  the  EOOt  of  the  fcventh  potDet* 
TjAving  pointed  the  given  Refolvend,  as  it's  Index  denotes,  viz. 
^  into  Periods  of  feven  Figures,  feek  out  fuch  a  Number  of  the 
fefcnth  Power,  by  the  Table  of  Powers,  as  comes  neareft  to  the  firft 
Period  of  the  Reiblvend ;  whether  it  be  greater  or  lefs,  calling  it's 
rcfpedive  Root  more  than  Jail,  or  lefs  than  Juft,  annexing  it's 
proper  Number  of  Cyphers,  ^c.  as  in  the  Cube  and  Surfolid. 

Then  find  the  Difference  between  the  given  Refolvend,  and 
that  Number  of  the  feventh  Power  (found  by  the  Table  of  Powers) 
by  fubtrading  the  lefs  from  the  greater. 

Next  find  the  Surfolid  or  fifth  Power  of  that  Root  with  it's  an« 
nexed  Cyphers  (which  you  may  alfo  do  by  the  Table  of  Powers) 
and  multiply  that  Suriblid  Number  with  7,  the  Index  of  the  given 
Refolvend ;  that  Produd  muft  be  a  Divifor,  by  which  the  forefaid 
Difieience  muft  be  divided,  that  fe  it  may  be  deprelTed  to  a  Square, 
to  be  pointed,  &c.  as  before  in  the  Cube,  &fr.  then  make  the  firft 
Root,  without  it's  Cyphers,  a  Divifor ;  working  with  it  and  the 
Dcw  Refolvend  (as  before)  only  here  you  muft  increafe,  or  di- 
miniih  the  Divifor  with  thrice  the  Qi^otient  Figure  *• 

Example,  What  is  the  fecond  Surfolid  Root,  or  that  of  the 
feventh  Power, 

•  «  . 

of  382986553955078125    the  Refolvend  pointed. 
—2187    the  neareft  of  the  feventh  Power. 

164286553955078125     their  DifFerence.  . 

The, firft  Root  is  300  being  lefs  than  Juft,  and  the  fifth 
Power  of  300  is  2430000000000,  which  being  multiplied  with  7 
19 1 70 1 0000000000  for  a  Divifor,  by  which  the  aforefaid  Dif^ 
ference  muft  be  divided;  which  contra£led  may  ftand  thus, 
1701)  16428655  (9658,23  ^c. 

FiiftRoot       300 
+  3  X  20  =  +    60      , 

.    '  (  ZOO 

1  Divifor  360)        9658  V4-25 

^  +  3^  05—+  75  7^  325  =  the  true  Root  required. 

2  Divifor  435  ^458 

2175  (before* 

283  the  Remainder  to  be  rejeded,  as 

*  That  V,  by  twice  adaing  or  fabtra^tiDg  the  triple  QuotieAt  Figure,  9s  was  done 
vRk  the  double  Qgocicnt  Figure  of  the  Root  of  the  fifth  Power>  pagt  136  3  and  tht 
^k  ()5otkat  Figure  for  the  Cobe  Roo^  pati  131, 

T  2  Hence 
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Hence  I  have  fouod  325'to  be  the  true  Root  required,  that  is^ 
the  true  Root  of  the  feventh  Power. 

I  think  it  necdlefs  to  proceed  farther ;  viz,  to  infert  Exampltr 
of  higher  Powers.  For  if  what  is  already  done  be  well  underftood^ 
it  will  be  eafy  to  conceive  how  to  proceed  in  extrafling  the  Root 
of  any  fingle  Power  how  high  focver  it  be  (for  the  Method  is 
general  and  alike  in  all  Powers  J  due  Regard  being  had  to  their  In- 
dices ;  and  to  the  firft  fingle  Side  or  Root.  That  is,  whether  it 
be  More,  or  Lcfs  than  Jaft,  (stc. 

Yjrt  methinks  I  hear  the  young  Learner  fay,  it  is  poffible  ta 
follow  the  Dircdions  and  Examples,  as  they  are  here  laid  down  ; 
but  fl'ill  here  is  not  the  Reafon  why  they  are  fo,  and  fo,  perform- 
ed ;  d^d  why  there  flkould  be  a  Remainder  left  after  the  Root  i» 
found ;  viz.  when  the  given  Refolvend  hath  a  true  Root  of  its 
Kind. 

It  h  true,  the  Reafons  of  thcfe  are  not  here  laid  dbwn  ;  neither 
indeed  can  they  be  rendered  fo  plain  and  intelligible  by  Words,  as 
by  an  Algcbraick  Procefs,  from  whence  the  Theorems  or  Ru/ei 
here  given,  had  their  firft  Invention  ;  as  (hall  be  (hewed  in  the 
next  Part,  when  I  come  (o  treat  of  refolving  cohipounded  or  ad- 
fe61ed  Equations }  however,  take  this  (hort  and' general  Account 
of  this  Method. 

This,  and  all  other  df  the  new  Methods  of  Converging  Series 
(as  they  are  called)  arc  very  different  from  the  former  (and  ftill 
common)  Methods  of  extrading  Roots,  which  require  the  fir(t 
fingle  Side  or  Root  of  the  firft  Period  (in  any  Refolvend)  to  be 
taken  exadly  true,  and  then  by  involving,  and  ether  tedious 
Ways  of  ordering  it,  there  is  formed  a  Diviforj  which  helps  to 
grope  out  by  Tiials  a  fecond  Figure  ia  the  Root.  And  ib  proceed 
on  from  Point  to  Point;  ftill  repeating  the  whole  Work  for  every 
fingle  figure  that  comes  into  the  Root.  And  if  by  Chatice  there- 
be  a  Miftake  or  Error  committed  in  any  one  Figure  (as  it  is  po(^ 
fibic  there  may)  it  fpoils  the  whol*  Procefs,  which  muft  then  be 
wholly  begun  anew,  or  at  leaft  from  that  Part  of  it  where  the 
Erior  firft  entered. 

But  the  Nature  and  DeCgn  of  the  Method  which  I  have  here 
laid  down  is  quite  oiherwife ;  ..it  being  fo  contrived,  as  to  gradually 
JefTen  the  Difference  betwixt  any  propoted  Power,  and  the  like 
Power  of  another  Number  aflumed  5  viz.  it  Icflen^  that  Difference 
until  it  is  either  quite  vanifhed,  or  becomes  fo  infinitely  fraall 
as  to  be  infignificant. 

Therefore  when  any  Number  is  propofed  to  have  it's  Root  ejt- 
trafted  ;  it  is  here  required  to  take  the  next  nearcft  Root  of  the 
firft  Period  in  the  Refolvend  5  that  fo  the  Difference  betwixt  the 

given 
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^vcn  Refolvend,  and  the  Homogeneal  Power  fi/iz.  the  like 
Power)  of  the  Root  thus  taken,  may  be  Icfi  either  in  Exccfs,  or 
Defed.  Which  DiiFerence  being  reduced,  or  depreffird  lower, 
becomes  (o  prepared,  that  by  plain  Divifion  (comparatively)  there 
will  arife  fuch  Quotient  Figures  as  will  both  corred  and  increafe 
the  firft  Root  to  three  Places  of  Figures  at  leaft,  fometimes  to  four, 
or  five  Places  of  Figures ;  according  as  the  faid  firft  Difference 
happens  to  be  nK>re  or  lefs  (of  which  you  may  have  obferved  In- 
ftances) :  But  yet  there  will  be  a  Remainder  left,  and  perhaps  an 
Excefs  or  Defedt  in  the  Root  fo  increafed,  viz.  in  the  laft  Figtve 
of  it. 

Now  to  rt€dfy  the  faid  Excefs  or  DcftSt  in  the  Root,  and  to 
difcover  whetherthe  given  Refolvend  be  a  true  Figurate  Number, 
or  not :  That  is,  whether  it  have  a  true  Root  of  it's  kind  ;  it 
will  be  neceilary  to  make  a  fecond  Operation ;  by  taking  the 
Root  fo  increafed,  and  proceeding  with  it  and  the  given  Refolvend, 
in  all  refpef^s  as  in  the  firft  Work  (like  to  the  third  Example  of 
cxtra(fting  the  Cube  Root)  ;  I  fay,  if  the  given  Refolvend  have  a 
I  true  Root,  it  will  appear  at  this  fecond  Operation,  and  all  the 
aforefaid  Diflerences,  (ffr.  will  be  vanilhed  ;  provided  the  Root 
required  is  not  to  have  more  than  three  (or  four)  Places  of  Fi- 
gures in  it. 

But  if  the  Root  be  to  have  more  than  three  Figures  in  it ;  or, 

that  the  given  Refolvend  prove  to  be  a  Surd  Number ;  then  there 

will  be  a  Difference  as  before ;  which  will  afford  Quotient  Figures 

to  reSify  and  increafe  the  Root  laft  taken,    to  three  Times  as 

I     many  Places  of  Figures,  as  it  had  at  the  Beginning  of  that  fecond 

I     Operation.     As  you  may  fee  in  the  aforefaid  Example  3.  of  the 

I     Cube  Root ;  wherein  that  Root  is  increafed  to  twelve  Places  of 

Figures  at  two  Operations;  which  if  it  were  to  be  extradied  the 

!    Old  (and  ft  ill  Common)  way,  it  would  require  at  leaft  forty  tinges 

the  Number  of  Figures  I  have  here  ufed. 

Again,  if  there  chance  to  be  a  Miftake  committed  in  any 
Operation  performed  by  the  Method  here  laid  down,  that  Miftake 
will  not  deftroy  the  precedent  Work,  but  will  be  redified  in  the 
next  Operation,  although  it  were  not  difcovered  before.  And 
thus  you  may  proceed  on  to  a  third  Operation,  which  will  af)x>rd 
27  Places  of  Figures  in  the  Root,  i^c.  with  very  little  Trouble, 
'    if  compared  with  former  Methods. 

The  brief  Account,  which  I  have  here  given  (hy  IVay  cf  £a-- 
flaining  the  Nature  of  this  Method  of  extroBing  Roots)  being  well 
confidered  and  compared  with  the  feveral  Operations  of  the  fore* 
fi^oing  Examples y  muft  needs  help  the  Learner  to  form  fuch  an 
Idea  ttf  it^  that  he  cannot  (I  prefume)  but  underftand  how  to 

proceed 
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proceed  in  extra6Kng  the  Root  out  of  any  Angle  Power,  how  bigk 
foevcr  it  be  j  without  the  Help.pf  an  Algebraick  Theorem.  Not, 
but  when  that  comes  to  be  once  underftood  ;  the  Work  will  be 
much  readier  and  eafier  performed :  As  will  appear  in  the  next 
Part. 

I  did  intend  to  have  here  inferfed  the  whole  Bufuieft  of  Intereft 
ahd  Annuities ;  but  finding  that  it  would  require  too  large  a  Dif- 
courfe,  to  (hew  the  Grounds  and  Reafons  of  the  feveral  Theorems 
ufeful  therein^  I  have  therefore  referved  that  Work  for  the  Clofe 
of  the  next  Part.  *  Neither  indeed  can  the  raifing  of  thofe  Theorems 
be  fo  well  delivered  in  Words,  as  by  an  Mgebraick  Way  of 
arguing ;  which  renders  them  not  only  much  {hotter,  but  alfo 
plainer  and  eafier  to  be  underfiood* 

I  have  alfb  omitted  that  Ride  in  Arithmettck^  ufually  called  the 
Rule  ofPofithn^  or  Rule  of  Falfe :  Becaufe  all  fuch  (^eftions,  aa 
can  be  anfwered  by  that  gueffing  Rule>  are  much  better  done  by 
any  one  who  hath  but  a  very  fmali  fmattering  of  Algebra.  I  (hall 
therefore  conclude  this  Part  of  Numerical  Ariihrneti<k ;  and  proceed 
to  that  of  Algebraick  Arithmetick^  wherein  I  wouJd  advife  the 
young  Learner  not  to  be  too  hafly  in  paffing  from  one  Rule  to 
another,  and  then  he  will  find  it  very  eafy  to  be  attained. 


AK 
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INTRODUCTION 

TO    T  HE 


PART    II, 


H 


PROEM, 

TAVING  firmerJy  wrMaJmaliTra^e/SllstiV&ypir' 
baps  it  may/eem  (to  fmu)  vnj  imfr$per  to  write  agaim 
ifpon  the /ami  SubJ£S ;  but  only  (as  the  XJfualQuJiom  is) 

to  have  referred  my  Reader  to  that  Tra^.   However^  hi' 

eaujf  the  following  Parts  of  this  Treatife  are  managed  by  an  Algebraic^ 
Method  of  arguing 'y  which  may  fall  into  the  Hands  ofthofe^wha 
have  not  feen  that  Tra^j  or  any  other  of  that  Kind\  t  thought  it 
convenient  to  aceommodate  th  young  Geometer  with  the  firjl  Elements^ 
or  Principal  Rules,  by  which  all  Operatic  in  this  Art  are  perform^ 
id ;  that  fo  he  may  not  be  at  a  Lofs  as  he  proceeds  farther  on :  Be^ 
fides  J  what  I  formerly  wrote  was  only  a  Cmpendium  of  that  which 
is  here  fully  handled  at  large. 

The  Principl  Rules  are  aHltlftfOn,  feubttactfon,  9^\x\tU 

pUcatCon^  SDibiaon.  3|ntoIurton,  and  (Ctioluttan,  as  in 

cbmmon  iarft^mttiCs,  but  differently  performed ;  and  there* 
fore  (bme  call  it  jaige9raiC&  Silit%\mtit\^  Others  call  it 
flrftfimetfciL  in  fepecie,  bccaufeall  the  Quantities  concerned 
in  any  QueftiQn,  remain  in  their  fubftituted  Letters  (howfoever 
managed  by  Addition j  Subtra£iiony  or  Multiplication^  &c.}  with- 
out being  deftroyed  or  changed  into  others,  as  Figures  ia 
common  Arithmetick  arc. 

Mr  Harriot   called   |t  |togpiSfC4  &pie(fota,    or  Specious 
Qomputation. 

CHAP. 
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C  H  A  P,     I. 
Ccncerning  the  ^et|)Oll  of  l0(KinB  down  CtttmitftleSl ; 

Sea.  I.  Of  jaotttfoiu 

np  H  E  Method  of  notiag  down  Liters  for  Quantities,  is  variouSt 
^  according  to  every  one's  Fancy ;  but  I  (ball  here  follow  the 
fame  as  in  my  former  Trad,  and  reprefent  the  Quantity  fought 
(be  it  Line  orKun\ber>  liu)  by  the  imall  (a^)  tnd  if  more 
.  Quantities  than  one  are  fought,  by  the  other  finall  Vowels, 
#.  «.  or/. 

The  given  Quantities  are  reprefented  by  the  tasil  Confonants» 
i.  r,  d.f.  g,  (^c. 

And  for  Diftindion  fake,  mark  the  Points  or  Ends  of  Lines 
in  all  Schemes,    with  the  capital  or  great  Letters,  viz.  J.  B. 

a  D.  ffc. 

When  any  Quantity  (either  given  or  fought)  is  taken  more  than 
once,  you  muft  prefix  it's  Number  to  it ;  as  3^  ftands  for  a  taken 
three  times,  or  three  times  j,  and  7^  fiands  for  feven  times  A,  bfc. 

All  Numbers  thus  prefixt  to  any  Qj^antity,  are  called  Coeffi* 
cients  or  Fellow- Fadors ;  becaufe  they  multiply  the  Quantity*; 
and  if  any  Quantity  be  without  a  Co-efficient,  it  is  always  fup- 
pofed  or  underfiood  to  have  an  Unit  prefixed  to  it ;  as  n  is  i^, 
cr  i  is  i^,  &c. 

The  Signs  by  which  (^antities  are  chiefly  managed,  are  the 
lame,  and  have  the  fame  Signification,  with  thofe  in  the  firft 
Part,  p4^e  5.  which  I  here  prefume  the  Reader  to  be  very  weU 
acquaint^  with*     To  them  muft  be  here  added  thefe  three  more  s 

f  ©"  1  f  Involution. 

Fix.  "J  «»  >-theSi^nofs  Evolution,  or  cxtrafling  Roots. 

C  v^  J  .  C  Irrationality,  or  Sign  of  a  Surd  Root. 

All  Quantities  that  are  expreiled  by  Numbers  only  (as  in  Ful" 
gar  Jrithmetick)  are  called  Ahfolute  Numbers. 

Thofe  Quantities  that  are  reprefented  by  flngle  Letters,  as, 
tf.  h,  e.  d,  &c.  or  by  feveral  Letters  that  are  immediately  joined 
together ;  as  cb.  td.  or  "jld.  &c.  are  called  Simple  or  Single  whole 
Qiiantities. 

But  when  different  Quantities  reprefented  by  different  or  un« 
like  Letters,  are  connedted  together  by  the  Signs  (+  or  — ) ;  as 
tf  4.  ^,  a— ^,  or  ub-^dcy  &c.  they  are  called  Compound  whole 
Quantities. 

%  And 
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And  when  Quantities  are  expreiTed  or  fet  down  like  Vulgar 

Fraaions,   Thus  -1>  or  tltt,  or  ^i±Jl,    &c.    they   are 
h  a  ^  — c 

oiled  Fradional  or  broken  Quantities. 

The  Sign  wherewith  Quantities  are  connefbd,  always  beloogf 
to  that  Quantity  which  immediately  follows  it ;  and  therefore  all 
the  Quantities  concerned  in  any  Qiiefiion,  may  ftand  in  any  Order 
at  Pleafure,  viz.  the  moil  convenient  for  the  next  Operation. 
As0-f-^ — d  may  ftand  thus  b — d^a^  or  thus  a  —  d^b^ 
or  — d'\-a-\'b  &c.  thefe  being  ftill  the  fame,  tho'  difFercntly  placed. 

That  Quantity  which  hath  no  Sign  before  it  (as  generally  the 
leading  Quantity  hath  not)  is  always  underfiood  to  have  the  Sign  + 
before  it.  As  j  is  -f-^)  or  ^ — ^  is  -f-  £  —  ^/,  &c.  for  the  Sign  +  is 
ihe  Affirmative  Sign,  and  therefore  all  leading  or  Pofitive  Quantities 
are  underfiood  to  have  it,  as  well  as  thofe  that  are  to  be  added. 

But  the  Sign  -^  being  the  Negative  Sign,  or  Sign  of  Defed^ 
there  is  a  Neceffity  of  prefixing  k  before  that  Quantity  to  which 
it  belongs,  wherever  the  Quantity  ftands. 


Se6t  2.     Cy  tracing  the  mm  nfi^^  ^»  bringing 

CUtantitteiS  to  an  equatiom 

^  H  E  Method  of  tracing  the  Steps,  ufed  in  bringing  the  Qyan<* 
^  titles  concerned  in  any  Queftion  to  an  Equation,  is  beft  per- 
formed by  reeiftring  the  feveral  Operations  with  Figures  and  Signa 
placed  in  the  Margin  of  the  Work,  according  as  the  feveral  Opera* 
tions  require ;  being  very  ufeful  in  long  and  tedious  Operations. 

For  infiance :  Jf  it  be  required  to  fet  down,   and  regifter  the 
Sum  of  the  two  Quamiti^,  a  and  b,  the  Work  will  Aand, 
Thus  J  a  FixA  fet  down  the  propofed  Quantities,  a  and  i, 

2  b  over-againft  the  Figures,  i,    2,  in  the  fmall  Cd- 

lumn,  (which  are  here  called  Steps)  and  againft  3 

l4-2^g4-^  (the  third  Step)  fet  down  their  Sum,  viz.  a  +  b. 
Yhen  againlt  that  third  Step,  fet  down  14-2  in  the  Nfargin; 
which  denotes  that  the  Quantities  againft  thefirft  and  fecond  Stepi 
are  added  together,  and  that  thofe  in  the  third  Step  are  their  Sunt. 
To  illuftrate  this  id  Numbers,  fuppofe  «  =:  9  and  ^=:'6« 
Then  it  wili  be, 
I 

2i 


Thus 

1  +  2 


a         =9 
i         =6 


t4-^z:9  +  6  =  i5  being  tht  Sum  of  9  and  6* 


U  Again^ 
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Again,   If  it  were  required  to  fet  down  the  Difference  of  the 
fame  two  Quantities ;  then  it  will  be, 
Thusl  1 1(7  =s  9 

\f^ 

I — o^^^yg — ^=.  9  —  6  =  3  the  DifF.  between  9  arid  61 

Or  if  it  were  required  to  fet  down  their  Produdl  j 
Then  it  wilt  be, 
Thusl  1 1/2  =  9 
2*  =  6 


I  X  2^yay^  ^or  fl  ^  =  9  X  6  zz  54  the  Prod,  of  9  into  6» 

Vioity' Letters  fet  or  joined  immediately  together,  (like  a  Word) 
Rgnify  the  ReSlangU  or  ProduR  of  thofe  Quantities  they  reprefent  5 
ai  in  the  laft  Example,  wherein  ab  =  54  is  the  Produ^  of  zzzl^ 
arid  b  =  6.  ^c. 

I-  If  equal  Quantities  be  added  to  equal  Quantities,  the  Sum 
of  thefe  QuantUies  will  be  equal. 

2.  If  equal  Quantitits  be  taken  from  equal  QuantitieSj^  the 
Quantities  remaining  will  be  equal. 

-    3.  If  equal  Quantities  be  multiplied  with  equal  Quantities, 
their  Produfts  will  be  equal. 

4,  If  equal  Quantities  be  divided  by  equal  Quantities,  their 
Quotients  will  be  equal. 

'    5.  Thofe  Quantities,   that  are  equal  to  one  and  the  fame 
Thing,  are  equal  to  one  another. 

Note>  /  advife  the  Learner  to  get  thefe  five  Axioms  perfe£ffy  iy 
Heart. 

Thefe  Things  being  premifed,  and  a  perfefl  Knowledge  of  the 
Signs  and  their  Significatians  being  gained,  the  young  Algebraijl 
may  proceed  to  the  following  Rules.  But  firfl:  I  muft  make  bold 
to  advife  him  here,  (as  I  have  formerly  done)  that  he  be  very  ready 
in  one  Rule  before  he  undertakes  the  next. 

That  is.  Me  fliould  be  expert  in  Addition^  before  he  meddles 
with  Subtra£iiony  and  in  SubtraSfion^  beferc  he  undertakes 
Multiplication^  i^  bccaufe  they  have  a  Dependency  one  upoa 
another,  *-  ^ 

CHAP. 
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C  H  A  p.    II. 

Concerning  the  @«]C. Principal  jRuIejS  of'  aiffetl^CrfCft 

adt{mtettcfc,  of  whole  siuantit^ 

Seft.  I.   mjitim  of  whole  duaittitfeiEf* 


\     aDDITIQN 
•^  Cafe. 


of    whole    Quantities    admits    of    three 


Cafe  I.  If  the  Quantities  are  like,  and  have  like  Signs ;  add' 
die  Co-efficients  or  prefixt  Numbers  together,  and  to  their  Sum 
adjoin  the  Quantities  with  the  fame  Sign. 


Thus 

I 
2 

Exam.  I. 
a 
a 

Exam.  2. 
— tf 
—  a 

Exam.  3. 

3* 

Exam.  4. 
-Tbc 
—  %bc 

1  +  2 

2a 

—  2a 

8^ 

— 15  ^f. 

1+2 


IExam.  5, 
3^  +  5^ 


315^+1 2^ 


Exam.  6 

3^  —  5^ 
2a  —  7* 


sfl — 12b 


Exam.    7. 
6ab^  12 

W  +  36 


7Jf  Rtafon  ofthefe  Additions  is  evident  f rem  the  W$ri  dfCommo^j 
Arithmetick.  Forfuppofe  a,  to  reprefent  one  Croivnj  to  which  if* 
add  one  Crowns  the  Sum  will  be  two  Crowns^  or  2  a,  as  in  Exam.  !• 

Or  ifwefuppofe  —  2^  to  reprefent  the  Want  or  Debt  of  one  Crown^ 
to  which  if  another  Want  or  Debt  of  one  Crown  be  added^  the  Sunt 
nmfi  neeas  be  the  Want  or  Debt  of  two^Crowns^  or  —  2a;  as  in 
Example  2.     And fo  for  all  thi  refi. 

Cafe  2.  If  the  Quantities  arc  alike,  and  have  unlike  Signs ; 
fabtrad  the  Go-efficients  from  each  other,  and  to  their  Diffccence 
join  the  Quantities  with  the  Sign  of  the  greater. 


1  +  2 


Exam.  8 

+  5^ 
—  3^ 


Exam.  9.  }£xam.  10. 
—  Sfl   I        Tbc 
4-  ^  ^   I  —  6if 


+  2a 


xa 


be 


Exam.  II. 
—  9  ahd 
4.  T  abd 


2akd 


'  +  2 


Exam.  12. 

7^—5* 
— 5^4-7^^ 

2tf  +  2b 


Exam.  13. 
—    %ab — 7*^+15 
-V-  12  ah -^-T be — 24 


^ab  —  q 

u  % 


r*^ 


The 
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The  ReafoH  pf  the  Operations  tn  this  Cafe  may  be  eafily  under/ipod, 
hy  any  one  that  duly  conjiders  the  comparing  of  Stock  and  Debts  toge^ 
ther^  or  the  Balancing  of  Accounts  betwixt  Debtor  and  Creditor^ 
That  isy  the  Affirmative  Quantities  reprefent  the  Stock  or  Creditor  s 
The  Negative  ^uantitiss  reprefent  the  Debts ;  and  their  Sum  repre- 
fmts  the  Balance  J  ice. 

Caji^.  When  the  Quantities  are  unlike,  fct  thetn  all  down, 
without  altering  their  Signs ;  and  thence  will  arife  compound 
Quantities,  which  can  be  no  otherwife  added  hue  by  their  Signs. 

Thusiijtf      I     a      Isb  +  jdc 
Uib        — b       {417+20 


ig4-2'3^^ 


a — b*^  b-\-jd€  +  ^a^  20 


Here  follow  a  fpw  Examples  wherein  all  the  3  Caffi  ^re  pro«> 
jnifcuoufiy  concerned. 


lA-7 


aa  +  Zab-^bbl      8d*  +ir  — 37 

4ab  l-^jab  —  bc+  42  —  6d 

Td ' 


iab'\-bb}         tf^-|-5" 


1  +  2 


aa — zab-^-bb 
A'Arab  +  bb 


aa  +  zab-^jbl 


gbc  +  Tab  —  ^S 

4. d —  6  be  — J  ab  +  da 


3^^  +  4^  —  45  +  ^^ 


t  +  a4-3 


ij     541/1  +  3  —  ab 
7  c  —  d 

4^+/ ^ 

«U  +  3  —  tf  3  +  y  c  —  ^  +  4^+/ 


2* — J  a 


»  +  ^  +  3l4_ 


3tftf  +  4tf*r— 33+30 

2  3  3-«  3  /ra  -—  2  abcf  25 

^</+  2<itf—  3^3^ — 3 


dd'-^-  2aa'^bb  —  tf  3c  +  2 


Sefi.  2.   dubttattion  of  whole  0uMt^ 

^UBTRACTIOtf'  pf  whole  (^antities 'is  performed  by 
^  one  general  Rule^ 

RU  LR 

Change  all  the  Signs  of  the  Subtrahend^  (viz.  of  thofe  Quantities 
which  are  to  be  fubtraHed)  ^or  fuppofe  them  in  your  Ait nd  to  bo 
changed ;  then  add  all  the  ^tantities  together^  as  before  in  AdditioO| 
,asid their  Sum  will  bp  the  true  Remainder  or  Diffir^nct  required. 

This    I 


Chap. 


<dtaitcacttort  of  €Utatttttfes(» 


«4^ 


This  general  Rule  h  deduted  from  thefe  evident  TnitbSi 
To  Aibtrad  an  Affirmative  Ouantity,  ftofti  an  A&nhitiye^  ia 
the  fame  as  to  add  a  Negative  Quantity  to  an  Affirmative :  that 
is  -|-  2  tf  taken  from  +  3  ^9  is  the  (ame  with-—  2  a  added  to  ^  3  «, 
Confequently^  to  fbbtrad  a  Negative  Qtiantity  from  an  AAr- 
mative,  will  be  the  fame  as  to  add  an  Affirmstive  Quantity  to  aa 
Ai&rnnttre :  that  is — 2  « taken  from  •4-  3  «  will  be  the  fam*  with 
4-2tf  added  to -i-3«. 


I 

2 

3. 

Exam.  I. 
2a 
a 

Exam.  2. 

—  2a 

—  a 

Exam,  3. 

3* 

5* 

Exam.  4. 
—  8«c 

1-2 

a 

—     m 

-7*. 

I 
2 

3 

Exam.  5. 
5a-i-  12* 
2tf+    7* 

Exam.  6. 
5a — 12* 
2<J —   7* 

3«-  5* 

Exam.  7. 
9  a  i  -{-  36 
3"* +  24 

1  —  2 

3^24^    5* 

6«^  + 

12 

I 
2 

3' 

Exam.  8.   .« 
+  2  tf 

Exam.  9. 

—  2fl 

+  3^ 

Exam.  10. 

he 
—  6Af 

Exam.  IX. 

4-7**'' 

1  —  2 

+  5^ 

-5« 

+  7*« 

-qabd 

I 
2 

-3- 

2tf+2/ 
—  5^+7/ 

Exam.  13. 

\           ^ab  — 9 

1—2 

7/i-Si 

f         12  ah  -^y  be  —  24 

If  thefe  13  Examplis.he  compared  with  thofe  in  Additicny  thr 
Work  will  appear  very  evident,  thefe  being  only  the  Converfe  or 
Proof  of  thbfe  $  according  to  the  Nature  of  JJdtticn  and  Suk^ 
traSiQu  in  common  ArithmitUk. 


I— a 


More  Examphs  in  SttbtrgOitn. 

I 

2 

a4-h 
a~b 

4  a* 

^be  —  4</tf     7« — ■^bd'—'ti- 

3 

-fjda       a  +  9bd+27 

I*-"-! 


»50 


aiged^a^ 


Pan  IJ. 


'    c-\-i3 
lia  —  b  —  %c 

\ 

2«  — 4* 

1—2 

rS'-f  »3--3''+* 

tf  —  b 

■.—  2<l4-4.* 

» «  +  *  —  5+ 

76 

.»-* 

J  fl+4  *-|-^'f+2i-^<' 

76— a-fA4-srf— 7f 

That  a — b  taken  from  a-^-b  leaves ,+  2  i  for  the  Remainder,' 
as  in  the  firft  of  (hefe  Examples^  may  be  thus-proved : 


Let 

I 

1       fl  +  »  =  Z 

And 

2 

tf  —  bzzx 

i+b 

3 

a^x+b              per  Axiom  i. 

:+i 

4 

bzzz'^x  —  b      per  Axiom  2. 

5 

abzz  ^  —  *•  which  was  to  be  proved. 

The  Truth  of  all  Operations  in  $ubira&ipn^  where  anj^  Doubt 
arifes,  may  be  proved,  by  adding  the  Subtrahend  to  the  Remain* 
der,  as  in  Common  Aritbmetick. 


From 
Take 

r 
2 

3 

4. 

+  5^ 

—  2a 

+  7  a 

4-5^ 

0 
+  3* 
-3* 

0 

^  MP  L  B. 

—  9  Ac 

—  bda 

Subtrahend. 

I  — 2 

+  t  d  a  —  9  be 

Remainder.   • 

a  +  3 

—  9  Ar 

Proof. 

scft-  3.  ^ulttpifcarton  of  whole  cmmttttfes. 

IIAULTIPLICATION  pf   whole  Quantities   admiH 
•*^  of  three  Cafes, 

Caft  I.  When  the  Quantities  have  like  Signs,  and  00  Co-effi- 
cients, fet  or  join  them  together,  and  prefix  the  Sign  -|-  before 
them  i  and  that  will  be  their  Produ£l. 


ThusJ 


T  X  2 


Exam.  I. 

a 

b 


Exam.  2. 
—  a 
—b 

•^  ab 


Exam.  3. 
J^ 


Exam.  4* 
+ad+bd 


Ca/e2.  If  there  be  Co-efBcients ;   multiply  them,  and  to  their 
Product  adjoin  the  Quantities  fet  together  a$  before* 

Thus 
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iTiusj 

--  ■-■n 

Exam.  5; 
2          jb 

'Exam.  6. 
—  6d 

-7* 

Exam.  7. 

3^+2* 

6 

Exam.  8. 
a-\-i 

5* 

1x2 

3  .    '5^* 

-1-  4.2  db 

l8<»+12* 

Sah+^ib 

Cafe  3.  When  the  Quaniitics  have  unlike  Signs ;  join  them 
and  the  Produd  of  their  Co-efficients  together  (as  before)  but  pre* 
£x  the  Sign  —  before  them  3 


Thus  I 


1x2 


Exam.  9. 
—  b 


Exam.  10. 
—  td 
A~Tb 


—  ab 


—  4.2db 


Exam.  ir. 
^a—yb 
3f 


12  af — 21  bf 


Exam.  12. 

^a—jb 

-3/ 


—  12^/+ 21  bf 


That  is, 4- into -f,  or  —  into—,  gives  +  )   .     .    n     ,   « 
But  +  into—,  or  — into +,  gives— J  "^'heProduft 

That  +  into  +  will  produce  4-  in  theProduft,  is  evident  from 
MultiplicatiM  in  Common  Aritbmetick :  y\f,.  4-  5  into  4-  7  will 
give  4-  35  ^^-  But  that  +•  into  — ,  or.  —  into  -(-  fliould  pro- 
duce the  Sign  — ,  as  in  the  four  laft  Examples  :  And  that in- 
to —  Ihould  produce  the  Sign  -f-,  as  in  the  fecond,  fourth,  and 
lixth  Examples,  may  perhaps  feem  fomewhat  difficult  to  be  con- 
ceived i  and  requires  a  Demonftration. 

Firfttoprovethat  — 7*into4.3/=:  — 21*/,  asin£;r.  11, 


Suppofe 

Then  will 

But 

2x3 

4-21*/ 


4^  —  7*=o 

^a-rifb  per  Axiom  1. 

+  2/= +  3/ 

l2a/zz  21  bf  per  Axiom  3. 

12  tf/ —  21  A/=  0  per  Axiom  2. 


Confequently  -f  into  — ,  or  —  into  +  produces  — ,  which  was 
the  Thing  to  be  proved. 

Secondly  to  prove  that  —  7  i  into  —  3/ gives  4-  21  A/,  as  in 
Exempli  11. 


Let 

Then 

But 

the  2  X  3  is 

4-21  */ 


4^  =  7*         Jas  before, 

-3/=-3/ 

—  12  « /z:  —  2d  bf  by  what  is  proved  above. 
i2«/-f.2i^/=  o.  per  Axiom  I. 


Confcqiientl/  —  into  —  gives  4-  which  was  to  be  proved. 


Or 
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Q&^IU* 


Part  II. 


Or  ttefe  may  be  otherwife  proved  bjf  Numbers. 
_^       ,       -.   5«=20?      J  f  f  s=i2  7  f  or  anyothcrNum- 
Tho.,  fuppofeJ^^^^^J  and^l^^^l     ben. 

Then  ii'— -^3=6  r  —  i:=4  fir  Axiom.  2^ 


Confequently,  a  —  hx  t — dzs  6x4=:  24,  ^^  i6r/>«  3.  but 
a  —  bxc — ^,  according  to  the  precedent  Rules,  will  bc^ 
ac  "^cb-^-b  i— '  day  which  if  true  muft  be  equal  to  24. 

pjj.^f  ar  =  20  X  Wn  240        cbss  12  X  14=  168 
I  ^i=si4X    8  ;=  112         dazz    8  x  20  =:  160 
Hence ^^^-^^=352         per  Axiom  I. 
And    cb  +  ^^^  328  which  being  fubtra£led, 
Leavcstftf  +  b4  —  cb-^dazz  352 — 328  z:  24}  which  plainly 
IbewA, 

That  +  into  +  produces  I  J  .^  ^^^  p^^^^^^ 


Aod  -^  into  —  produces 


^  E.  D. 


Notiy  If  the  Multiplier  confifts  of  feveral  Tentis,  then  every 
one  of  thofe  Terms  muft  be  multiplied  into  all  the  Teems  of  the 
Multiplicand ;  and  the  Su^  of  thofe  particular  P/oduds,  will  be 
the  Produd  required,  as  in  Commpn  Aritknutick* 

EXAMPLES. 


I    a — b 

7*4-5'' 

ixa\ 
ixb  i 

]aa-{-ba — da 

^        —ba—bbJ^db 

2.+4J 

■^aa^da  —  bb-^db 

21  */j  +  15  rfa  — 35*/— ;{S // 

1X2 


aa  —  ba 
tf  +  A 


aaa — abb 


2c  —  3^ 
3tf--4* 


bca^^gda  —  ^bc-^  i2db 


I  X2 


tftf +  2tf  4.  4 
a  —  2 


a  -^  b 


aaa  -^  2aa  -^^'a  . 
'^'laa  —  4  a — 8 


aaa  —  baa  -j-bba 

+  baa — iba  ^bbh 


aaa  —  8 


aaa^bbb 


3^ 
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Scft.4.  IDiUWin  ^f  ^i^ie  sxumiitU&, 

J\IvifiaH  of  Spctoies,  is  the  converfe  or  dired  contrary  to  that  of . 
•*-^  MubiplicatioH^  and  confequently  is  performed  by  converfe 
Operations,  (as  in  common  Arithmetick)  and  admits  of  four  Cafes. 
Cafe  I.  When  the  Quantities  in  the  Dividend,  have  like  Signs 
to  thole  in  the  Divifor,  and  no  Co-efficients  in  either ;  caft  off  or 
expunge  all  the  Quantities  in  the  Dividend,  that  are  like  thofe  in 
the  Divifor ;  and  fet  down  the  other  Quantities  with  the  Sign  -(- 
for  the  Quotient  required. 


ThmJ: 

I 

2 

ab 
b 

a 

-ab 

■—    b 

+    a 

aJ+bJ 

a     -\-b 

—  ad—bd 
—d 

1—2 

a^b 

Cafe  2.  When  the  Quantities  in  the  Dividend  have  unlike  Signs 
to  thofe  in  the  Divifor ;  then  fet  down  the  Quotient  Quantities 
fcund  as  before,  with  the  Sign  —  before  them. 


M\\  ±f 


1—2 


-^ab  —  bd 
4-   k 
—  d—d 


abc-^-bcd  +  btf 

—  be 

—  a  —  d—f 


Cafe  3*  If  the  Quantities  in  the  Dividend  and  Divifor,  have 
€o-^icicnts  f  divide  the  Numbers  (as  in  common  Ariihimtick) 
and  to  their  Quotients  adjoin  the  Quotient  Quantities. 


Thus  I 


1—2 


I 

2 

15  a  b 
3* 

'  42  db 
-lb 

—  bd 

3 

5« 

i2af—'Zibf. 
M 


Nffte^  When  the  Quantities  and  Co-efficients  in  the  Divifor  and 
Difittend  are  all  the  fame,  the  Quotient  will  be  an  Unit,  or  X. 


Thus  J 
1-2 


at 
ab 


gbc 

—  ()bc 

—  I 


yab  +  sbc 
y  ab-^-  Sbc 


SabJ^'^d 
Sab  —  ^d 


—  I 


L  Gafe  4.  When  the  Qumlities  in  the  Divifor  cannot  be  exactly 
bund  in  the  Dividend  ;  then  fet  them  both  down  like  a  Futgar 
fraltian^  as  in  cofntion  Ariihmetick. 


Thus 


\ 
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algebra* 

Part  II. 

Thus| 

I 
2 

a 
h 

hbc 
3^1 

5^+7* 

8  adc 
4obc 

1-^2 

3 

a 

T 

2ic 

d 

ib-\-aa 
Sd+jb 

2d 
b 

N.  B.  In  Divifion  one  thing  muft  be  very  carefully  obferved  5 
t;/z.  that  like  Signs  give  -f-  and  unlike  Signs  give  ^-  in  the  Quo- 
tient ;  wiiich  needs  410  other  Proof  than  that  already  laid  down  ia 
the  laft  Sedion,  if  duly  compared  with  what  hath  been  faid  con- 
cerning Muliiplicatio/i  and  DiviJUny  in*'VuIgar  Arithmetick. 

Examples  of  Divifion  at  large. 


2x3a 

4—5 

I  ^2 


21*^4-  isrfiz—  35  V—  ^5  ^/(+  3 * 


21  ha  +  15^^ 


o 


o  o 

5/ the  Quotient  colle£led  from  the  3,  and  5,  Steps* 

Or  Divifion  of  Quantities  may  ftand  as  Numbers  in  coipmoa 
Jrithmctick  do ;  thus 

311— 6)6i^tftf— 96    {2/7^ia  +  4tf»  +  8tf+i6 
^aaaa — I2aaa         


0  + 


12a  a  a  —  96 
I2aaa  —  24^^ 


-|-24afl — 96 
4"24gg  —  48  g 

o   +     48^—96, 

4-    48^  —  96  . 


That  is,  6tftf^j  — 96-^3^  — 6 gives  2tffltf-f.  4^^4-8 4»  + 
J  6  for  the  Quotient,  as  may  eafily  be  proved  by  Muhipli^catUn^ 
viz.  2aaa-\~^aa'^^a^  lb  x  3^  —  6  will  produce  6  <2  4 — 961 
and  fo  for  the  reft. 

, 1 

scft.  5.   3intt«tttfon  of  ^^enz  ciuamfttesi      j 

INvolutlon  is  the  raifing  or  producing  of  Powers^  from  any  pr<H 
'  pofed  Rooty  and  is  performed  in  all  refpccSs  like  MultipUcaiiGn 
fave  only  in  tltis :    Multiplication  admits  of  any  different  Fadors 
but  Involution  ftill  retains  the  fame. 

EXJMP  L  ES 
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19-4 
I&5 


I 

2 

3. 

4 
5 

^ 

a  a 

aaa 
aaaa 

aam^s 

EXAMPLE^., 

the  Root,  or  fingle  Power. 
•\-aa  Square,  or  fecoiid  t^ower. 

Cube,  or  third  Power. 


—  aaa  . 
-f-  aaaa 
— aaaaa 


Biquadrat,  or  fourth  Power. 
Siirilelid,  or  fifth  Power,  Wc. 


Noti^  The  FigHres  placed  in  the  MargiiH  after  the  Sign  (©-) 
of  Involution,  Skew  to  what  Height  the  Root  is  involved ;  and 
are  called  Indices  of  the  Power  ;  and  are  ufually  placed  over  the 
involved  Qiiantities,  in  order  to  contraft  the  Work,  efpecially 
when  the  Powers  ar«  ahy  thing  high.  * 


{a   :=z  a 


=  a 
a 

aa 
aaaa 


ra^=:aadaa 
.    ij  a^  =  aaaaaa 
^^^\a5b5  =  aaaaahbbbb 
— "  ^'aZtrii  ^aanbbb'ddd 


. 


If  the  Quantities  have  Co-efiictents,   the  Co-eifHcients  mud  be 
involved  along  with  the  Qdantities,  as  in  thefe, 


thus 
!©-» 

I  ©-3 
I  ©-4 

10-5 


2a 

a 
aaa 
tbaaaa 
32a  aaaa 


^at 


—  3« 

-+-8  J  a  a\a  a 


5*v 

2<^  b  €  C 
1%^  b  b  b  €  c  4 
625  M  H- 
'?I2<  b'y  ^5,  ilC, 


Involtttion  of  Compound  Q^amittes  is  performed  in  the  fame 
maniicf,  due  regard  behg  had  to  their  Signs  and  Co-efficients,  if 
there  be  any.  As'fbtrinftancc,  fuppofc  a  -|-  i  were  given  to  be 
involved  to  the  $fth  Power. 

a^b  called  a  fiinomial- Rx>ot. 
d+b 

aa-^  ab 

+  ab  +  bb       '       . 
aa^-aab  +  bby  the  Square  of  a-^-i 

^  +  * 

aaii-^  aaabJ^-abb 

4-     aab^^abb-^bbb 

aaa'{zi^ab'^3abb'{-bbby  the  Cube  of  4  +  * 
X  2  tftfil 


Thus 

I 

2 

3 

I^« 

4 

4x11 

+  xi 

5 

6 

I©^1 

7 
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Part  II. 


*J  xa 
Txb 


7 


XOXtfll 


^  +  * 


tf5  4.4^^-^6a3^^4.4a0^3  4.tfM 

«i44-4a3^A-f64ii7^3  4^  M  4-  ^5 


''^  +  5  tf«  ^  +10  a3  ^  ^+10  tf  tf  ^3  4.J11  h^^b% 


Again  let  /?  — A,  called  a  Refidual  RooCt  be  given. 


Then 

1  X  a 
X  X 

I  ©■« 

4,  X  a 
4X-i 

I®-3 

7  X  fl 

7x  — 

I®-4 
10  X  tf 


II 


iox~^ia 


I  ©-5 


'3 


2  a b-^-b  b  tne  oquare  of  tf— * 


tfja  —  la  a  h'\'abb 


>—    tftfi-fa^^^— '^^^ 


1^^*19  —  3tf  tf  j  4-  3^  j^i— .^i  A,theCubeofi»--^ 


tftfatf<>— 3tf/7ii^-|-3ifii^  b — abbb 


tfjiiii-— 4474rtfi-f6  aubb^^4^abb  b  -^bbib 
a^b 


aS-^4,a^b^(>aibb  —  441 «  A3  4-  irM 

as  — 5 a^b+ 10 a^ b ^-^iqaabl  +  5  ab^^SS 


kc. 


By  comparing  thefe  two  Examples  toj^ether  you  may  make 
the  following  Obfervations. 

1.  That  the  Powers  raifed  from  a  Refidual  Root  (viz.  the  Dif- 
ference of  two  Quantities)  are  the  fame  with  their  like  Powers 
raifed  from  a  Binomial  Root  (or  the  Sum  of  two  Quantities)  ftve  1; 
only  in  their  Signs ;  viz.  the  Binomial  Powers  have  the  Sign  -f 
to  every  Term,  but  the  Refidual  Powers  have  the  Signs  -f  and 
^—  interchangeably  to  every  other  Term. 

2.  The  Ii^ices  of  the  Powers  of  the  leading  Quantity  (s)  con- 
Ciaually  decreafe  in  Arithmetica]  t'rogreffion  i  viz.  in  the  Square  < 

it 
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it  1%  aa^a  :  In  the  Cube  aaa^  a  ay  a:  In  the  Biquadrat  aaaa^ 
aaa^  am^  tf,  &c. 

3*  The  lodifees  of  the  other  Quantity  b  do  continually  increare 
in  Arithmetical  Progreffion ;  vi%.  In  the  Squase  it  Is  tj  bt :  In 
the  Cube b^bb^bbb:  In  the  Biquadrat  b^  bp,  bbb^  bbbb^  Ice. 

4*  The  firft  and  hft  Terms  are  always  pure  Powers  of  the 
fiflgle  Quantities,  and  are  both  of  the  fame  Height. 

5*  The  Sum  of  the  Indices  of  any  two^ Letters  joined  together 
Ii)  the  intermediate  Term^,  are  always  equal  to  the  Inddc'oiF  die 
higheft  Power,  viz.  of  the  firft  or  laft  Term.* 

^Thefe  Obfervations  being  duly  confidered,  it  will  be  ea(y  to 
conceii^  hov  the  Terms  of  any  propofed  Power  raifed  from  a 
Bfaiomial  or  Refidual  Root  muft  ftand,  without  their  Unciae  or 
Numeral  Figures. 

For  Inftance^  fuppofe  it  were  required  to  raife  the  Binomial 
Root  tf  4-  ^  to  the  feventh  Power ;  then  the  Terms  of  that  Power 
will  ftaod  without  their  Uncis  in  .this  Order. 

Viz.  gr  +  afib  +  a5t^^i^b^  +  a^b^+a^bs^ab^  +  b7. 

And  becauCb  the  Uncia  (not  only  of  any  fingle  Letter,  but  alfo), 
of  every  fingle  Power,  bow  high  foever  it  be,   is  an  Unit  or  i 

erhich  neither  multiplies  nor  divides)  and  all  the  Powers  of  any 
oomial  or  Refidual  Root  are  naturally  raifed  by  multiplying  of 
the  precedent  Power  into  it's  original  Root,  which  is  done  by  on* 
^joining  each  Letter  in  the  Root  to  the  precedent  Power,  with 
it's  Uncise,  and  then  removing  the  faid  Power,  when  it  is  fi> 
joined  to  the  fecond  Letter,  one  place  forward  (either  to  the  left 
or  right  Hand]  it  muft  needs  follow. 

That  the  Unciae  of  the  fecood  Terms  Hn  any  fuch  Power)  will 
always  be  the  Sum  of  To  many  Units  adaed  together  more. one, 
tt  there  have  been  Multiplications  of  the  firft  Root ;  which  will 
^ways  be  determined  by  the  Index  of  the  firft  Term  in  the 
Power. 

And  becaufe  the  Unciae  of  all  the  intermediate  Terms,  are 
only  removed  along  with  their  Letters,  it  alfo  follows ;  that  if 
Aty  are  added  together^  their  refpedive  Sums  will  produce  the 
true  Unciae  of  the  intermediate  Terms  in  the  new  raifed  Power. 
As  doth  plainly  appear  from  the  following  Numbers  fo  removed 
Without  their  Letters ;  which  both  fliews  and  demonftrates  ah 
«afy  Way  of  producing  the  Unciae  of  any  ordinary  Power  (viz. 
of  one  not  very  high)  raifed  ftrom  either  a  Binomial  or  Refidual 
ioot. 

Thus 
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aisebia*                  ?artii. 

The  two  Unci*  of  the  Root 

Add  { »  •  J  ; 

2   .      I 

Add  {  »  •  3  • 

3-     I        TheUnciaoftheCube. 

3-3.1 

6  .     4  .     I    The  Undas  of  the  fourth  Power. 

4.6.4..! 

Add{'-J; 

10  .  10  .    5  .    I    Unciseofthi  fifth  Power. 
5  .  10  .  10  ..    5  .  I 

Add{"j: 

15  .  20  .  15  .    6  .  ii  Unc'wofthe  6th  Power. 
6  .  15  .  20  .  15  .  6  .  I 

1  .  7  .  21  .  35  .  35.  ai  .  7  .  I  Ufici9eor7thPow. 
And  fo  on  in  this  manner  ad  infimitum. 


Noiir  if  there  Numbers .atv  prefixed  to  the  aforeftidl^ttefSt  aH 
the  Terms  will  be  compleated  with  their  refpeSive  Uncix,  and 
v(illfiand  tfaus) 

Bot  that  the  Bufinefs  of  finding  thefe  Unciae>  may  be  rendered 
yec  more  eajfy.  for  Pradice,  it  will  be  convenient  to  confider  what 
Series  or  Progreffion,  the  Unciecof  jdach  Term  do  make  &offl  the 
aforefaid  Additions.  •    • 


^1 


•S  6 
fc-o 

11 


5H 


I 


10 


?5  - 


5t= 


ill 


J 


Uncix  of  the  fingle  Quantities 
Umiae  of  the  Square. 
Uncia;  of  the  Cabe. 
"  Undae  of  the  4th  Power. 
Uncia  of  the  5th  Power. 
Unciae  of  the  6tfa  Power. 
"   Uacix  of  the  7th  Power,  &c. 


The  Unciae  of  the  firft  Term  are  only  a  Series  of  Units,  whofe 
Sum  is  every  where  the  Unciae  of  the  fecond  Term.  The  Undae 
of  the  fecond  Term,  arc  a  Scries  of  Numbers  in  Arithmetick  Pro- 
grefSon,  whofe  Sum  is  every  where  the  Unciae  of  the  next  Su- 
perior Power  in  the  jhird  Term,   and  may  be  found  by  Propofi- 

tion 
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tion  I.  Chap.  6.  Part  i.     For  Inftancc,    in  the  feventh  Power 
it  wUl  be  ^+  ix6_  ^^  _  ^^  u^^j^  ^f  ^jj^  j^j^j  ^^^^^ 

2 

The  reft  of  the  Uncia  arc  a  compounded  Series,  whofe  re* 
4>efiive  Sums  may  b^  obtained  from  the  Uncis  of  their  prece* 
dent  Terms. 

ThusHJLi  =  35,     Then35JL4=:35.    Again  35JLi 
3  4  5 

-21.     AndU^=7,i^c. 
6 

From  hence  may  be  deduced  this  general  Rule. 

R  U  L  'E. 

If  the  Index  of  the  fir Ji  Letter  of  any  Term  he  niubipUed  into  it's 
mm  Undoy  ana  that  ProduSi  be  divided  by  the  Number  of  Terms  ta 
that  Place  j    the  ^otient  will  be  the  Uncia  of  the  Ttext  fucceeding  , 
Term  forward. 

That  is,  by  the  Help  of  thofe  Indices  that  belong  to  the  feverai 
Powers  of  the  Artl:  or  leading  Letter  only  (as  a),  the  true  Unciaeof 
every  Term  may  be  cafily  underftood. 

EXAMPLE    2. 

Let  it  be  required  to  compleat  all  the  Terms  of  the  afore&i' 
ieveral  Powers,  viz^  a7  '\'  a^  b  +  aS  b*  -{-  a^  bi  +  a^  b^ -^  a^  h^ 
-^ab^  +  ^7,  with  their  proper  Uncia;. 

1 .  The  Index  of  a7  the  firft  Term  will  be  the  Uncia  of  the 
iecond  Term-     Thus  a7  -^  ya^i. 

2.  Then  half  the  fecond  Term's  Index  into  it's  Uncia,  vix. 

ZJlA  =  21,    will  be  third  Term's  Uncia.     Thus  a7  +  7^6* 
-f-  11  aS  b'^  win  be  the  three  firft  Terms. 

3-  Again  ^^  ^  ^  z^  35  is  the  Uncia  of  the  fourth  Term, 
3 
whence  a7  +  y  a^  b*  +  21  af  b'-  +25  ^^  ^'  w*"  ^^  ^^^  f^"'  ^^^ 
Terms. 

4.  And  liJLi  =  35  will  be  the  Uncia  of  the  fifth  Term, 
4 
whence  al  -f-  7  ^i'^.  ^  ^  21  ^5  i*  +  35  ^*  ^'  +  35  ^^  **  ^^'^  ^^' 
the  five  firft  Terms. 

And  fo  proceed  till  all  the  Terms  arc  compleated  with  their  re- 
fpeclive  Unciae  ;  which  will  ftand  thus,,  a7  -^  y  a^  h  -{-  21  aS  b^ 

+  35  ^*  *5  +  35  tfJ  ^*  +  21  iJ*  ^5  +  7  J  i6  4- *'• 

Now 


i6o  aigeftja. Part  II, 

Now  here  it  may  be  further  obferved,  that  the  Unciae  do  only 
increafe  until  the  Indices  of  the  two  Letters  become  equal,  or 
change  Places ;  and  then  the  reft  of  the  Uncix  will  return  or 
decreafe  in  the  fame  order.  That  is,  wherever  the  Indices  of  the 
Letters  are  alike,  there  the  Unciae  will  be  alike. 

And  therefore  one  needs  to  find  the  Uncia:  (as  before)  but  to 
half  the  Number  of  Terms  ia  any  Power. 

if  what  hath  been  laid^  and  the  Work  of  the  Example  be  well 
undcrftood,  I  prefume  it  will  be  found  very  eafy  to  raife  any 
Power  from  a  Binomial  or  Refidual  Root,  to  what  Height  you 
pleafe ;  without  the  Trouble  of  a  continued  Involution  ;  and 
without  the  Help  of  (uch  a  Table  of  Powers  as  is  propofed  by 
Mr  Ougbtnd  in  his  Key  to  the  Matbimaticks^  Pag^  40s  and  fincc 
by  othen.      ' 

Now  from  thefe  G>nriderations  it  was,  that  I  propofed  this  Me- 
thod of  ratling  Powers  in  ipy  G>mpendium  of  Jlgebra^  Page  57^ 
as  wholly  New  (viz.  fo  much  of  it  as  was  there  ufeful)  having 
then  (I  profefi)  neither  feen  the  Way  of  doing  itj  nor  fo  much  as 
heard  of  it's  being  done.  But  fince  the  writing  of  that  Trad,  I 
find  in  Dr  ff^allis*&  Hi/lory  of  Algebra^  Page  319  and  331,  that 
the  learned  Sir  Ifaac  Newton  had  difcovered  it  long  before ;  which 
the  Doctor  fets  down  in  this  Manner. 

Let  m  be  the  Exponent  of  the  Power. 
Then    \ix'^J=±x'^=Lx'^JZlx'^:zlx'!!—^ 

will  be  the  Series  of  the  Uncise  required ;  but  he  doth  not  tell 
us  how  they  firft  came  to  be  found  out,  nor  have  I  ever  jnet  with 
the  leaft  Hint  of  it  in  any  Author. 


Scft.  6.  €mxt\m  of  wbou  flQuantftfetf, 

TpFolution  is  the  extracting  of  Roots  from  any  given  Power. 
^^  That  is,  it  is  the  Converfe  Work  to  that  of  Involution,  and 
in  iingle  Quantities  it  is  eafy,  if  the  given  Power  have  fuch  a 
Root  as  is  required,  which  may  be  thus  known. 

If  the  given  Power  have  no  Numbers  prefixed  to  it,  and  it's 
Index  can  be  divided  by  the  Index  of  the  Root  required,  the  Quo- 
tient will  be  the  Index  of  the  Root  fought.  Thus,  if  the  Cube 
Root  of  aaaaaa^   viz.  efi  were  required  (the  Index  of  the 

6 

Cube  is  3)  then  3)  6  (2.     That  is,  a^  =  a*  the  Root  required. 
And  fiich  Operations  are  ufually  fet  down 

2  Thus 
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I^ 

<» 


Thus] 

t  «• 

^  t» 

tfi  Ifi  fi 

Im^i 

t  <I» 

fl»  *s 

a%  bi  dt 

i«i: 

I  f 

«**» 

tf»  *»  i* 

^?r^ 

t  - 

«  ^ 

tf^itf 

M##,  The  Figures  placed  in  the  Mfafgiri  after  the  Sign  (wj  of 
Evolittiotl,  denote  the  Index  oF  the  Root  to  beejttra&ed. 

If  the  given  Powers  have  Co-£fficit:nts»  (ifix.  Kumt|phr  p|«« 
fixed  to  them ;}  then  you  muft  extra&  theit  relpedive  Rgois^  «i 
b  Vulgar  Arithmtick. 


Thus 

Itti4 

orliw 


8r  a^ 


9  «* 


3  ^ 


J- 


12' 


o6  «<  ^« 

1 1 1 1 A  ■     —  ■ 


36  <»♦  *♦ 


6  «»  *" 


tft    4, 


20736    4^  !♦    ^» 


144  4'  ^^  «' 


12   41  A  C 


il  0  h  c 


But  if  the  lUiot  fequired  cannot  be  truly  extraAed  out  of  both 
the  Co-effidents  and  Indices  of  the  jeisen  Power ;  then  it  is  a 
Surd^  and  mull  have  thf  Sign  of  the  iLoot  required  prefixed  so  iu. 


67^ 


^67  ^ 


V6y 


2t6  hhhiH 


II        III  nMti    ■  I    a 

II        "  *  L     «  I    I      » 


£vDltttaoti  of  compound  Qiiantlties  or  Powers,  is  a  tittle  Aor* 
lieohLifonke  than  that  of  fingle  Powers ;  and  would  require  a  great 
msoj  Words  to  explain  the  Manner  siod  Reafon  of  forming  the 
fareral  Canons,  that  areconunonly  ufed  in  extradtng  the  fto6t». 
of  conpoood  Quantities  i  efpedally  if  the  Powers  be  very  high,  C^f« 
I  (kali  therefore  for  Brevity's  Sake  omit  them,  and  inftead  thereof 
ttop>fe  an  eafy  Method  of  difcovering  the  Roots  of  all  codipound 
Powers  in  general*  And  in  order  to  that  it  will  be  necefijary  tp 
premile,  that  if  either  the  Sum  or  Dltference  of  fever al  Q|iantitief 
beinvolved  to  any  Poweri  there  virill  arife  to  many  fTngie  Powery 
ef  the  (ame  Height,  as  there  are  diiFerent  Qiiantlties. 

As  for  Inftance,  if  ii  -f*  ^  +  ^  be  fqUared,  that  Is,  be  involved 
ID  the  fccond  Power,  k  will  be  #<i-j-  2  ah-^z^d-^bb^z  hi^dd% 
berc you. have aa^bb^  and  dd.  Again^  if  d-^^  b  ^dvrerc cubcd^ 
Ws.  involved  to  the  third  Po wer^  then  you  will  have  ddd^bib^ 
iid,  iuit,f^(. 

'  Y  Wbenea 


J 
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Whence  it  follows,  that  in  e^ctra^ing  tigie  Ro0C$  of  all  coxnpoond 
Quantities,  there  muflr  be  confiBcffeci^ 

I.  How  many  different  Letteis  (or  Qpaifthies)  tfaoTe  arem^e 
given  Power. 

2*  Whether  tht  fingle  Pdwer».of  «adh  of  tbofeLeHeis  be  of 
am  equal  Height,  and  have  in  theiw  fuch  •a'fingk-Root  t»-i&  ire* 
^ired:  ^which^if  tbev  hav«,  exU^Et  it  as  before- 

3.  Conneft  thofe  angle  Roots  together  with  the  Sim  if-,,  kni 
involve  *  them  to  the  fame  Height  wich  the  given  Pwcr  ;  fhA 
teing  ddrie,  compare  the  new  raifed  Poweryith  the  givenPov"er^ 
andV 'tli^  are  alike  in  aJltheir  fefpcaiVc  Terms,  then  you  have 
the  Root  required  ;  or  if  they  differ  only  in  their  Signs,  theHodt 
may  be  eafily  corre^ed  with  the  Sign  — -^  as  o^cafion  .r^uires. . 

Example  i.  Let  it  be  required  to  extr^fltbe  Squsn^e  Rodt  of 
cc  +  2  c  b —  2rrf-f  *A-^  2  *rf-f-  rfrf.  In  this Compolind 
Square,  there  are  thred  diKin£t  Powi^rs,  viZi  t  b^  c  <^  d  dy 
whofe  (Ingle  Roofs'  are'2^  c^  7f,  wher^fpffe  I  fuppofe  the.  Root 
fought  to  ije-*-+'"^+^»  or-^ttther4  ■}  f  d^  beeftufe -m -tlie 
given  Power,  there  is  — ;  2  c  d^  and  —..2  bdj  therefore  I  conclpdt 
ItisT^rf;  thcn*-}"^  —  ^/,  being  fqliai'dd^  prodtifces  i^-f^rir 
•;— ^j ^4-  ^^ —  icd-^dd,  which  Tfihd  to'bc  the fariic  in  all 
it'i'Terms  *wfth  the  given  Pdwcr,  although  they *litd4h«W- 
ferent  Pofition  ',  confequently  b  +  e  —  i  is  the  true  Root  required^ 

Examph  2.^^fti8  teiidircd  to  ektradl  the  Square  UdoCidf  *♦ 
^^2  a  a  bb+1^,  flcr^  arfbiit  two  fmgleToWers,  viz.  a^  and 
**,  whofe  Square  Routs  iit^ «  « ,  and  H,  ^  Atidbccaufirih  thcgivcir 
power  tb«pe  is— >2  uui^.  tbei:eibiPe'I  condiidc  it  muft'clihfirbe 
S'a — b'b  or  bb'-^n a.  Both  which,  being  involved,  will  produce 
V7*^2  aaib'+'ff*;  cinftqucntly  tlie  RootilBught  rffay  <^fhet  be 
^^a—ibj  orb  6-^  a  a;  accordlhgto  the'Natureor'Dcfigfrofflfc 
'Quiftion  froin  whence  thcglvcn  Powef  was  proKhiced^.      '  ' '      ' 

Example  3.  Let  it  be  required  to  cxtraft  thr  SquateRt>jMif  jfr 

:aaaa4^ioiaa'\-tt.    ffcre  thetWo  fingfc  Pdwcrs  a<^:  36- 

'aa'aa^  and  Sr,  whole  Roots'afc  6  ^7/raiid  9:     And  becatififtHe 

Signs  are  al!  4-  therefcrte  I  fuppofe  the  Root  to  be  fi^a^^fU 

>which  being  inv6lved'doth.producb36  a^  ■+-  i6%^a 0'+  8r  \  «on-' 

ftqucntly  h  aa'^(^\%  the  true  Root  required. 

'     E:^mple  4.  Suppofe  it'  were  requited  to  extraft  the  CSlbe  Root 

, of  .125  a.a a  +  300  aae  —  450  aa  -^^  250  ae  e*-^  726  ir*^ 

-J^  .64^><+  540a— 288*  ^4- 433^^^—2x6.    In  this  Example 

Ihtcre  ajte  three  dHlinft  Powers,  vi%.  1 25  ^V  j/64  ^  /  ^,  and^—  i  f  6. 

'And*  the  'Cube  Root  of  125  aaa  h  5  <r;   of  64  //  /  is  4  ^;  of 

.—  lf6Mi  ^1—  6.  "  Whetcforc  I*  fttppoft?the  Root  fought  tp^  be  50 

4-  4^»»7  6,   which  being  invoivcil  to  the  third  Fowcfj  d^e»  j^o* 

^ucc 
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^uoe  the  fame  mkh  the  given  Pgi^rer  ^  cpnfequently  5  tf  +  "t  ^  —  ^ 
is  tHe  Cube  Root  requii'ed. 

But  if  ihe  new  Power,  nifedfroin  the  fuppofed  Roet  (being 
ifnrolv«d  Co  if  s  due  Height)  fhould  not  prove  the  fame  with  the 
given  Power,  v/s.  if  it  bath  either  more  or  fiewer  Terms  in  it,  C^r. 
'  $|Mn  y^  aaj  conclude,  the  given  P^wer  to^b&a  Surd,  which  puft 
liaye  if  9  pn>per  Sign  prefixed  to  it,  and  cannot  be  othermfe  c9i^ 
prefledy  Imtu  it  come  to  b^  involved  in  Numbers. 

Mxampli  5*  Suppofe  it  were  required  to  extraA  the  Cube  Root 
<it^j  aaa^  S4,iaa'\-8iHL  H«re  are  two  diflin£t  and  per« 
tt&  Cubet,  tvs.  274faay,zndS  bb  i^  whofe  Cube  Roots,  are  3  a 
and  a  ^  Wherefoie  one  may  fuppoie  the  R,Qot  fought;tp  be  ^  a 
4*2^,  which  being  involved  ta  the  Third  Power,  is  27  a  am 
^Sj^i  « ^ 4-  36i  b^a  +  ib^  Now  this  new  ngfed  Power  l«ith 
one  t  eno  (vi%.  jj^bba)  more  in  it  than  the  given  Power  hath  ; 
but  this  being  a  perfefk  Cube, '  one  may  therefore  conclude  thi 
given  Powef  is  not  lb,  vi%.  it  is  a  Surd,  and  hath  not  fuch  a  Root 
as  wat  mqnired,  but  muft  be  exprefled,  or  fet  Aowi^  \ 


If  thtfe  Examples  be  well  underftood,  the  Learner  will,  find  at 
very  eaiy,  by  this  Method  of  proceedii^y  lo  diicover  the  tr^  Root 
^  any  gi?co  Power  whatfoever« 


CHAP.    IIL 

Of  m^i^i^'!^tmiim>  ^  05joiten;  CMttitfejik 

pftaGimti  j^jfmiftits  are  exprefled  or  fet  down  Vkt  Vulgar 
^  f'laAions  in  C9mmon  ArithmetUk* 

•  Th       J  *  '    ^^^      S*^^^a   Numerators. 
C  1"*       d  \    4^5/4-7^  .  Denominators, 

How  they  come  to  be  fo,  fee  Cafe  4,  in  thd  Ikft  Chapter  of 
Divi/itn.  Thefe  FraaicAial  Qjmntitjes  arfe  managed  in  all  je- 
^ie£b  like  Vulgar  FiaAiokfia  common /iik£^///W.    * 

Y  2  SeA. 


J 
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U  ^  'J"^il 


tmDemminatm^  retaining  the  f ape  V(dm. 

JlyfULTIPLT'dn  the  Dinominat^rs  into  ioch  vAtf  fit  # 
'^^  nno  Denominator y  mid  each  Nm^utor  into  all  ^  D^n^ 
tiiiam^t  kut  if s  ofum  for  ni^  Numerators. 

f  X4  MP  L  E  S. 
lee  it  be  ftwnt^i  to  bring  ^  and  —  into  on$  Peiiomiiiftti<Mi« 
Fifftux^)  andi^K*)  will  be  the  Nofyieratore,  wd^xcwill 

)l»  the  coonqon  p^noiifinatof}  yiz.  -!:  and  -.  ^r?  the  twp 

^,^         ^  e 

FraAjem  reginred :  thjil  1$,  1^=5  -j^  ^  --  =  _, 
-^^  Agaiii  let  LtS  mnd ,  ^'^f  be  brought  into  o||e  Pei|qminatioD» 

end  they  will  be  ^;u^,  ^^^^^^^^>  ^»^  f^a^tb^da^bd'  ^' 

^ r — : : r    , 

of  a  given  BenoniinaHon. 

R  U  L  E. 

•  if  Ifir/PIl'  /*/  ttAole  ^antities  inf^  fh  ghen  Bono^ 
'^*  nominator  for  a  Numerator^  undor  which  fubfcribe  the  given 
J>enomi^^or^  ai^d  jotttvUl  b^fvo  tho  Fraifion  required. 

EXAMPLES. 
Let  it  be  required  to  brings  -f-Jinto  a  Fradton^  whofe  Deqo- 
l»inatori8#f— ^.   Tirti  a^bx^-^a  is  rfa+ *rf~tf  4— 3*: 

Then  ifjLt±:zll^dti  is  (l»Fraaio|i  fequiced. ' 

dr^a 

.   -  Wbtff 
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.  ^When  wliole^^^^antities  are  to  be  fet  down  Fraaion-wtie^ 
^fuUbribe  an  Unit  for  the  DenominaiQr.    Thtii«^iipfJL.  An4 

.   ^         ^      RULE. 


0mi  thiir  ^tiims  will  hi  fbi  Fr^itn  in  ift  Uw/k  Tmrm. 

dc   ,  a       ate  •     €  he 

la  fucb  fihgle  FraAions  as  thefe^  the  cominofi  Otviibrt  (if  there. 
be  any)  are  eafilj  di(covered  by  InfpeSion  only  $  but  in  eimpounl 
FraAions  it  often  prove$  ?ery  troublefome,  and  muft  be  dont 
cither  by  dividing  the  Numerator  by  the  Denominator,  until  no^ 
diinp  remains,  when  that  can  be  done :  or  eUfe  finding  their  com* 
mon  Meafiire,  by  dividinjS  the  Denominator  by  the  Vumeratoi^ 
and  the  Numerator  by  the  Remainder^  and  fo  oii»  as  in  Vulgar 
Fraaiona(8ea.4.Page5i.)  .  .  ,^     ^ 

EXAMPLES.     [fy^"'^7''/.^'"^'^? 
— . _-  were  to  be  reduced  lower^    ^Z/ 


'l\iiaicd^^dd)aae^^aad{^-^^YxzBioTiW^^  rw 

In  this  Example  it  fo  happens  that  the  Nvimepator  is  oivided  juft  t^^r^t/^--^ 
off  by  the  Denominator ;  but  in  the  next  U  is  oiberwifey  and  re* 
quires  a  double  Divifion  to  find  out  the  cofnmon  MeafiirC*  Vfx» 

I^et  it  be  required  to  reduce   ^f.^~  ,  .  , ,  to  tf«  loweftTermi* 
-  ai^^^h-^hk, 

Fi|fla«  +  9ii^  +  kh)  4iaa  —  ahh  (s 

tfaa+2a4ih+Mhh 

«^  2«ii^-)-2«iitheRemainder. 

Timi^taah^Zahh)aa  +  2ah^hh  /        i  _  i  ^ 

ai^ah  \^Th      TS 

iih-i-hh 

«  o        o  Hence 


■  ■Ml.  >      I  .'      .11" ■    ■       '   t  ^    ■  ,     % 


■■»i  I  I*.    I' 


Hence  it  appears  that '^2aaS-^2atlhtht c6ttiitioa. Mea- 
,_         ^5«±«^*^    »2*       » 


.   Ifhert— i-  +  ^i8  Ac  nw  Niimtwtorj  *^***^^ 

»IZliZlf.thc  Numerator;  and  r-'JL  —  —  »  "^    ^  »  ^    . 
:::  ^^~*'  the  DawmnatOF.  I;ct  bothbc  mdltiplied  wi^  3t  *  ^» 

^aadyou^nllhave..^^.;^.  .^e Denominator.     ^' ^"^^^ 
tlic  Signs  of  all  the  Quantities^  itwiDk^lilJ^thft  ^i»W  Fr«- 

•    J     •••L.-    aor^ah  2^    acta  —  ifi* 
tion  required.     That  is,  — .    ■  ■  »  — .      ■  ,  ,   ;;> 

dd bh       '     ' 

Again,  let  it  be  «quircd  te  reduce  ^dd'^ihV 

The  common  Meafure  of  this  Fraflion  wUl  hf  the  c^ificft  found 
Xas  appears  from  Trials)  by  diyidmg  th^  Pchominatpr  by  theNu- 
l^ratbr,  fif^.    iThus^ 

•^         J^iH^bbh)di  —  bb  (  d 
.  .      ^     '  dd^bd\Tb 


J^^d—bb\  **i/— *i(* 


\  bbd-^bl 
)  bbd  —  bt 


o       o 


Hence  it  appears  that  hd-^bb  is  the  common  ^Ic^fure  that 
will  divide  both  th^  Nunerfll«r  and  the  Denominaton 

^       .  Confequently 


HhV'S'       Of  ftmmHiCivmtitm^ 


i6f 


Ctafequeaiiy  id — bi)id — iild,,  •  ».  xt 


i.\ 


.  *= — ■  I. ..    .  ,ji .     I '  i'  '  •* 


ddb  —  bbd 


-i-bbd—bbb 


[   ^  £«l  «wk  be  -iijiiltiplie*  %Ith  *,    and  »flieh  you  wift/hav# 

!    3rf  +  MVr^*thcDcnom»naior,J  ^f^l^<^^^a<^<» required. 

I  But  if  aifter  all  Means  ufcd  fas  above)  there  cannot  be  foimdone 
wfflmon'M«i(tnpe*to'4M}»he  Numeniter  tn^TJeiowioitor ;  thca 
ir.|kit Fitaaion<in^it'«leaft'Termt  ^ready.        ^^  ^ 

JWifr,  Thefe  Operations  will  be  underttood  l^  a  Learner -«ft€r 
be  hath  paiTed  thro'  Mubiflicatim  and  Divijkn  pf  Frad^ons, 


Sea.  5.    aotrttum  tf»/  S)airttutmt  y  Fr^mond 

'TpH  E-given  Fraaions  being  of  one  Dendtniflbiron,  Or  jf  they 
;     *    arenot,  makcthemfo,  pw*ca.  4.     Then,  »  • 

f  TITJ  LX 

'Mid  ^figkraff  ffcp*'  Mtm/r*f^rx,   ^x  O^ajion  ttquinsy  ami  t0 
I    *Air  5ttai  w'  Dijgirfnce^  fabfcriU  the  common  Denominator 5, as  irr 
fulpir  Frd^ibns. 


r  I 


i+i 


aa 


Examples  in  9mmu 


d 
za+e 


la^^b 

.     '           1 

d  +  c\ 
2ir—a 

■j^c 

:/  +  *  — 1/ 


2^ 


Example 


I   »     «T 


«6S 


fflgrtjftt 


Partll. 


EKoittpksiH^atattiixu 


I 
1 

ih^a^ 

«+*| 

3-  +  *+.^ 

xh 

€ 

1+' 

1/ 

/+*« 
«+*— i/ 

^t^ 

^       -1 

i+«  • 

w     ■ 

3 

mm 

!»«>■« 

*-«+^ 

1  —  2 

rf+f 

''^- 

seft.6.  ^^mttttdttmJ^ 

1^  I R  S  T  prepare  mixed  Quamkief  (if  there  beanj)  by  mtldng 
'  them  inpn^per  FniAioas^  and  whole<2uaQtitici  bjr  fubftrihiog 
^an  Unit  uiMler  them  i  at  per  SeA.  3.    Thcn^ 

RULE. 

*Dinohunmtgrs  twgiAvr  fir  m  mm  Dgnominatori  ms  in  Vulgmt 
,FrmainU» 


Thus 


1x1 


r 

»i 

3«  — ai 

c 

d 

2 

f 

4/ 

3 

rt*rfUa««  —  2tf*— 4** 

h/ 

1          xdiJfdt 

Suppofe  it  weie  reqnired  to  multiply  a  *  +  —  "r*  aS    ^^ 
*  +  4  *.    Theft  prepared  for  the  ^  Work  (per  Seft.  3O  1^ 


Thu»* 


ax  2 


or 


3^  +  4^ 


3*1^ 


6i«— 71  *+8«f— lOOf  +  i^^per&a. +. 
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tvAT,  B.  Any  Fraflion  is  muldpHcd  with  it's  Denominator  by 
cafting  ofF,  or  taking  the  Denominator  away*    Thus  ^  x  ^  gives 


^ 


*.    For -ixJi  =  *:?=*&€. 
a       I        a 


Seft.  7.    DitliOldn  ^f  FraSional  Entities. 

TH  E  Fradional  Quantities  being  prepared,  as  dire^d  in  the 
laft  Seaion,     Then, 

RULE. 

Multiply  the  Numerator  of  the  Dividend^  hto  the  Deneminator  of 
the  Divi/ory  for  a  new  Numerator ;  and  multiply  the  other  two  toge-^ 
tberfor  a  new  Denominator  \  as  in  Vidgar  Fractions, 
EXAMPLES. 

Let  l*f  be  divided  by  —y   the  Work   majr  ftand    thus, 
cf  '    c  ^ 

ab.abdfahdc  ^±        gea.  4. 
c)   cf   \abcf         -•  *^ 

Or  thus 


1^2 


ab 

I 

2 

abd 

'A 

C     . 

a  a  a  —  hhb 

d 
c  —  b 

fl-j-  b 
ao'^nb  -\-  hb 

a. 

c 

d 
f 

aa-hctb 

aaa^^^bb  be 

3. 

dc  —  Jb 

aaa^fb'Ob-X- 

a^  O' 


/taa> 


Suppofe  it  were  required  to  divide  a  a  Ac  ^ by  «  +  *• 

The  Work  will  ftand  thus, 
*Qj^h\  aaa-^-  ^aah'\'  T^nhb  iaaa'^  \aah  A^%abh    g^^ 

oaaJS,  i^aah-V  ^abb  _  nn  ^  7,b  ^^^  g^^^  ^  j 
aa^\' ^ba  ^y  ^  b  b  a-^^b 

When  Fraflions  are  of  one  Denomination,  caft  off  the  Deno- 
minators, and  divide  the  Numerators.     Thus,  if  were  to  be 

'  c 

divided  by  ~  it  will  be  ^ A)  ah^  {ah  the  Quotient  rec^ulrcd. 

Z  For 


7°  . 


aigebjeu 


Part  ir.' 


F»r  LM  i^  ("Jll.    But  ''±l  =  ab  {^T  Sea.  4.) 
c  '      c     ^b  b  c  bbc 

Again,   fuppofe  it  w#rc  required   to  divide —  by 

aaA-iab+bh     Qifiwg  off  <r  —  </  in  both,  it  Will  he  a  a -{- 


c  —  d 


2ab-^bb)aaa  —  abb  f 


(a  a  —  ba 


a    + 


ice. 


Scft.  8.     3IniJ0lUtl0tt  of  Fraaional  families. 

jNvolvi  ih0  NumeraUr  into  itfelf  for  a  neiv  Numerator^  and  th^ 
"* .  Denominator  into  itfelf  for  a  new  Denominator  \  each  as  often  a^ 
the  Power  requires. 


Thus 

I 

b 

3f>c 
2ad 

b  +  d 

a  —  c 

!©■» 

2 

b  b 
a  a 

<)  b  b  c  c 
/^  a  a  d  d 

bb^j,bd'\-dd 

a  a  —  %  a  c  ^  c  c 

3®-* 

h  b  b 

3    

^    a  aa 

2y  b  bb  c  c  c 

bbb  +3bbd+  ibdd  +  ddJ 

S  aa  a  d  dd 

aaa-^'^aac'\*'^acc-^ccc 

Scft,  9.     6ftOlUtiOn  of  FraSiicnal  ^uantitits. 

T  F  the  Numerator  and  Denominator  of  the  Fraftion  have  each 
*  of  them  fuch  a  Root  as  is  required  (which  very  rarely  happens) 
then  evolve  them  ;  and  their  refpedive  Roots  will  be  thp  Nuftic-  ^ 
raior  and  Denominator  of  the  new  Fraflion  required,  ^ 


Thiis 

^    \q  a  a  b  b 

aa  +  2  a  b  ^\^  b  b                "^ 

1    ^dd 

a  a  —  la  b  -^  b  b 

X  uwl 

2ab 
^'    Id 

n  +  b 
a  —  b 

A^ain 

I 

2iaaabbb\aaa  +  '^aab+  2^  ^^  +^  ^  ^ 

Uddd     \a  a  a —  T^aab-^-^^abb  — bbb 

1  txw  ^ 

2 

-^a  b            a  ^  b 
2d              a  —  b 

Sometimes  it  fo  falls  out,  that  the  Numerator  may  have  fuch  a 
Rod:  as  is  required,  when  the  Denominator  hath  not  i  or  the  Deno- 


minator 
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mmatormay  have  fuch  a  Root,  when  the. Numerator  hath  not* 
In  thofc  Cafes  the  Operations  may  be  fct.  down. 


Thoi 

I  ICU* 


f  i  t\     a  a  a  A-  A,  b  h  ^^JJ 


ddd\        aa-^2ab'\'bb 
1    ^^     \^aa a  ^^bb -^^77^ 

\^ddd\  Tip; 


But  when  neither  the  Numerator,  nor  the  Denominator  have 
juft  fuch  a  Root  as  is  required,  prefix  the  radical  Sign  of  the  Root 
to  the  Fradion  ;  and  then  it  becomes  a  Surd  ;  as  in  the  laft  Sttp^ 
which  brings  me  to  the  Bufinefs  of  managing  Surds 


CHAP.    IV. 

Of  %m  CluantttfCiS. 

'T'  H  E  whole  f)o£lrine  of  Surds  (as  they  call  it)  were  it  fully 
^  bandied,  would  require  a  very  hirge  Explanation  {to  render 
it  but  tolerably  irttelligible) ;  even  enough  to  fill  a  Treatifc  it- 
felf,  if  all  the  various  Explanations  that  may  be  of  Ufe  to  makt 
it  eafy  Oiould  be  inferted  ;  without  which  it  is  very  intricate  and 
troablefome  for  a  Learner  to  underftand.  But  flow  thefe  tedious 
RedufHons  of  Surds,  -which  were  heretofore  thought  ufeful  to  fit 
Equations  for  fuch  a  Solution,  as  was  then  underfiood,  are  wbollj; 
laid  afide  as  ufelefs :  Since  the  new  Methods  of  refolving  all  Sorts  of 
tfquanons  ^render  their  Solutions  equally  eafy,  although  their 
Powers  are  ever  fo  high.  Nay,  even  fincc  the  true  Ufe  of 
Decimal  ytnthmetick  hath  been  well  underflood,  the  Bufinefs  of 
Surd  Numbers  has  been  managed  that  Way ;  as  appears  by  feveral 
Inftanccs  of  that  Kind  in  Dr.  IVaUis's  Htjiory  of  Algebray  from 
^H*  2},  to  .29. 

I  ftall  therefore,  for  Brevity  Sake,  pafs  over  thofe  tedious  Re- 
dudions,  and  only  fliewihe  youngjigfbraj/l  how  to  deal  with  fuch 
Surd  Quantities  as  may  arife  in  the  Solution  of  difficult  Quefiions. 


Sea.  I.     aWttiOtt  and  ^bttattlOn  of  Surd  ^amities. 

Cafe  I.  \117  HEN  the  Surd  Qiianiities  are  Homoceneal,  (vi%. 

^^    are  alike)  add,  6r  fubtrafl  the  lational  Part,  it  they 

Z  2  are 


IfZ 


aiQieb^a* 
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■are  joined  to  any,   and  to  their  Sum,   or  Difiercnce,   adjoin  the 
irrational  or  Suni. 

Examples  in  StQlCttQIU 


I 
2 

3 

6b  ij  ac 
\b\/ac 

lOb  ^  ac 

ib^aa 

lA-i 

12  V  ^^ 

^b  ^  aa-^cc 

I 

2 

3 

4^3  V^tf i7 

d%  ^  aa 
^dl  ^  a  a 

3  +  3  ^<7tf  —  cc 

f  _3  y^  tftf  —  cc 

bciSy/ua  +  'd 

14-2 

4.bc:S  ^  aa  4- J 

1 — 4 

I 

2 

Exat 

12  ^  b  e 
7  v^^^ 

itb  J  ac    4.i  ^  aa  -^  ee 
4.b^  ac    3A\^«a-|-" 
b  b  ^  a  c        h  ^  a  a  ^  cc 

I 
2 

5^:3  v^tffl 

4.  </•:  3  v/  <»  <s 

d:^  ^  ac 

r     f — J,/ 

4.*f:5^««  +  i 

a  a  —  c  c 

■i,bc.i  ^aa-\-i 

1 — 2 

^  +  3  y/  a  a  —  c  c 

bc:%^aa-\-i 

Cafe  2.  When  the  Surd  Quantities  are  Heterogeneat,  (viz. 
their  Indices  arc  unlike)  they  are  only  to  be  added,  or  fubtraded 
bv  their  Signs,  viz.  +  or  — .  And  from  thence  will  arifc  Suids 
either  Binomial,  or  Refidual. 


1+2 


Examples  in  aiWttOlt 
^/  be  \/^d^a 

^  b  a I  3  ^  \/  tf  f 


4^  a  i 


bd 


^  a  c  ^  ba 


y/bc:+^,ba  \  ^^a'+^b^ac  |  ^s'^—bai+^ac^bs 


^ 

I 

2 

3 

Examples  in  aufjtractt OH^ 

y/ b  c               b  —  d  tj  aaa  '\-  ca 
jyfi              d—2a  sJ  bd  +  dd 

5f— 2 

^bc—^ba  1  b  —  d^aaa-^ca\—dJ^^ia^bd^M 

SeA 


Chap.  4. 


Of  %wai  SUtantttfesf^ 


'7? 


Cafe  l*\][7  H  £ N  the  Quantities  are  pure  Surds  of  the  fame  Kiml ; 
^^    multiply  them  together,  and  to  their  Frodud  piefix 
their  radical  Sign. 

EXAMPLES.   


1x2 


0J  ha 


^ha-^  da 
^  ca 


ij  a  a  -\'  b  b 
^  a  a  —  b  b 


^  bcaa-^^dcQttX  y/  aaaa  —  bhbb 


Cafi  2.  If  Surd  Quantities  of  the  fame  Kind  (as  before)  are 
joined  to  rational  Quantities,  then  multiply  the  rational  into  the 
rational,  and  the  £iurd  into  the  Surd,  and  join  their  Phxludi 
logmen 

EXAMPLES. 


1X2 


d^lc 
Zh^a 


led y/  ba-^^  da 
Z^^ca 


Se£t.  6.    DidfOOn  of  Surd  Entities. 

Cafi  i.TIITHEN  theQuantities  are  pure  Surds  of  the  fame  Kind, 
^^    and  can  be  divided  off,  J^wz.  without  leaving  a  Re- 
mainder) divide  them,  and  to  their  Quotient  prefix  their  radical 


^gn« 

EXAMPLES. 

1 

2 
3 

^  be  aa-\-  dc a  a 
^ca 

y/  aaaa-^bbbb 
J  aa--^bb 

i  '"^^ 

\J  baJ^da 

Vaa  +  bb 

Cafe  2.  If  Surd  Quantities,  of  the  fame  Kind,  are  joined  to 
rational  Quantities ;  then  divide  the  rational  by  the  rational,  if  it 
can  be,  and  to  their  Quotient  join  the  Quotient  of  the  Surd 
divided  by  the  Surd  with  it's  firft  radical  Sign. 


EXAMPLES. 

I 

2 

lH^bta 
3b^a 

l^tda ^  bcaa-^dcaa 

l-Jd 

1-^2 

d^  bt 

Std ^  ba-\-  da 

\%^ab 

Neu 
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Note'y  If  any  Square  be  divided  by  it's  Root,  the  Quotient  will 
be  it's  Root. 


• 

I 

2 

a 

EXAMPLES, 
^bb  +ihe  +ec     ^a*—2bbaa  +  b^ 

i-r2 

Va 

\^i  b-^ibc  +  cc  1  v'a* — 2hl>«a+6* 

Sc&.  4.    3[ntXttattot  of  Surd  ^amUies. 

Caji  i.'fl^H  EN  the  Surds  are  not  joined  to  rational  Quantities; 
^^    they  are  involved  to  the  fame  Height  as  their  Index 
denotes,  by  only  taking  away  their  radical  Sign, 

EXAMPLES. 


i^  aa  -^  b  b\  v^5«  —  da 
aa  —  bb\       5  «  —  da 


Cafe  2.  When  the  Surds  are  joined  to  rationafQuantities  ;  in^ 
^dve  the  rationarQuantitics  to  the  fame  Hetghrtts  the  Index  of 
(he  Surd  denotes  ;  then  multiply  thofe  involved  Quantities  into  the 
Surd  Quantities,  after  their  radical  Sign  is  taken  away,  as  before. 


EXAMPLES. 


i^» 


'I^V^I     S  d\/  c  a\2^  ^  a  a  —  d  d 
2\bba\%^ddca     \  <)  b  b  a  a  —  g  b  b  d  d 


\  I  \a:%^bc\    id'.ljaa-^bb  Idaii^b 

1  ©-3  I  2  \  aaa  be     \  2'jdddaa'\'2ydddbb\dddaaab 

The  Reafon  of  only  taking  away  the  radical  Sign,  as  in  Cafe  !• 
is  eafily  conceived,  it  you  confider  that  any  Root  being  involved 
into  itCelf,  produces  a  Square,  Wf.  And  from  thence  the  Reafon 
of  thofc  Operations  performed  by  the  fecond  Cafe  may  be  thus 
fiatcd. 

Suppofe  j  ^^1  =  X.  Then  ^  a:i:  —  per  Axiom  4.  and  both 

b 
Sides  of  the  Equation  being  equally  involved,  it  will  be  ^  =: 

-f-f .    Then  multiplying  both  Sides  of  the  Equation  into  *  3,  it 
bb' 

becomes  bhazz  xxper  Axiom  3.     Which  was  to  be  jjrpved. 

"**  Again, 


I  Chap.  4. 


Of  Stticti  ^luandtiejE;* 


^75 


Again^  Let  ^i^  ca-ziif :    Then  ^c  a  zz  ^ ,    and  c  a 

""2577 

Alfo  from  hence  it  will  be  eafjr  to  deduce  the  Reason  of  multi- 
plying Surd  Quantities,  according  to  both  the  Cafes. '  For 

J^^r^l^^-^w/^i.  Cuff  I. 


Soppofe| 
I©- 

3x4 

Sua  * 


b  a  •=!  %%x  X.  per  Axiom  2. 
^  b  a'zizx,  which  was  to  be  proved. 


Let      { 
5x3*^ 


3/^iL"/}^'^^^'^^-^^>^- 


•  X 


2  Jf 


^  tf  *  r  =  -,  from  what  is  proved  above, 

^bd^bcazzzxj  &c.  for  the  reft. 


Divijion  being  the  Converfe  to  Multiplication,  needi  no  other 

PiDOf. 


C  H  A  P.    V. 

Concerning  the  Nature  of  C^()[UdtfOtt09  ^nd  how  to  prepare 
I  them  for  a  g^OlUtlOtt. 

I Xir HEN  any  Problem  or  Queftion  is  propofed  to  be  analy- 
tically rcfolved  ;  it  is  very  requifite  that  the  true  Defign  or 
Meaning,  thereof  be  fully  and  clearly  comprehended  (ki  all  it's 
Parts)  that  ft)  it  may  be  truly  abdraded  from  fuch  ambiguous 
Words  as  Qucflions  of  this  Kind  are  often  difguifcd  with ;  other* 
wife  it  will  be  very  difficult,  if  not  impoffible,  to  ftate  tbe 
Queftion  right  in  it's  fabftituted  Letters,  and  ever  to  bring  it  toan' 
Equation  by  fuch  various  Methods  of  ordering  thofe  Letters  as  (bo* 
Nature  of  the  Queftions  may  require. 

1  '  Now' 
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Now  the  Knowl^ge  of  this  difficult  Part  of  the  Work  is  only  to 
be  obtained  by  Pra£Uce,  and  a  ireful  minding  the  Solution  of  fuch 
leading  Queftions  as  are  in  themfelves  very  eafy.  And  for  that 
Reafen  I  have  inferted  a  CoUedion  of  feyeral  Queftions  i  wherein 
there  is  great  Variety. 

Havioggot  fo  clear  an  Underftanding  of  the  Queftion  propofed, 
as  to  place  down  all  the  Quantities  concerned  in  their  due  Order^ 
viz.  all  the  fubfiituted  Letters,  in  fuch  Order  as  their  Nature 
requires')  the  next  Thing  muft  be  to  confider  whether  it  be  limited 
or  not.  That  is,  whether  it  aditiits  of  more  Anfwers  than  one. 
And  to  difcover  that,  obferve  the  two  following  Rules* 

^  RULE, 

jyhen  the  Kumier  of  the  ^uantitiis  fought  exceed  the  Number  of 
iiepven  Equations^  the  ^ejlion  is  capable  of  innimerahU  Anfwen. 

EXAMPLE. 

Suppofe  a,Queflion  were  propofed  thus ;  there  are  three  fuch 
Numbers,  that  if  the  firft  be  added  to  the  fecond,  their  Sum  will 
be  22.  And  if  the  fecond  be  added  to  the  third,  their  Sum  will 
be  46.    What  are  thofe  Numbers  ? 

Let  the  three  Numbers  be  reprefented  by  three  Letters,  thus^ 
call  the  firft  tf,  the  fecond  /,  and  the  third  y. 

Then    |   /  +  ^  ^  ^6   }  according  to  the  Qucfii 

Here  the  Numbers  of  Quantities  (ought  are  three ;  41,  e^  y«  and 
the  Number  of  the  given  Equations  are  but  two.  Therefore  this 
Queftton  is  not  limited,  but  admits  of  various  Anfwers ;  bccaufe 
for  any  one  of  thofe  three  Letters  you  may  take  any  Number  at 
Pleafare,  that  is  kfs  than  22.  Which  with  a  little  Confideratioo 
viU  be  very  eafy  to  conceive. 

R  U  L  E    2. 

When  ihe  Numher  of  the  given  Equations  (not  depending  upon  one^ 
another)  are  jyfi  as  many  as  the  Number  of  the  ^antities  fought  i\ 
then  is  the  ^uejlion  truly  limited^  viz.  each  ^antity  fought  hatif 
hut  onefingU  value.  ^ 

As  for  inftance,  let  the  aforefaid  Queftion  be  prdpbied  thus« 
There  are  three  Numbers,  {a^  /,  and  y,  as  before)  if  the  finl  be 
added  to  the  fecond,  their  Sum  will  be  22  ^  if  the  fecond  be  added 


:ion. 
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to  the  third,  their  Sum  will  be  46 ;  and  if  the  ArA  be  added  to 
the  third,  their  Sum  will  be  36.  <*What  are  the  Numbers  ?  That 
is,  a  +  #  =  22.  #+J'  =  46-  and  j+>r:34.  NoWthcQue-* 
fiion  is  perfedly  limited,  each  finde  Quantity  having  but  one 
iingle  Value,  to  wit  a  =  6,  ^  =  10,  and  y  =:  30. 

N.  B.  If  the  Number  of  the  given  Equations  exceeds  the  N«m*  - 
ber  of  the  Quantities  fought ;  they  not  only  limit  the  QueOion^ 
but  oftentimes  render  it  impoffible,  by  being  propofed  inconfiflent 
one  to  atJbther. 

Having  truly  Aated  the  Qli^^^i^  in  *^t*s  Cubftituted  Letters,  ahd 
found  it  limited  xo  one  Anfwer  (or  at  lead  fo  bounded  as  to  have 
a  certain  determinate  Number  of  Aofwers)  then  let  ail  thofe  fub* 
ilitutcd  Iieturs  be  fo  ordered  fMr-eompared  together,  either  by 
adding,  fubtra£ttng,  multip)yixig,  or  dividing  them,  l^c.  accord-.^ 
ing  as  the  Nature  of  the  Queftion  requires,  until  all  the  unknown' 
Quantities^  except  one,  are  caft  off  or  vanifhed  i  but  therein  great 
Care  muft  be  taken  to  keep  them  to  an  exa£l  Equality ;  and  ^htn 
that  unknown  Quantity,  or  fome  Power  of  it  (as  Square,  Cube, 
&r  J  is  found  equal  to  thofe  that  are  known  i  then  the  Queflioa 
is  faid  to  be  brought  to  an  Equation,  and  confequently  to  a  So- 
luHon,  vsx.  fitted  for  an  An/wcr^ 
;  But  no  particular  Jlules  can  be  prelcribed  for  the  calling  off, 
or  getting  awa^r  Qiiantities  out  of  an  Equation  ;  that  Part  of  the 
I  Art  is  only  to  be  obtained  by  Care  and  PraiSice.  And  whan  that 
is  done,  it  generally  happens  fo,  that  tho  unknown  Quantity 
which  18  retained  in  the  Equation,  is  fo  mixed  and  entangled  with 
ihofe  that  are  known  ;  that  it  often  requires  fome  Trouble  and. 
Skill  to  bring  it  (or  it's  Powers,  (fc)  to  one  §Ide  of  the  Equation, 
and  thofe  that  are  known  to  the  other  Side  ^  (M\  keeping  them 
toajuft  Equalitv)  which  the  ingenious  Mr  Siwten^  in  his  Prf/»* 
iipia  Mathifios  univerfaUsy  calls  Redudionof  Equations. 

The  Bunnefs  of  reducing  Equations  (as  •f  m^ft^   if  not  alt 

Al^ebraick  Optrations)  is  grounded  and  depends  upon-a  right  Ap- . 

plication  of  the  five  Axioms  propofed  in  Page  146,  and  therefore, 

j  if  thofe  Axioms  be  well  underftood,  the  Reafon  of  fuch  Operations 

I  muft  needs  appear  very  plain,  aadithe  Work  be  eafily  performed; 

L  as  in  the  foHowring  StSions. 


A  a  8ea. 


I 


;i78 


aigeDaa. 


part  il. 


Sed.  I.    Of  RfJuSm  hy  fllMtfOtU 

DEDUCTION  by  JddittM  is  grounded  upon  Axiom  r. 

and  is  only  the  tranrpofing  (viz.  \\\t  removing)  of  any  JJepa- 
tivc  Qi^anrity  from  cither^Sidc  of  an  Equation  to  the  other  Sid«> 
with  the  Sign  -f  beforcit;  as  in  thcfc 

E  XA  M  P  L  E  S. 
Suppofc  j  I     tf  —  i  =  ^  I      Again, 

:Thcn     2    tf=:rf+*  Let  I  r  I     aa'^drz<  —  aa 

For     3  ^  =  ^1     i  +  ^ji|     tftf=:^  —  a  a '^4 


Let 
r  +  4 

2  +  a 


r  13a  —  4  =  6- 


I^eee,  When  znf  abfolote  Number  is 
*  ^    7  ^  wgiftcrcd  in  the  Mirgin,  you  moft  dnw 


l|?<22z6  4«-4.  —  tf     i"\  *  tine  over  it,  to  diftinguiA  it  from  ebe 
^1*'      ^i/  ^W  other  Number!,    AtTi**(Kesa6tepaf 


Let 

I  +  ^ 

2  +  Ji: 


a  a  "^  d  c  ' 
a  a  —  d  c 
a  a  -^  dd* 
a  a  ^  1  b 


'  b  :=  d  d  —  2b  a 
dd—i'ba  +  h 
iba-^b^dc 

^ddJ^b  +  dc 


'  ^uppole 

t 

'§  -f'^'tfO  ■ 

'  2 

2+  lb  a  a 

3 

:     3+-* 

•4' 

2da~^d'=±cc-*-'^baa'^aaa 
aaa  -^  2  da  —  d :=i  cc'-^^bda 
aeo'\'jbaa'\'2da'^dz^cc 
aiaa'\'^baa  +  2da^ci'^d^  kc. 


Sc(fl.  2.    Of  ReduOion  hy  dUfltcaCtUUU 

l^EDUCTION  by  Subtra^lon  is  grounded  upon  yfx-itfin  2. 
*^  and  is  performed  by  tranfpoiing  (or  removing)  any  Affirma- 
tiVt  Qaaiittcy  from  either  Side  oftheJEquation,  to  the  other  Side» 
wtUi  the  Sign •»- before  it;  as  in  thefe 

EXAMPLES. 


Suppoic 
'  And 
1  —  2 

I 

2 

a 
a 

J^bzzd 
t—b 

Zld—b 

Let 

1  — a 

2  —  4 

J 
2 

3 

3a  +  4r-6  +  a 
2^  +  4  =  6 

2<7  =  6-r4  =  2 

.  lippofc 

I  —  2b  a 

'2—dc 

I 
2 

3 

4 

aa  +  dc^  b  —  dd-^-zba 
aa  —  2ba+dc  +  b -=:  d  d 
aa---2haJ^bT=:dd—dc 
a  a —  'Kb  a  z=,  d  d — dc-r'h 

Let 
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Let 


»?9 


f  I   „ 


:  cc 


—"^baa-m^idazstt  — 4 


pRACTIONAL  Quantities,  in  any  Equation,  are  kwmriit 
*  into  whole  Quantities  by  multiplying  every  Term  in  The 
Equatioo  with  the  Oeaominators  of  the  Fraaions,  per  Axiom  x  •. 
as  in  tbele  ^ 

EXAMPLES, 


SuppoTe 

I 

5 

} 

Th«i 

a 

*=:6  X  5*30.  For  Ixc-sifstf. 

5              5 

Let 

■  -=  t 

Suppofclifcir:  S^ 

X  X  %b  2\f>bassdc 

1  X  a  —  i^a  aa^ba^  id 

Suppofe      I 

i?  +  c+/=^j: 

-*+*.+*/-'';* 

H  tf  tf  +  *  r  tf  +  i  /  a  t=8  rf  JT  ^ 

1     1     oaa     _ba^bb 

Suppoic 

1 

aa  —  bb          a  +  h 

• 
a 

^^^^baaa^^bbaa  —  hhh^j^ihhb 

gXaa^bt 

a^b 

1  X«  +  i 

^3 

aaaa^baaasaKbaaa-^bhaa  —  hbba-^^bi^fS 

Sea.  4.    Of  Rtdmon  ty  D(tttfiOIU 

^TLT  HEN  any  Qpantitj  (cither  kn^wn  or  unknown) is  in  cv^ry 
Term  of  an  Equation,  if  the  whole  Equation  be  dvUM  by 
that  Quantityt  «  will  be  reduced  into  lower  Terms,  per  jftcUm  4. 


as' in  thefe  following  ExampUs. 
A  a  2 


E  XA  M  P  L  E  S. 


I^ 


■>  "f 


^tlgel^ 


Fart  a 


SuppoTe 


E  XJ  Mf  LS  S. 

aa  ^ea  =.  cd 


j         L«t  I  I  XaazsT  • 
i  t-r-  l«|2|     <r=7 


-ff»^ffda^ffiia 
'\-dda 


Or  when  tTie  unknown  (^ntitjr  is  muhiplied  (vi%.  jdtned)  with 
any  that  is  known  i  let  the  whole  Equation  be  divided  by  the 
known  Quantity,  that  fo  the  unknown  may  be  cleared  j  as  ia 
thtfe  ... 

EXAMPLE^, 

Suppofejiltfl  — go=.</i      Let     likaa— <r«r<irsrrf— </rf 


Suppofe 


hb  aaa  —  %hha^izhiaJi^ch4 
tf  «— ^  2  a  =  — ^ 


*" 

Let 

I 

49 

d 

aa 

+  42aa 

= 

7*< 

:a  + 

11  t  a 

X 

-=-  7 

2 

7 

d 

a  a 

+    6  a  a 

ZIZ 

it 

1  + 

3*' 

a 

-r-<» 

3 

7 

d 

a 

b 

+   ta 

= 

ic 

+ 

3« 

3 

4 

a 

— 

1 

J.-i-e 

Sea  5.    Of  ReduaUn  by  JUtWlttttOm 
\xr  HEN  there  happens  to  be  an  Equation^  between  any  ho* 
^^    mogcneal  or  like  Surds,  take  away  the  raclical  Signs  from 
the  Quantities,  and  they  will  become  rational ;  aa  in  thefe 

E  XJ  MP  L  E  $:  :    . 
Stippofe|ifv/-r =v/^+r|ilLet  |3y/tftf  =3^^J+*f  \perSe^.±. 

Or  if  one  Side  of  the  Eqmition  confifts  of  Surd  Quantities,  and 
*the  oihqr  Side  be  rational,  then  involve  the  rational  Q^tantittes  to 

..  •  the 

:u2. 
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lU 


the  fame  Power  (or  Height)  with  tb^  Index  of  ihe  Surd^  m4  cake 
away  die  radical  Sign  j  as  in  tbcfe 


1©^ 


EXAMPLES. 


Let    |i|v/^=    6|Siippofe|iIv/i»5=i+^r 


Soppofe  l'l|Vtftf«^*ar=:if    J^^  M 


an  = '1680*7. 


Sea.  6.    Of  Ridiilikniy  ^flOlUtfOtU 

XTITHEN  any  fingle  Power  of  the  uaknowii' Quantity  is  00 

^^    one  Side  of  an  Equation ;  evolvebotb  Sides  of  tbe  Equattom 

according  as  the  Index  of  that  Power  xlenotes,  and  tbefr  Roots  will 

be  equal  s  as  in  thefe  • 

EXAMPLES. 
SoppoTefibitf  =  36  iLet  TiUtf  tf  =  27 

Syypofehitf  z=:^bb  —  dd       Let  laaa^b^ -h  3**^  +  3*^ •+■  ^i    . 


Or  if  any  compound  Power  of  the  unknown  Quantity  be  oa 
one  Side  of  the  Equation^that  hath  a  true  Root  of  it's  kind^  evolve 
both  Sides  of  ihe  Equation*  and  it  will  be  deprefied  i^ito  lower 
Terms ;  as  in  thefe 

EXAMPLES. 

S«ppore|lM«  +  zhn-^-  bbzzddUia-^^baJt^bb  Xiz  diet 
X  ttii^lzl   a^bzz.d  \  a^^b  :=:  dt    , 

a— ^— *— — 1^^— iM^— ^w.— i— ^  ■    iwi^       I   '  "w    I  b  ^  '    I    iwfc 

Here  follow  a  few  Examples  of  clearing  EqoafioHs^  wherein 
all  the  foregoing  Redudions  ve  promifcuoufly  ufel,  ju  CSccafioa 
lequires. 


Suppore 


E  XAMP  L  E    u  ; 

^^  +  ^T^=:g~y^WhaUs>rIto/ 

b 


aa 


2X» 


l82 

2X^ 

4  +  */ 
1m* 


aigelija.  Pan  ii- 

taa  +  ie  —  id=:  ^g-^^aa 
taa4-4.aa  =  ^g-^bii  —  ic 

— i±±— 

«:zy/tL±LiEEi  as  was  required. 
*  +  4    . 


E  XA  MP  L  E    2. 

.^l±i!ls   ,   ?"     what  is  the  Value  of  « f 
«  354  — « 


Sttppofe 

f  X  0 

1X3S4-* 

4-»-4 
5tt»» 


.  354-^ 

12^316-— tf  a  f=  3^94 
4tfiir:  125316 

«=v/3*329='77>*cVaIucbftf  required. 


E  XA  At  P  L  E    3. 


,    Suppofe 

I 

t&> 

1 

Tbatu 

J 

F«r 

And 

Then 

3  +  ^/lc 

4 

f 


4  4  c^ 

4  tf 

T  ^    4        r 


4— 
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183 


4-^ 
c 


7± 


9 


aa baa  ^     .a^ — 9^ 

2  ,    -\/—^ 

a^ ba^    .  **tf*_tf4  —  ^}f^ 

4       T^       TT  ^        4~* 

4        ^<  4       ^'T" 

cc  4  r 

ha^    .    9  i'  _  tf  4 


10x4 
II  — 4Atf* 

12  -^ 
For 


14WUS 


«4 
15 


4 
\ba^'\^^ctb^  —  ^^tfi 
9^r^'=s4ctf4<*-4^tf4 

\%aaaa  zz    ^ 
^  4'-4* 


4'— 4* 


«  =  v^:v^ 


9^  r^i 
4'— 4* 


t^as  wiuivqtiifcd. 


Bf  Help  of  thefe  Redudions  (properly  applied)  the  onknown 
Quantity  (a)  or  it's  Powers,  are  cleared  and  Wought  to  one  Side 
of  an  Equation  i  and  if  the  unknown  Quanticy  (a)  cllanoe  to  be 
equal  to  thofe  that  are  known,  the  Queftioo  is  amfwered :  at  in 
tl^  firft  ExampU  of  Se£i.  i,  and  2.  Or  if  any  fingle  Power  of 
the  unknown  Quantity  (a)  ii  found  equal  to  thoie  thai  are  known, 
then  the  refpedive  Root  of  the  known  Quantities  is  the  Anfwci ; 
as  in  the  firft  four  Exampla  of  Si^.  6,  (Sft. 

But  when  the  Powers  of  the  unknown  Quantities  are  either 
aiixed  with  their  Roots,  uaa-^-bazz  ii^  &c ;  or  do  eonfift  of 
different  Powers,  as  aaa  +  baa  rs^^  &c:  Then  they  are 
called  Aileded,  or  Adfe£ied  Equations  which  require.  Other  Me- 
thods to  reiblve  them  -,  viz,  to  find  out  the  Vahic  of  (a)  pa  iball 
be  (hewed  further  on* 


CHAP. 


iH  aigCb^al  Fart  II. 

h  ^  ■  ■     ■  I  

C  H  A  P.    VI. 

Of  ^^0po0am  fl^tiaimtte^;  hctbistixfmttita* 
4D£cntettt£ja,  o«<2^ufical* 

Vir  HAT  hath  been  Taid  of  Numbers  in  Arithmtticti  fngrtj- 

*  '   /wr.  Chap.  6.  Part  i.  may  be  eaAiy  a[flie4  toady  Senes 
V  Homogeneiil  or  like  Quantities. 

Sea.  I.  o/cmantitif^faract^ 

'folios  E  Quantities  are  iafat  to  be  in  the  tnoft  fimple  or  na- 
-^    tiiral  ProgrcfTion,*  that  begin  their  Series  of  Increafe  Or  De« 
aeafe  with  a  Cypher : 

»p.      (  o :  tf :  2tf  :  3^ :  4^  :  5tr :  6tf  :  &c«  incrctfing. 

"^t  o; — tf:^a/2:— 3^  :— 4tf:5tf:  —  6i>:&€«dtcreaiing. 

Or  Univerfally,   putting  a  the  firft  Terio  in  the  Progrcffion,  and 
#  tke  common  £xec,r$  or  Difference. 

.pj^     t/i:tf  +  ^:tf  +  3L':^+3^:tf  ^-4/:tf4-5^•^+6'&<^- 
In  the  firft  cf  thcfc  Series  it  is  evident,  that  if  there  be  but 
tVrf  Trrnflf  J    th-*  ;iuia  of  the  Extf^anM  wiH  be  douWe  to  -the- 
Mean. 

'  As  >n  ihdct  o :  tf :  1  a :  of>  <t :  a  /r:  3  ^r  :  or,  2  /^:  3  ^^ :  4  ^i  &c* 
««.  24?4-c  =  «»-t*tf:or,  tf  +  3^:r:2tf  +  a^i,  ire. 

•  Ai6>v  in  the  fecm>il  Scries,  either  incrcafing  or  deCreafing,  it  is 
«ridefir,  Ihilt  if  the Teims  h^ a\a  ^  e\a  '\-7.e^  &c.  increafuig  ; 
tWn  8^  jr  4-  2  r,  v\%.  2>  -f-  2  ^  the  Sum  of  the  Extreams,  is 
doable  to  a  --I-  f  the  Mean,  or  if  they  be  *  :  tf  —  e\  a  — ?/,  Sec. 
drcfcafimg ;  lh<»n^  •+-  rf  —  2  ^  :  v/z.  2  <?  —  2  #  the  Sum  pf  the 
Extreams,  is  double  to-tf  -^  #  the  Mean.  And  fo  it  ^i)t  be  in 
any  ofherof  the  tlVree  Terms.  Secondly,  if  there  arc  four  Tetms ; 
tften  thi?  Sum  of  the  two  Extreams,  will  be  equal  to  the  Sum  of 
ihc  two  Means  5  as  in  thefe,  </:/7  +  ^:j-|^2^:^7+3^  in 
^he  Series  lAct  cafnig ;  here  tf  +  ^  +  3^  =  ^  +  '+^  +  ^'* 

Alio  in  fhe(e,  m:  a  ^y-  f:  a  ^^  7,  e,  a  —  3^  in  the  Series  de- 
creaftng ;  here  a -\'  a  —  3/  —  tf  —  f^-tf— 2^,  &C.  in  any 
•other  four  Terms. 

CoftfifMentty^  If  there  arc  ever  (b  many  Terms  in  the  Series, 
•tbt  Sum  of  the  two  Extreams  will  always  be  ec^al  to  the^um 

of 


I    >  Ml  <  li  J 
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of  any  two  Means,  that  are  cqualJy  diftant  from  thofe  Extreams. 

As  in  thdc,  a:a  + e:  a4-2i:a+ 3^ :a  +  4,e:  a+ s^'-^^ 
Hcrctf  +  tf  +  5/  =  tf  +  /4-«  +  4<  =  «+2#4-«+3^^c* 

And  If  the  Number  of  Terms  be  odd^  the  Sum  of  the  two  Ex- 

treams  will  be  double  to  the  Middle  Term,  bfc.  as  in  CoxoU  i. 

Chap.  6.  before-mentioned. 

CONSECTAR.Y    1. 

^^<i  ft /of lows,  (and  is  very  eafy  to  conceive)  that  if.  the  S^m  * 
of  the  two  Extreams  he  Multiplied  into  the  Number  of  all  the  Term 
tn  the  Series,  the  ProduSi  will  he  double  the  Sum  of  all  the  Series. 

Now  for  the  eafier  refohing  Jucb  ^Jiionias  depend  upon  thefe 
Progreffmal  ^uantitiesy 

a  =  the  firft  Term,  as  before. 
'  =  the  laft  Term. 

:  the  common  Excefs,  bfe.  as  before. 

:  the  Number  of  all  the  Terms. 

>  £  =s  the  Sum  of  all  the  Series,  viz.  of  all  the  Terms. 

Then  will  al^y  x  ?/  =  a  S,  by  the  precedent  Confcftary : 
that  \%yNa  +  Ny\a^%S.  Confequently  ^^  +  ^^  =  S,  the 

Sum  of  the  propofed  Series.  Thirdly,  In  this  Series  it  is  eafy  to 
perceive,  that  the  common  Difference  (e)  is  fo  often  added  to  the 
laft  Term  of  the  Scries  j  as  are  the  Number  of  Terms,  except 
the  firft  J  that  is,  the  firft  Term  (a)  hath  no  Difference  added  to 
i^  but  the  Jaft  Term  hath  fo  many  times  (e)  added  to  it,  as  it  is 
dlAant  from  the  firft. 

Confequently,  the  DilFercnce  betwixt  the  two  Extreams,  is  on- 
ly the  common  Difference  (e)  multiplied  into  the  Number  of  all 
the  Terms  lefs  Unity  or  i.  That  is,  N — i  x  <  =  y — ^,  the 
Difference  betwixt  the  two  Extreams,  viz.  N  e-^^zzy  —  a. 

C  ON  S  E  C  TA  R  Y    2. 

Whence  itfol^s,  that  if  the  Diference  betwixt  the  two  Extreams 
he  divided  by  the  Number  of  Terms  lefs  i,  the  patient  will  bt  tbo 
wnmon  Differ enu  of  the  Series* 


To  wit,  ^^ — f.  =  <. 


B  b  Now 


M«a 


iS6 


algebra* 


Pare  11 


Ko«r  bv  dw  (Mp  of  theft  two  Conrea9ri^»  if  any  thret  of 
the  afeicnud  five  Pirts  (mx.  a.  /.  «.  ^.  S.)  be  givea  j  th«  oth«r 
two  ony  be  eafily  found. 


4-*-' 

I  X  a 

6— W« 

e-fN 

5,  and  1 1 


izx  «+> 


13-4-5  H 


1^x2  c 
15— tf<? 

16 — jr< 


20  — NC 


AT 


''■-^'  =  f 


AA-ir 


3  j(  —  a  =  N(-^e 

5  y—^+f  s=  AT,  the  Number  of  Tcroifc 


6 
7 
8 

9 
Jto 

II 

12 

»3 


is— isr«. 


AT 
^S-^^y-a,  the  fiift  Term. 


i+.i^J'sS 


i 


asbefonM' 


B>,  tbe  laA  Tem. 


A^ 
IjL  =.  AT, .  the  Number  o£  Terms. 


+  a  +  y=z2S 


oy^aa  ^,  a-\-y  -.^  Sum  of  afl  the  Series, 


2*  2  ^ 

,,  yy  — <»a  +  ff/  +  y*  =  2$* 

jtl/y  —  a  a  -f  y  *  =  2  a  e — at 

aa-=.  2St-rat — y  t 


79 


yy  —  a» 


I  tt  the  coBUBon  DiSerence; 


3+^y^/V^  — ^  +  tf  izjT,  the  laft  Term, 


^^e^Nizza^  the  firft  Tferm. 


Jn  like  Manner  you  may  proceed  to  find  out  any  of  the  fire 

Quantities  (a,  e.  y!  N.  S.)  otherwilc,  wa.  hy  vatyifig  or  cpm- 

paring  ihol'e  Equations  one  with  another,  you  may^)ro<juce  new 

V. .   *  ^;   ^  Equations 
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Equadom  wttti  other  D^ta  lA  theia ;  the  which  TlEair  here' omit 
pufitofi^'  aiuLleavet  them  for  the  Leannc^  Pxadide.  . 


Sea.  2.    Of  CUlttltittQl  A'  Gimeirkal  Proportion.  ^ 

/[^EOM  ET RIC  A L  Proponioo contliiuedlias  been alrtady 
^^  defined  in  SeGL  2.  Chap.  6.  Part  1.  And  what  is  there 
Mi  cmRening  Nkimben  m  -le*  may  eafily  kc  appUed  ti  any  Sort 
-of  Haaaogafital  Qjitntitiet  that«r«  in  4^« 
.  Ths  sMft.mnmil  md  fiaipkStrita  of  Gtone^l  Prapit- 
tionab,  ia  when  it  begmt  with  Unity  or  i.  .        .; 

As  I  ^  tf  .  tf  tf  .  ««tf  •  ««v«;  4if  .n^y'lcc^in^s*'    ' 
•  :Fori  isim  14^  a::  M4t  TWO  kiimMio-i  41 41  €41^  Inc. 

vlr  tf  •  ^ •  -^  •        » •  p  ■■!  1  «  ^» arc  1  cnns  in  -h* 

4        «        a  a        «a     «'      tf3     «4 

That  is,  when  all  the  middle  l^erms  betwixt  thf  two  Extttams 
are  both  Coi]feqtient»  and  Antecedents,  that  Seriey  it  \ti  Gcome* 
Irical  Proportion  continued^  Therefore  in  every  Serifs  of  Qtfai{* 
■  titles' in  4^  all  the  Terms  except  the  laft  are  Antece^nts  ;  and 
aQ.  Ae  Tffma  e^ccept  the  %ft  aM  ConfiN|ijentor  Bot  wAHfMj^ 
putting  a  the  firft  Term  in  the  Series,  and  #  the  Ratio,  vht.  the 
oomom  Multiplier^  or  Dirifor ;  ^then^it  will  be  ^ 

.  Ortf^f  .S.^JL  ..JL.  .  i-.  &c.areMi<f4*dea. 

giieatieeo^..  ^ 

-  FflTtf :tfV:  :ii#;fll/  stf#r,  &e. 

a  •  •     .  / 

4       4    ait       it        ^  ,    ^f    *^^ 

I.  Ia  any  oT.thefe  Seriefei*tt  !a  evident,  that  if  three ^^ntitiW 
are  in  -k-,  the  Redangle  of  the  two  Extreams  will  be  equal  to' 
the  Square  of  iheMc^n;  asinthefe,  m^at  .aa^  betttf«4## 

ZZ4i  Xa4sz4l0  4i  .  UC 

•      -  B  b  a  Or 


i88 aige&?a.  '  PartIL 

Ofii .  1 .  i.;  hcreilibaxJi  -  f.)c^=  "  &c. 

i        €€  €€  €  i  it 

II.  If  four  Quantities  are  in  -fr  the  Redangle  of  die  Extreanu 
will  be  equal  to  the  Refianglei  of  the  Means. 

As  in  thefe^  a.  at.  an  •  am-y  \itxta  xa  €%  -^  ai  X  a  a, 

Orif.-f  .i..Jl;hcrealfo«x  Jl  =  l.x-^  =  lf,  &c. 
€     es  as.  .m    .  i      ie      sa 

Confeiiuently,  If  there  are  ever>  fi>  inany  Terms  in  the  Scries 

of  #,  the  Redangle  of  the  Extfeams  will  be  equal  to  the  ReA- 

tngle  of  any  two  Means  that  are  equally  diflnt  from  tbofe  £x- 

treamt.  .    ...     j 

As  in  theie,  tf  •  dCf  ;ir<r  » 47#^#  •  tf^  •  tf tf5 

f       »*  .*  , 

III.  If  any  Number  orQuanrlcJcs  arc  in  ffif  wiH  be,  asaiiT 
one  of  the  Antecedentsjs  to  it'%  Consequent  ;•  fo  is  the  Sum  of  all 
the  Antecedents,  to  the  Suia'  of^  all  the  Confequents. 


.    .   f  tf  .  ai  .  aee  .  aae  •  aeeee  .  aeS^  &c.  increating* 

thefe^*  /  ^  •  —  *  —  •  <— -  •  -^  "^  -^^  &<^*  decreaflng.' 
■  ^     '  i       ie     eee     e ee^e     gS 

:a:a€::a^agJ^aee^a£i'J^ae*:aiJ^aei^aei'\'at^'^aef 

., .  /  g         an        e*       i       €       <«      r 

4--i-  H-  — •  via.  a  xit  \  tfVV  4-^''  +  tf#*'+  ati  zz  a  i 


^m^^ai-^-  age  ^  aO  +  ai\ 

That  is,  the  Re^angk  of  thc'Extrcams  is  eqqaj  to  the  ReS- 
angle  of  the  Means ;  per  Second  of  this  Se^. 

Note  J  The  Ratio  of  any  Series  in  *?-  incrcaiing,  is  found  by  di- 
viding any  of  the  Confequcnts  hy  it's  Antecedent. 

Thus, ,  ir)  fl./  \g  Or  as)  a  eg  (/,  &c. 

But  if  the  Scries  be  decreafing,  then  the  Ratio  is  found  by  di* 
viding  any  of, the  Antecedents  by, it's  Confcquent*  %   ,, 

CON- 
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conSectary. 

Thife  Things  biing  prmtfed^  fuch  Equtttims  may  le  deduced  frnm 
tkem^  4is  mUfohe  aU  fucb  ^efiicns  as  ars  ufuaUy  pr^pofed  aiouf 
^umtMies  in  Ge^mitrical  Proportion  -H-.     In  order  to  tbat^ 

•ii  =  thcfirft  Term.  \^  before, 

r  :=  the  common  Ratio*    J 
:  the  laft  Term* 
:  the  Sum  of  all  the  Terms. 

Then  S y  =  the  Sum  of  all  the  Antecedents* 

And  S — a  =  the  Sum  of  all  the  Confequents. 
Analogy.]  i\a:aei\  S—y:  S  —  a,pirm.  of  this  Sfff. 
J  .^.   2Sa  —  aa=ae  S-^a  ey 
%'^a  ^S  —  azzziS-^iy 

3  +  ^y  4S  +  o-^f^s 

A.  —  S  5^jf  — tf  =  ^5— 5 
5  -r-  /  —  1   bliZZf  rz  5,  the  Sum  of  all  the  Series* 


3-r-S— Jf    7 


8 


54.J 
Z^i  9 


4  +  ^ 
10  — rSii 


10 


e —  I 
S— If 


=:  i^  the  common  Ratio* 


yzni  S  +  a-^S 
ej  +  a^  =;  J,  the  lad  Term. 


S  +  ^y—fSzrzaj  the  firft  Term. 


Notij  The  *•-  fet  in  the  Margin  at  the  fecond  Step,  is  inftead 
ef  ergo ;  and  imports  that  the  Re<5bingle  of  the  two  £xtreams  iif 
the  (irft  Step,  is  equal  to  the  Rectangle  of  the  Means*  And  fo 
foe  any  other  Proportion* 


St&.  3.     Of  pmtmiCtA  Proportion. 

HARMONlCALor  Mufical  Proportion  is,  when  of  three 
Qiiantities  (or  rather  Numbers)  the  iirft  hath  the  fame  Ratio 
to  the  third,  as  the  DiflFercncc  between  the  firft  and  feoond,  hath 
to  the  Difference  between  the  fecond  and  third*     As  in  thefe  fol-. 
lowing. 
Suppofe  ay  by  Cy  in  Mufical  Proportion. 
Then     i|tf:f::^— «:<  —  h 

3t  + 
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PartJr. 


2  -H^tf 


.3-^.2  t\~^  4 


7  -*-  2  a  —  c 


cb  =i%ac-^b  a 

^^     ==  tf,  the  fik  T^rin; ' 


2<  — * 
20f 


=  S,  the  fecodd  Term, 


c  +  a 
2at^ch^J>  a.' 

=  r,  the  third  Terni. 


2a  —  b 


If  there  are  four  Terms  in  Mufical  Proportion,  the  firft  h*ath 
the  Tame  Ratio  to  the  fourthj^  ts  the  Difference  between  the  firft 
and  fecond  hath  to  the  Difference  between  the  third  And  fourth.     • 

That  is,  let «,  b,  Cy  rf,  bb  the  four  Tecnu,  ^c. 


Then 
I  %• 
2—  i  a 


'2d^C 


2^d 

e-^db 


7^2- 


aid::  b^a':  d-^e 

db  :=z  2  da-^ca 
db 

2fl  —  C 

b  ss^^^  — *^ •• 


d 

ca  :=z  2  da^^dh 
2d9  —db 


ea 


la-^b 


a 
=  d 


CHAP.    VII.  "'^ 

Of  Propcriion  £)l!5fjtmCt,  and  b^w  tc  turn  Equatim  into 

PROPORTION  Disjuna,  or  the  Rule  of  Three  in 
^  Numbers,  is  already  explained  in  Chap.  7.  Part  1.  And 
what  hath  been  there  faid,  is  applicable  to  all  Homogeneous' 
Quantities,  Vi%.  of  Lines  to  Lines,  feff. 


Sea, 
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S  EC  T. 


I. 


T  F  four  Q?ttdtici«  (vhu  eidier  Lioes»  Superficies,  or  ScKds)  b« 
^Fropattaonii  I  the  R«dai^  compithended  under  Uie  Extceams. 
is  «mm1  to  the  Rfrfhuigla  comprehended  under  the  two  Means. 
(i6£id;^6.) 

For  Inftance,  Sitppofe a.h.^.J^to  repteient  the  four  Ho- 
mogeneal  QyandtuM  ia  Proponion^  fits,  a  :i:.:  £  :Ji  then  will 
adssic.  For  fyppokS^za^  then  will  ^sb  2 ^>  and  it  will 
betf :  air  :ir:  ar.  Here  theRatbisa.  B^ta  x  2€:=^2axc. 
ifiz.2cass2au  Or  fuppofe^s  3^  then  will  </=«  3^»  and 
it  will  be  tf :  3'«  : :  c :  $c»  Here  the  Ratio  is  3.  But  a  x  jc 
zz  7  axe.  vm  $€S9:s$ac.  Or  vniferfally  puttinr  /  for  the 
Ritioaf  the  Proportion,  tt/«r  making  brxtaf^  then  will  dzz  ce^ 
md  it  will  be«:  tf/  ::  c:  ce.  Buta  X  ce^za^  X  c^  v4£«  a  c  4 
^aic.  Confequentlj,  adzzh  Cj  which  was  to  be  proved.  ** 
.  WhcKt  iribllowi,  that  if  any  three  of  the  four  Propor/tonal 
Quantities  be  giwiy  the  fourth  may  be  c a%  found  ^  thus. 


Let] 
1'.-  2 


?tH-* 


%-^  t 


a  -r-a 


t**w 


Or  a  -r-  if  < 


8 


a\b::c:d 
«^=*tf  as  before 

d 
t_ad 


e 
ad 

7 

a 


J'^'J  It  his  5th  Booic, 
U  of  Proportional 


Wi^<p,    In  this  Manner  Euclid^    m 

exprefles  the  Ratio 

Is,  vt%.  the  Ratio  of 


-»-T- 


If  four  Quantities  are  Proportionals,  Aey  will  alfo  be  Propor- 
tionals in  Alternation,  Invcrfion,  Compofition,  Divifion,  Con- 
vtrfion,  and  Mixtly*    Euclid  i.  Dif.  12,  43,  I4>  »S»  *6. 


1 


That 


L^v 


\ 


igz 


iXis^iti*^ 


Part  II. 


That  is,  if 

I 

II :  ^ : :  r  :  ^  be  in  dired  Proportion,  as  before* 

Then 

2 

a  :  c  ::  htdf  akernate*    For  a  J  ^  tc. 

And 

s 

hi  ai:  dicy  inverted.    For  a  4-=^  be. 

Alfo 

4 

a-\'h  lb::  €  J^  ii'd'rCom^goonMu 

4'' 

5 

da  +  bd^bc-^-btly  that  is,  adsub  t^  as  before; 

Or 

6 

a'i^c:ci\b'{'d:.d\  alternately  cdmpoundedL 

6v 

I 

ad'\'<d:=.bd'\'Cd^  that  is,  ad:nbe. 

Again, 

i-^b:b:i£^d:d,  divided. 

8v 

<^ 

ad-^bd^bc^bdy  that  is,  adr^bc. 

O' 

10 

tf  —  r  :  f  : :  b'-^d:  dy  alternately  divided. 

f       lo  %• 

I] 

a  d-^td  ^bc^^cdy  that  is,  a  d  zz  b  c. 

And 

12 

^  •  *  zt  ^  •  •  ^«  ^i  ^1  converted.. 

12  V 

n 

ad  +  acrzbci^acj  that  is,  adsabt. 

LaMy 

H 

a^  b  la-^bxic  ^dic — rf,  mtxtly. 

i4'.- 

M 

ac-^ad-^-bc^bd-nc^ad^bcr^bd. 

..      '5  + 

i6 

2bc::zisdy  that  is,  « ^  =  ^ ^;  as  at  firft. 

Note;  What  has  been  here  done  about  whole  Quantities  in 
Simple  Proportion,  m^y  be  eafily  performed  in  FraAional  Quaa« 
titles,  and  Surds,  CsTr.. 

FoVInOance,  If-;  tzf  ;:i±i,  and  if  it  be  required  to 
c       f  c 

find  the  fourth  Term,  it  will  be  -/~^^  the  ReAangle  of  ^e 


/^ 


ab 


Means;  which  being  divided  by  the  firft  Extream   —  will  be- 


come — 


ab\dd — cc  /  dde^-^cee  ^^dd — cc 


TV 


/' 


abfc 


bf 


the  fourth  Term. 


Orif^:  v^  bd-^t  hew  ij  bd-^hc\\Az  fourth  Term.  Then 
is,  V*^+^^xV^^  +  *^=*^+*^thcRcfengleofthcMeans; 
and  h'ihdJ^b  c  {d  +  c  the  fourth  Term.  That  is,  * :  ^bd-^^bc 
::  ^J  bd^ifcid^Cy  &c. 


seft.  2.  Of  Dupucate  and  Crfjatcate  ppm^timu 

'T^  H  E  Proportions  treated  of  in  the  laft  Sedlioft,  are  to  be  un- 
^    derflood  when  Lines  are  compared  to  Lines,  and  Superficies 
fo  Superficies  ;  or  Solids  to  Solids,  viz.  when  each  is  compared  ta 
that  of  it's  like  Kind,  which  is  only  called  Simple  Proportion. 


But 
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But  when  Lines  are  compared  to  Superficies,  pr  Lines  are  com* 
pared  to  Solids^  fuch  Comparifons  are  diftinguiihed  from  the  for- 
mer, by  the  Names  of  Duplicate,  and  Triplicate,  (&c.)  Propor- 
tions ;  16  that  Simple,  Duplicate,  and  Triplicate,  t^L  Proper- 
tions  are  to  be  underftood  in  a  different  Senfe  from  Simple,  trouble. 
Treble,  yc.  Proportions,  which  are  only  as  i,  2,  3,  fcfc.  to  i ; 
but  thofe  of  Simple,  Duplicate,  Triplicate,  (^c.  Proportions  are 
Ihofeof  II  .aa  .aaa  .  J  iCQ»  tp  i.  Or  if  the  Simple  Proportion 

be  that  of  a  to  b,   whole  Ratio,  or  Exponent  is  J^or  _• 

i    .    a 

Then  £  X  -  =  ~  is  the  Exponent  of  the  Du-^ 
b        i  i  b  / 

plicate.  >  of  -1 

And  ±  X  —  X  f.  =  —  is  the  Exponent  of  theC  * 

if       S        i         bi  ^ 

Triplicate  Proportions,  bfe. 

And  if  there  are  three,  four,  or  more  Quantities  in  ■«•,  a9 
J  a  ^aa  .  aaa  .  a*  »  aS^  &c.  (as  tn  the  firft  Series,  ScGt.  2«  of 
the  laft  Chapter^)  Then,  that  of  the  firft  to  the  third,  fourth, 
and  fifth,  GTr.  (viz.  I  to  aa  .  a  a  a  .' a^ .  aS)  is  Duplicate,  Tri- 
plicate, Quadruplicate,  fsfc.  of  the  firft  to  the  fecond  (vh.  of  i 
to  a-,)  and  by  Invcrfion,  that  of  the  third,  fourth,  fifth,  is  Du- 
plicate, Triplicate,  i^c.  of  that  of  the  fecond  to  the  firft  (atoi) 
per  Dif.  10.  EucU  5.  But  the  Name  of  thcfc  Proportions  will 
appear  more  evident,  and  be  eafier  underftood  when  they  are  ap- 
pUed  to  PraAice,  su^c)  pl^ftrated  by  Geometrical  Figures,  further 
00. 


SeA.  3*    How  to  turn  Equations  into  SttSUljQpiCjSt 

FR  O  M  the  firft  Seaion  of  this  Chapter,  it  will  be  eafy  to  con- 
ceive how  to  turn  or  rcfolve  Equations  into  Analogies  or  Pro- 
portions. For  if  the  Refiangle  of  two  (or  more)  Quantities,  be 
equal  to  the  Reflangle  of  two  (or  more)  Quantities ;  then  are 
thofe  four  (or  more)  Quantities  Proportional.  By  the  16  Eucl.  6. 
That  is,  if  a  b  =  cdy  then  is  ^  :  f  :  :  rf  :  *,  or  c:a::b:  dy  &c. 
From  whence  there  arifes  this  general  Rule  for  turning  Equations 
intoAnalogie,.  ^^  ^^^^ 
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RULE. 

Divide  elthir  Side  of  the^tven  Equation  ^if  it  can  hf  Jfiue)  gnt0 
two  fuch  Parts y  or  FaSforsy  as  being  mtdtiplted  together  will  produce 
that  Side  again  ;  and  make  thoje  two  Parts  the  two  Extrfams,  ^The^ 
divide  the  other  Side  of  the  Eauation  (if  it  can  be  done)  in  thefaine 
Manner  as  the  firji  ivas^  and  let  thofe  ttpo  Parts  or  Favors  ko  tBe 
tu>o  Means. 

f  For  Iilftancc,  fuppofetfi  +  tf^ii*</.  T\itna:hi^  d\b'{-d^ 
or  b  :  a  ::  b+  d:dj  ice.  Or  talcing  aJhomhoih  Sides  of  the 
Equation,  and  it  will  be^ ^  =:  ^^r-*  adi  th^n  aid: :  b^'^aib^ 
or  b:  d  ::  b  —  a  la^  &c. 

Again,  fuppofc  a,^ +  7'aezz%by^  yy.  Here  /?  and  a  +  31/ are 

the  two  Fa£lors  of  the  firft  Side  in  this  Equation  i  for  a  4-  2< 
)fia^=^aa'\'7.ae. 

Again,  y  2nd  2  t  +y  are  the  two  Faflon  of  t|>e  other  Side; 
therefore,  <?:  J?:  :2b  ^yi  a  ^[^  2  e^or  2  p +y:  a -ya^ii  laiy^&c. 

When  one  Side  of  any  Equation  Cjan  be  divided  into  two  FiRov^p 
as  before ;  and  the  other  Side  cannot  be  fo  divided,  then  make  the 
Square  Root  of  that  Side  either  the  two  Extreams  or  the  tWQ 
Means.  For  Ir\({ance,  Suppofe  bcJ^  b.d  zz  da  +  ^,  tl^en  b : 
^da-^gii  ij da-^^gxc^dyOi  ^ da~^g:b : : c-^-d:  / da+gy&Q^ . 


CHAP.    VIIL 
©/  au68ftllttol>   and  the  Solution  of  f^|l^atWi 

ygrr  HEN  new  Quantities  not  concerned  in  the  firft  Seating  of 
^^  any  Queftion,-  are  put  inftead  of  fome  that  are  eijgaged  in 
it,  that  is  called  Subjlitutiw.  For  Inftance,  If  inftead  x^ 
J k^^^dc  you  put  z,  or  any  other  Lettfer ;  that  is,  make  %  = 
\/  hc^^dc.  Or  {\i^'fio(taa'\'bc^^T'C  a'\-  da  •=•  dcy\n^t,2ddih — c 
4-  d  put  Sy  or  any  other  Letter  ^not  engaged  with  the  Queftion, 
wz.  s  =?i — r-l-i, thentftflfjazzir.  Thatis, if fl|c greater 
*  tkaa 
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r         ,  m  r  r   •  »         1     ■         ■  h     ^      1    1         ,  •    -  -„ 

ttuui  i  4-^9  it  is  tf  tf  —  i  a  zi  itf i  but  if  A  -f"  ^  '^  greater  than  c^ 
then  itis  aa  -{^  s  a  zz  J  c. 

Arid  this  waj^  of  fabftitming  or  putting  of  new  Quantities  inL 
fletd  of  otherS)  may  be  found  very  ufeful  upon  feveral  Occafions  i 
viz.  in  order  to  make  fbme  following  Operations  in  the  Quif* 
t&tin  more  eaQr,  and  perhaps  much  (norter  than  they  would  bt 
Iddiottt  ity  as  you  may  obferve  in  fome  Queftions  hereafter  pre« 
pofed  in  this  Traa« 

And  whed  thofe  Operations,  in  Which  the  fubflituted  Quanti* 
ties  were  affiftins  or  ufeful,  are  performed  according  as  the  Na* 
ture  of  the  Queuion  reauired,  you  may  then  (if  there  be  Occafion) 
bring  the  original  or  nrft  Qy^ntities  into  th&Equation,  in  the 
I'lace  (or  Places)  of  thofe  fubftituted  Quantities,  which  is  called 
Reftitation^  as  you  may  fee  further  on. 


Sea.  ^.    Tbe  Soktion  if  ffUtdH^Stt^  Cquatfonjl^ 

tX^HE  K  the  Quantity  fought  is  brought  to  an  £4)ua]ity  with 
^^  thofe  that  are  known,  and  is  on  one  Side  of  the  Equation, 
in  no  mott  than  two  different  Powers  whofe  Indices  are  double  one 
to  another,  thofe  Equations  are  called  Quadratick  Equations  Ad- 
feded ;  and  do  fall  under  the  Coniideration  of  thre^  Forms  or 
Cafes4 

Cafel*  aa — 2baiz  de.  f      And  j  rf*— a.2*j*  =dci 

ta^^2iin  =zdc.i  ta^+lbd^:ssdc.l 

Alfo  ^  tf«  —  2  A/73  =  rf/.  >      And^  a^  —  2ba^  =  dc.  >  &Ci 

Lzia^  —  a^zzdc.}  Lzba^-^-a^  :=idc.} 

When  there  happens  to  be  more  Terms  in  one  of  thefe  Kin4 
tf  Equations  than  two,  and  the  bigheft  Power  of  tbe  unknown 
Quantity  is  multiplied  into  fome  known  Co-efficients  ;  you  muH 
reduce  them  by  Divifion ;  as  in  Sc£l.  4.  of  Chap.  5.  and  fqr  the 
Fradional  Quantities  that  may  arife  by  tholb  Divifions,  fubllituta 
another  Quantity  doubled. 

For  Infiance^  let  baa'\-caa'-ca*{^  ia^idc-^-cby  then  tf^— 

li+il  =  ii±lt.    Make  '±J  =  a  ^,  and  if  you  pleafe, 

.    C  c  2  for 
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for 


dc  +  cb 


put  2.  Then  will  ^m*— 2Xtfrrzbe  the  new  Equa* 

tion,  equal  to  the  other,  being  now  fitted  for  a  Solution. 

Now  any  of  thefe  three  Forms  of  Equations  being  thus  pre* 
pared  for  a  Solution,  may  be  reduced  to  fimple  Powers  by  cafting 
ofFthe  fecond  or  loweft  iTermof  the  unknown  Quantity ;  which 
is  done  by  Subftitution  ',  thus,  always  take  half  the  known  Co. 
^efficient,  and  add  it  to  (Cafe  i.)  or  fubtra£i  it  from  (Cafe  2.)  it's 
fellow  Fador ;  and  for  their  Sum,  or  Difierence,  Subftitute  ano* 
iher  Letter }  as  in  thefe. 


Let 

Put 

3—! 
4  +  rf. 

aando 
7-A 


aa-^ib  a  zz  Jc   Cafe  I. 

aa'\-  2b  a  +  bi: 
bb  =  ii—dc 
bb^dc  ^ 


'ii 


€€ 


e:=i^bb  +  dc 


a  +  b  =  ^bb^dc^  pgr  Axiom  %. 
az=z^  bb'^4c:^i 


Put    2  a  —  i  =  e 
@-»l  o  aa  —  2ba 


Again. 
2ba  =sdc   Cafe  2« 


2®-* 

3 

3—' 
4  +  ^^ 

5  m.* 
a  and  6 

4 

5 
6 

7 

7+* 

z\ 

a-\'bb:=iii 
bb:=zi  i'-^dc 
eeizdc+bb 
ez=^  dc  +  bb 


a—i=z^  dc-^bb 
a:=b+^  dc  +  bb 


In  Cafe  3.    From  Half  the  known  Coefficient  fubtrad  it*^ 
fellow  Fadlor. 


Thus,  Let 
Put 

2©-* 

1  +  3 
4-i. 


1  2  *  tf  —  tffl  :ssJc 

2  b  —  a  =  # 

3  bb"^2ba  +  aa  =:  ee 

4  bbssdc-^e^ 
^  ee  zz  bb'^dc 
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2  and  6 
8_^,  to. 


ic:^sjbb--dc 


i  — tf  r=  y  bb—dc 
a'^ib^^^bb'-^ac 


And  this  Method  holds  good  in  thofe  other  Equations,  whem- 
io  the  bigheft  Powers  are  e^^  ifii  a^,  tto.    As,  for  inftance. 


Let 

Put 

2©"* 

3—1 

4  +  cd 

a  and  6 

8sD»3 


ii6^2^'tf=:^c  Cafe  I. 

a6+2ba^+bb=sii4 

bb^ii'-dc 

ie  z:;bb  +  dc 

ess^  bb  +  dc 


a^+b=^bb+dc 
aZ  =  4jbb+dci'^b 


a=zZ^:^bb  +  dc:^b 


The  fame  may  be  done  with  all  the  reft.  Care  being  taken  to 
aidd,  or  fubtraA,  according  as  the  Cafe  requires. 

But  all  Quadratick  Equations  may  be  more  eafily  refolved  by 
oompleating  the  Square,  which  is  grounded*  upon  the  (Jonfideration 
of  raifing  a  Square  from  any  Binomial,  or  Refidual  Root, .  (See 
SeSt.  5.  Chap.  1.)  Viz.  if  a  -f-  ^  be  involved  to  a  Square,  it  will 
'beaa'\-aba  +  bbi  and  if  tf— £befi>involved,  itwill  beatf-* 
aba-i^bb.  Whence  it  is eafy to ofaferve,  thztaa-^ibassde 
(Cafe  I.},  andaa  — 2  ^tf  ssir  (Cafea.)*  are  imperfed  Squyes, 
^wanting  only  ^  ^  to  make  them  compleat.  And  therefore  it  is, 
that  if  half  the  known  Co*efficient  be  involved  to  the  fecond 
Power,  and  the  Square  be  added  to  both  Sides  of  the  Equation, 
the  unknown  Side  will  become  a  compleat  Square. 


Thus  Let 

But 

1  +  2 

3tw* 


r     Here 

t;szdc      ^2^is^, 

fz=zbb    lisbb 


Here  half  the  Co-efficient 
which  being  fquared. 


bb 
aa  +  ^ba+JJ^dc-^bb   Cafe  i. 


4\a  +  bz=:^dc  +  bby  as  before. 


Again, 


9SS0ji^ 


Part  ir 


Let 

But 

t  +  J 

3  *w* 


Agatn^ 

aa — %ba^bk==de^  ti 
a-^b=^dt^bl>,  &c  is  befofe 


«•  fliTTT- 


But  in  Cafe  3.  jrou  mufl  change  the  Signs  of  all  the  Terms  k 
the  Equation. 


Thus 
Then 


And  this  Method  of  compjeatinfthe  Square,  holds  ttuc  in  theft 
other  Equations. 


Viz. 
For 
1  +  2 

5  ua» 


bb=ib,  as  before. 

tta-^b=^.4c^bb 
aar=i  ^ .dx^i.i:  -r~  I  - 

tf=\/:v<'77-^U:  — ^,  ^nd  rp.on/pK  the  re/t 


Or.let 

And 

1  +  2 

I  ttu* 

4-A 

•5  WJ» 


I 

2 

3 

4 

i\ 


i^^ibiaasr^dct  is  hefitt,  Cftfe  t. 

ib=^bb 
««+»*«  aa-lhbb=idc  +  *■* 

COROLLARY. 


.i?T ■Vj'^'^'1!*  J^'  ^f"tfievtr  Method hiifid in fitvtnt 
thjfe  (ortndecdm,  tthtr)  Equation,,  the  Rtfult  wiltjiUl  be  the  fume, 
tfthe  Work  be  true ;  asjou  may  ohfefvefrom  the  dptratiom  if  tU, 
^f^i"!  •  /"■  4'/*  thefeMods  herepropofed,  glvtthe  famrStormt 
tn  thttr  refpemve  Cafes  for  the  Value  of  (a),  ^ 


Tbitt 


i  I       I  IM.L.         ■    ..  i'.li  ML  .mw...   i.H'   I'U^-.      ~.      .       ■         ■■     1  .   JWi  i  »'■ 

AoA  whctttfa  — 2*ii  =  ££2j!l?* 
Th^^rem  2.  az=:b  +  J  d c  +  H 
Agaia  wbch  aia-^a a -^ dcj  then 

The  like  TheQri7(fs_mjyht  ^agljr  /atfed  for  the  reft. 


Thus 

t 

I  CD 

2 

aim* 

3 

3-i' 

4 

and  tben  the  Work  will  ftand 

aa^ha-^ibb=ide-^ih4 

a=  t/TT+rpT?:— i  i,  and  fo  for  the  i*ft. 

•■  .  .  ■      ■  ■  I       ■  ■  III. 

N^i^  C  a  placed  in  the  Margin  againft  the  fecond  Step,  fig* 
nifies  ihat  the  imperfeS  Square  aa^bainxbt  firfl  Step,  is  there 
oompleated,  vi%.  in  the  fecond  Step. 

Now  by  the  Help  of  thefe  The9rims^  it  wiil  be  eafy  to  calculate 
pr  find  the  Valine  of  the  unknown  Quantity  (a)  inNumben.' 

B  XJMP  L  B    I. 

Suppofe  a  a  +2  ttf  ==  2.    Let  i  =:  16,  and  z  =  4644, 
Tbcntf  =  ^z-j-**  :—  ifer  Theorem  r. 
But  z  -f-  ji  =2  4644  -f  256  =  4900,  and  ^4900  ==  70. 
Confcqucntly  j  n:  70  —  16,  viz.  a  =  54.    • 

But  every  Adfeded  Equation  hath  as  many  Roots  (or  rather 
Values  of  the  unknown  Qy^ntity)  either  real  or  imaginary,  as 
are  the  Dimenfions  (viz.  the  Index)  of  it^s  higheft  Power ;  and 
t))erefore  the  Quantity  a,  in  this  Equation,  hath  another  Value 
^ther  Afikmative  or  Negative ;  whidh  may  be  thus  found. 

Tliegiven£quationistfi7-f-  32^1 =4644,  apditVRbottf =54. 

Let  thefe  twoEqoations  |^  made  equal,  or  equated  to  0^  ^^^*  J^^ 
]|9othin^. 

Thus, 
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Then  divide  the  given  Equation  by  it's  firft  Root,   and  the 
Quotient  will  fljew  the  fccond  Value  of  «.  - 


Thus,  «-.54s=P)««  +  S*«— 464+' 

"    4-^^«  — 4^4+ 
86  g  •—  4644- 


so(ii«f  86  s  o 


(o) 

Hence  *e  fecond  Value  of  «  U  =  —  86,  or  86  »  -.  *,  whidi 
feems  impoffible,  tw.  that  an  Affirmative  Qjiantitjr  feould  be 
equal  to  a  Negative  Quantity  j  yet  even  bjtbi.  fecond  Value  of 
«,  and  the  fame  Co-efficient,  the  tr»e  (or  fitft)  Squauon  may  be 
formed. 


Tliu<,Let 
I®-* 

a  +  3 


«  =  »•  86 
aa  =  +  7396,  vl«. —86  X  — 86  =  +  7396 

32*  =  — a75»  ,^ 

««  4.  32  0  =  4644,  as  at  firft. 


EXAMPLE    2. 


Suppofe 

I  c  a 

2ua* 
3+3.5 


« i»  --  7  *  ac  94*.75»  *«"  /^  T^wm  a. 
««  —  7  «  +  V^:  94?»7$  +  V'=  961 
«— i(or3'5)=\/96i  =  3» 
4  «  3«  +  3.5  =  34.5 


be  ordered  as  the  laft  was. 

EXAMPLE    S- 

Buppofe  36  ii  — ««  55  448.  t^n  /^^  ^«'''«'  3-  "  ^  ?* 
—  ^^3^5  — ^»3*  t»«.  half  36  fquared  is  324,  &c.  that  is, 
1-^,8  —  VTT  J  but  V  81  =  9.  therefore  <i  =  18  —  9  =  9- 

Now  this  third  Form  is  called  an  ambiguous  Equation,  becaufc 
itS*  two  Affirmative  Values  of  the  unknown  Quantity  (a), 
£1;  wS.  »ay  be  found  without  fuch  Divdion  as  w«^u^ 

2 
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before.  For  in  this  Care,  tf  =  18  +  ^.Si9viz.a  zz  184-9  =  ^7* 
or,  tf  =  18  —  9  =  9*  as  before.  And  both  tbefe  Values  of  ^  arf 
equally  tnie,  as  to  forming  the  given  Equation  ;  viz.  36  tf  —  a  a 
=  243.  Foriftf  =  94  then^tf=;78i,  and  36^=  324;  but324 
*—  81  =:  243,  therefore  #v  =  9, 

Apw%  i(a=  27,  thco  will  aa^  729,  and  36 ii  =  972 :  But 
97;^  .r—  729  =  243,  confequently  it  tn^y  be,  n  =  27.  .Now either 
or  thefe  Values  of  a  may  be  found  by  DiviJUn^  as  thofe  were  in 
the  other  two  Cafes,  one  of  them  being  firft  fojind  by  the 
Theorem.  Thus,  let  36  ^  —  «  ^  —  243  iz  o,  and  9  ^— -  ^  n  o 
then  9  —  #  =0)  ^6  tf — aa — 243  -zz  0  («  —  27  =  o 

27^— P  — 243 
^3 


■^ 


(0) 

Hence,  If  tf  -r-  27  =;s  o,  then  a  =  27,  as  before. 

Notwithftanding  all  Quadratick  Equations  of  this  third  Form 
have  two  Affirmative  Roots  (as  in  this)  yet  but  one  of  thofe>Roots 
will  give  a  tme  Anfwer  to  the  Queftion,  and  that  is  to  be  chofen 
according  to  the  Nature  and  Limits  of  the  Quefiion,  as  ihaU  be 
ikewed  fuilher  on. 


SCHOLIUM. 

I 


From  the  Work  of  the  thru  lajl  ExampliSj  it  mttj  U  ohferved^ 
tict  the  Sum  of  both  tbi  Roots  wtll  always  h  equal  to  the  Co-efficiint 
of  their  refpeilive  EquationSy  with  a  contrary  Sign. 


Thus.    In  Example  i.    ^  ^  -f  32  tf  rr  465 
Here  a  -. 
And  a: 


""";=_ii{**' 


2tf  =  —  32 

InExmnpU  2.  'tf-^?^  =  948,75 

Hereii: 


» tf  —  7  tf  =  94 

=   34.5  r 
■=--27,5  J 


And.  --^^^^ 

2fl  =  +7 

In  the  laft  Example         36  <? — aa  =:  243 
Which  waschangedinto/7tf — 36^=  —  243 


Herctfiz    9  )  AAA 
And  ^  =  27  S^^^ 

2tf=  36 

D  d  Hence 
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•     Hence  it  is  evident,  that  If  cither  of  the  Jt-oo^s  be  found,  the 
other  may  be  cafily  had  without  Divifion. 

If  the  Contents  of  this  Scdlion  be  well  underftood,  it  will  be 
tafy  to  give  ^  Numerical  Solution  to  any  Quadratick  Equation, 
that  happens  to  arife  in  refolving  of  Queftions,  ^c.  Arid  as  for 
giving  a  Geometrical  Conftruflron  of  them,  I  thinly  it  not  prq- 
per  in  this  Place;  becaufe  I  here  fuppofe the ^arneriyholly Igno- 
rant of  the  firft  Principles  of  Qcometrjr,  thercfofp  I  (hall  refer 
that  Work  to  the  next  Part.      '      '  , 


CHAP.    IX. 

Of  analplitf,  ortke  Method  of  refolving]^^3SimX&  expg- 
•ftified  by  Variety  of  Nmcrifali 

N*  B.  ZJB-R  E  ladvife  tht  Learmr  to  nmht  Ufg  always  rfthefamf. 
.     r^  •  LittArSt  tQ  rtfrefmt  ihefami  Pata  in  all  ^eftions. 
jr-.      r      \f  a  repr^fent  any  Number      7         .l     n      *•*« 
^«-  {And  ^rejrcfcnt  a  left  Number   |  or  oth?r  Quantity, 

tf  +  ^  =  J  their  Sum. 
tt-^tzzd'  their  Differcf^. 
tf  ^  =  ^.  their  Produ^. 


'       Then  let  ^      5  their  Quoaent.=.  rf 


aa-^eez^  ^\)S^  Suqi  of  their  Squares. 
^  a  -^  /  ^  :^  ;ir  the  Difference  of  their  Squares. 

jiMyn    m  rti-.i» ■.■■■;. '    ■       ■ 


Any  two  of  the  fpr  (i<  il^p'y  y,-  z^-  9e)  being  given,  thence  to. 
find  the  reft ;  which  admits  c^f  ^fteen  Variatitos,  or  Qjieflions. 

^ejlion  I.  Suppofe  s  and  dwcve  given,  and  it  were  required 
by  them  to  l}nd  a  .  f  ♦^.  f  ,  «',.and  * 


Let  J 

I  — 2 


J:;r;|a,Jrappofe.|-;;;}Then 


a 
a 

a  =:  Ul —  zr"2i6,  here  tf  is  found. 


2  € 


=  i  —  i/  r?  4«. 


5^2 


Chap.  9. 
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S-r-2 
•    4X6 

6©-* 


9  +  10  11 


9 —  10 


12 


x~^ 


=s  249  here  ^  is  found. 


tf  ^  =  ^liz£z  =^  =:  5184,  here  ^  U  found. 

■      4 

f.:r  ^-dlf  =*f  =9,hercf  iifouftd.   * 
e        s  —  d 

4  ■' 


tftf 


€  e  iz 


s  s —  7.  s  d^  d d  ^^ 


=  376. 


gtf4-#^;£tidL£f:=:z.=:47232^  »  found. 

a  a  —  iizz  sd=  x^  46080,  x  found. 

-  "  '        ■■■■■•  t    ■         -     ■ 


^eflion  2.    Let  x  andf  be  ^ixfiji^tb  find  the  i«ft; 


That 


"{U 


1  ©•* 
2X4 

3  —  4 

5  uw* 

'.—  6 
9-5-2 

8-T-io 

8©-* 

10©-* 

12+  13 
12—  13 


II 


12 


^^  =  ^=5184  '. 3>^^  : 

4^^5=4^  3:      .  20736 

tfdf— 24#+£/^^--4^==  3^864 
a—ezz  v^j;^4P  =  ^g^'9^ 

2tf  =  X+v/iJ~4f 

^  -  ^  +  %/^7— 4A   hence  a  =^16 
2 


I  I 


10  /  =  W^^~4^   hence/  =  24. 

2  '^  •     .      . 

i  _^  +  V^^— 4/>  -:  j.^9.  , 


13 

J5 


" — \ — rr^ — ^  •  --* -.  -  .  » 

«a—*/  =  Jv'"—4i>=^*  =  46080 


D  d  2 


^tftm- 
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^Jlion  3.    Suppoft  X  and  jp  are  given,  to  find  the  reft. 


2  X  « 
1  —  3 

1  —  6 

7-6| 

7®-> 

10+11 
10 —  II 


2+1 


for  y  +  i  xrss  f  «+» 


?+«       f +1 


#■*=: 


10 
it 

12 

»3 


ff -f  a?  +  » 

ff +  af+» 
r/  = ii_      . 

«f+2?+I 

aqss-'—tt 


^iff/litn  4.    Let ;  and  jB  be  given,  to  find  dbe  reft. 

J^5i^5=47*3»l3"*'*':'''''''^ 

tftf+2ll'*  +  "  =  '^ 


f72.{ 

1 

2 

I^i 

3 

3  —  2 

4 

2  —  4 

5 

Site* 

6 

1  +  6 
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ao5 


■^^^ 

1+6 

7 
8 

9 
10 

7-r-a 

2 

^  —  6 

2 

9-J-2 

^.1— ^i«— jf 

The  reft  aie  found  jail  as  in  the  2d  ^eftisni  die  8  and  10 
Steps  here  being  the  very  fame  with  the  8  and  10  Steps  diere. 


^Mffiion  5.    When  /  and  ;r  are  given,  to  find  die  reft. 


4«— #^  :i=::4/,vi36.tf +  r)ilii-^##(tf—i # 


Uijhifi 
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^tu/imb.  Suppofcrfand/aipgiycDj  to  find  th*  reft. 


2x4 
3  +  4 

5  "«'* 
6  +  U  7 


9 


^^^ijilL!  ^"*'*  *''''' ' 


Z  .  «r. 


a — 2a  t-{-eeatdd 

tt-\-*r=^<Jdd.\-  trp—  t 
2a=zd+Ydd  +  ^f.  . 

2 

I  ■■  ■     a.i km-'     ■^m* 


^'^\{Ae^±±i±M=i 


10®-* 

"  +  13 
12—13 


II 


12 


oa 


u  ■     ■  ■  ■  ^  I        i  I 


^eftion  7,    Let  i  and  q  be  gixcDt  to  fin4  'the  aft*-  ^ 


2X4 

3  and  4 

« +7 


a  =  if  4*  #.  . 

?«  =  </+*,  -  • . . 

•  rf       i    ■         ■      -  >  ••  .  5 
<  =  — — »  fop  ft- —  IX*  =  f*~.* 

?— I..  ,.•  •  ,  •      ! 


7X  8 
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7x8 

8®-* 

XI  +  12 
II—  12 


add 
'  = i^ =  f 


<«  = 


dd 


f  f-^iy  +  I 

+  q  gdd-X-dd 


<z« 


qqd'd-'—dd  I 

—  <»=" r-^  =  *  ■ 

J?— 2f+I 


^tftion  8.   Suppofe  </  and  js^iveif,  to  fiAd  the  reft. 


f7z.  { 

I@-3 

a -.3 
?+^ 

5  utf 
?  +  6 

7-r.l 

9-7-2 
^X  10 

12  —  13 

S-r-  10 


I 

2 

3 

4 
5 
6 

7 

8 

9 

10 

ti 

u 
13 

15 


L  +  f^=z  =  4.72^g}Qg»g*-^-*-M'*' 


aa  —  ,:iae:^et—4d 

2atjs».sfr-dd 

aa-\-  2fi/-\-ieT=:isi^Jd 

2  «  =  </-f  ^/Tz— •  </ (/ 

J 1" „.  .  .2.  ,.. ...... 

2g  =  ^2z  —  dd  —  d 


2  I 


■;  ,    2    ' * 

—  rfv/2  %-^dd  ■ 


e  e: 


a  a—t  ezzd  tj  ^^—dd^siX 

*    y/  2  TT^^irr—d 


^eftim 
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^Stff^SXBU 


H«"«PW«i«lBMPW«V 


Part  II. 

I  ■  I   ■  ■— 


^jKmg.    L«  /  and  *b«  given,  to  find  the  i«ft. 
d  —  fpsJzz     140  ?« 


4'**"2 

3  —  5 
5x6 

9  +  10 


3 

4 
5 

6 
7 
8 
9 

10 

II 


i 


4</rf        ' 

—   J'  «  ,     J     I.      II  P» 


tftf 


tftf 


^ttf/Iion  10.    Let  ^  and  ;  be  give9>  to  find  the  reft. 


X  X  2 

5  ««* 

4+* 


I  X        tf  # 

5..  =  l,for4)£fffLil«.. 
'1  q 


4-6 


Chap.  9-      Of  MSt^pimoiisiummfL    ■     209 


4-6 
3  +  5 
3— S 


t . 

1         . 
1 


^eflitn  II.    Let^and  z  W^ren*  to  find  tie  |«ft. 


1x2 

2+3 

.   4uu» 

.  ^^^\ 

6  IW* 

5  +  7 

5  —  7 
io-4-'a 

9-4- 11 


a  a  A- 1  a  e  +  a^z  ^i  2  ^ 

<»  +^-=  V«  +  a^  =  ^ 
atf— 2«# +  #j  =  «  —  2/t 


to  =^  —  5184  7^  . 


2<i  =  Vz4>a^4-  /g  — 1^ 

2 


•    *^        2   

^   -  •g+2/>  +  v/g  — 2^  _  ^ 
^         V^z-P2^-^X/z  — 2> 


<7  A 


^g  +  y/Zg 4^/> 


■I 


2 


ifjtftf  — .##=:v/**  — 4^^  =  *  ' 


^ejiion  u.    Let  ^  and  x  be  given  $  Id  find  the  reft. 
1  ©•*   *  \\aaet::^.pp 


3  I  «i 


£  c 


2  G^» 


2IO 


PartU. 


•  2®-* 
D  uu* 

a  +  7 
8-^7 


9  on* 

7  — a 
II  -r-"a 

12  wt^ 

10+13 

ID— 13 
9+12 


to 
It 

12 

13 

14 

15 
16 


»    4aat9±z4pp 
aaaa  •\'  ia  attArttte  =x x-^  4PP 

««^*i  =  \/xx  4-4.pp=:z 
*««  =  *  + 4^Jff_+J2/' 

• 

2 

2*<  =  v/*£+4£.^-^» 
,,^V^*  +  4ff-^ 


W  Z^     ]|         '        ill  .   '      ■  '  ' 

a  2 


^i/Kpt  i^.    H»vinp  ^  add  |(  ^ven,  to  find  the  r^. 


•1 


2 
'  ^  '1 3 

3©^*   4 

t  — 4   S 

4+1115  ^ 

6^ff+i    7 


7='='        I 


Qlf^^4  r  #,  *c. 


it  =«—  f  f  ^* 


2^7 
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«  — 7 

8 

8«,' 

9 

7  lUI* 

19 

9  +  10 

ii 

9<«-  10 

12 

9  X  10 

13 

8-7 

>4 

4«  =  «-^_f_.=:.Lli. 
f?  +  i      Jf  +  i 


y?  +  «        *?  +  « 

at  zz  J        ^  ^     ■   .      =» 
tffs — as.      ^ 
fff+« 


^a^M  14,    When  }  aod  «  are  given,,  to  fi»d  tbe  icft. 


f%B.^ 

I 

C 

% 

IX' 

a  +  " 
4««'5 

3 

4 

1 

7 

♦  -i-ff-' 

8 

2  +  8 

9 

9«»« 

10 

8iwV 

II 

10+11 

12 

i.  =  f«9 


^  ^-^ 


0  =  f  ^ 
4  4  =  f  f  ^  < 


efss, 


r— ? 


aa  zz  X'^ 


.=^ 


ff— I     ^;— « 


'-=V 


ft  —  r 

* 


X 


.  +  *^v'4i^+^ 


yy— .1 


s/ 


Sea 


xe  — XI 
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PartU* 


0  —  13 

*3 

10  X   II 

»4 

8-^ 

15 

a  €  •=.  ^ 


4.91  i — af  f  +  I 


•^«^M«  f  ^.    When  ziMxue  given,  (»  find  ^e  ret. 


F«.  J 

r 
2 

3 

4 

«  « — *  ^  =  *  =  iLlo  }  QP»e  « ■  '  .  &c. 

2 

1  —  » 

5, 

2rtf  =5Z— ^ 

5-*-a 

6^ 

2 

4UM* 

7 

r-v"+'              :    '-      ^ 

6u„» 

8 
9 

/»v'7' .  ■ 

7  +  8 

'   *                  -2 

7-8 

10 

*               -  2 

7x8 

IX 

7^8 

12 

.A   _  V  »*+•« 

--      •                    •                   •  .^ 

Thcfe  fifteen  Qucftions  are  propofed  in  I3|r  PelTn  AUeirai 
but  be  purfucs  only  the  fixft  Queftion  throughout^  and  breab 
off  m  the  oiber  fourteen,  after  the  Values  of  what  I  call  a 
and  /  are  found;  '  But  I  have  proceeded  in  every  one  of  ihcm. 


to 


Chap.  9* 


Of  jetomQ;tcal€luefftonsL 


2lg 


Co  find  Che  Vailiie$  of  all  che  unkhowo  Quancicies,  becaufe  they 
afibrd  fuch  Variety,  as  being  well  obferved  by  i^Leamer^  will  be 
found  veiy  ufeful  in  che  Solution  of  nioft  Qudlioni. 

Naii^  I  have  ehofe  to  ufe  the  iSime  Numbera  for  the  refpedliva 
Value  of  each  Qiiantity  throughout  all  the  Queftions,  becaufe 
they  will  be  more  fatisfadory  in  proving  the  Work  than  various 
Numbers  would  have  been.  Not  but  that  any  Numbers  may 
be  taken  at  Pleafure^  wovided  diat  the  Number  reprefenced  by 
n,  be  greater  than  that^y  r,  He  I  have  omitted  the  Numerical 
Calcidations  purely  for  the  Lear^  to  pra£Ufe  ohT 

*  ^ft/fi^n  1 6.  Tliere  are  two  Numbers,  the  Sum  of  their  Squares 
h  2368 ;  and  the  greater  of  them  is  in  Proportion  to  the  lefs^ 
as  6  to  !•    What  are  thefe  Numbers  ? 

Let  tf  =s  the  greater  Number,  i  =  |he  lefler*  and  z  =  2368. 


Then 
And 

•  t 

9 

3 

4 

*:*T:6:i     T^  * 

a  ••• 
1—4 

ia  =  6« 

36** 

6 

37#*  =  « 

6-^37 

7 

37 

711a* 

8 

/  =  /-=:8 

37 

8x1 
3  and  9 

9 
10 

6<»6  V~==48 

,\ 


If  4  SP      48 

and  /  =  8 
aa  r^  2304 
€  e  z=^      64 

ltf«  +  /#=  2368 
i,aiid48:8  ::6:i 


^eftim  lyr  There  are  three  Numbers  in  continued  Propor* 
tioo,  the  Sum  of  the  Extreams  is  156,  and  the  Mean  is  .72  ; 
V^bat  aft  the  two  Extrcams  i 

That  is,  Suppofe  a  .m  .  eif^^f  and  m  =  72. 


Then  I 
2  ••• 

3^4 


4  4-  #  :=:  156  =3  i  )  by  the  Quefliom 


5Qu3 


a  :  m::  m  :e  3  Qusere  «  .  /  •  &c* 

ae  zn  mm 

tftf -|-  20/  +  ^^ZZs  s 

/^a  i  =>  ^mm 


4-5 


J 


1 
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^rri+^^LZLt^sioS]      r*  =  48 


^efilon  1 8.  There  are  three  Numbers  in  4^  their  Sum  b 
74,  and  the  Sum  of  their  Squares  is  19241  .What  are  tboff^ 
Numbers  f 


4—5 

6 

6uu* 

7 

i+y 

8 

8-5-2 

9 

X— 9 

10 

That  is,  ff,  *,  jF  are  in  •«• 


Thcn< 

I 
2 

t 

3 

4 
5 

3V 
I  — r 

n  —  ei 

6 

5©» 

8an<t  ^ 

io± 

5 

9 
10 

11 

11  -^a* 

1% 

5»    ^ 

13®^ 

4x4 

i4-»5 

i6tts* 

13+ «7 

*3 
14 
15 
16 

;i 

18-^2 

»9 

13—19 

20 

^        7 
=  1924  J 


Qus^etfyf,/. 


a  y  ^^  i  e 

aa^yy^z^i-^ef 

2  ay  s=2e  e 
la  a -^2  tfjF+jfjr=:«  +  /<^ 
aa  ^  2  ay  -^yytea^ss  —  %  s  i  +  fg 
z  ^  ii^  s  s —  2  s  e+ee 
2i/  =  s  s —  z 

2r 

«  +  ^  =  *  — '  =  50 

4«7  =  4"=230+ 
««  — 2«7  +  //=     196 
«  — J'  =  \/»96  =  14 
2  a  =  50  -{-  '4  =  64 

,  =  50-32=18}    ^'Xj^ 


=  24 


32 


L 


Notij  In  all  Queftions  about  continual  Proporttoiials,  (either 
Arithmetical  or  Geometrica])  where  thr«e  Teems  are  (baghti  the 
Mean  is  the  eafieft  found  firft  (as  above)  and  if  all  the  Terms  be 
Afl^mative,  theo  it  is  equal  whether  the  firfl^  or  laft  Term  be 
the  greateft. 

2  ^eflUn 


Chap.  9. 


Of  iSumencai  Stusaiona, 


ii5 


^uiftion  19*  There  arc  three  Numbers  in  -M-  their  Sum  it 
76 ;  and  if  the  Sum  of  the  Extreams  be  multiplied  into  the  Mean, 
that  Piodua  will  be  i^^  ;  What  are  thofe  Numbers  f 


/7«. 


1 


I  •.* 

I  X  « 

5  —  3 
6  — i* 

9  +  T^ 

2  — -  10 

13  —  12 

14  ml* 

tl  +  JJ 

16-^2 

11  —  17 


2L  +r+^  ^=ri  8  76  ^by  tfaeQueftioa* 
3  tfr  +  y^  =  ^=  1248  J 


9 

u 
12 
13 


^  —  js^s/jss^p 


4^/=4''=2304 
war-f  2^  jr -f-J'J'  =  21704 
tftf— 2^jr+j^/=    400 

tf— -jr  =  v/4°o  =  20 
2  a=  52+20    =72 


17  a=»36  7COrrf;:=i6 

11817  =  52  —  365=16  J  I  andjp  =  36 


^.  JB.  If  youtake/  =  ii  +  v/iji— .^  =  52  (at the  10* 
Step)  then  it  will  be  76  —  52  =z  24  :=  tf  4-  jr,  which  is  tmpoffi- 
ble,  Vfx.  that  the  Mean  (hould  be  greater  than  the  Sum  of  the 

twoExtreams*  Therefore itmuft be/ =4  ^*^V^7'''~^^  =  24* 
(Seepage  201.) 

^eftion  20.  There  are  three  Numbers  in  Arithmeticat  Pro- 
greffion,  the  firft  being  added  to  twice  the  fecond,  an^  three 
times  the  thirds  their  Sum  will  be  62 ;  and  the  Sum  of  all  their 
Squares  is  ^75 ;  What  are  thoie  Numbers  ? 


Sttppofe 

I 

And  1 

2 
3 

Then 

4 

2  —  4 

5 

S-^2 

6 

6—* 

7 

4— ^ 

8 

a,  e^  y  in  Arithmetical  Progreffion. 

41+2/4-3/  =  62  " 

aa- 


+  2  /  +  3 ,  =  62  7  ^     ^   p^^^. 
+  /#+jf7=275  5    ^        ^ 


tf  +  jf  =  2  /|        per  ScA.  I.  Chap.  6. 

2#  +  2jfZl62  —  2€  .      ^ 

>   =Z    31  —  2  tf 

a  z=  4<r~3i 


8  ©•• 


2l6 


8®-* 

9 

7©-* 

to 

9  +  10 

fi 

3— II 

12 

11  4-20** 

»3 

13  —  372* 

H 

14.-^  ai 

15 

15^0 

16 

16  tU)* 

\l 

17 +  v 

18  X  4 

»9 

8  and  19 

20 

18  X  2 

21 

7  and  21 

22 

SijS^Qa^ 


Pan  II. 


aassib  a  —  248  g  -j-  961 
;pjr  =961— 124^  +  4^^ 
tftf-|.^;p=:  20  <^  — 372^+  1922 
r^=s  372  ^ —  1647  —  20 /# 
21  ^/=r  372/7- 1647 
21// — 372/= — 1647  . 

a 


Ty 


^  =  V  ±  T  =  9.  <>r  8  7  *c  Mean. 

4/ =  36,  or  34*    0>^^ 

tf  =  36  —  31  =  5,  or  34  J  —  31  —  3  \ 

2  /r=  18,  or  17^      \ 

jr  =  3i— .18  =:  13,  0131  —  171  =  1^^ 


^eflion  2t.  There  are  three  Numbers  in  Arithmetical  Ph>* 
{f^flion ;  the  Square  of  the  firft  Term  being  added  to  the  P«>- 
duA  of  the  other  two  is  567  ;  the  Square  of  the  Mean  being  added 
to  the  Produd  of  the  two  Extreams,  make  612 ;  a^d  the  Square 
of  the  laft  Term  being  added  to  the  ProduA  of  the  firft  into  th^ 
fecond,  is  792  :  What  are  thofe  Numbers  ? 


aj  e,  y  in  Arith.  ProgreC  as  before, 

aa+ye^S7(^l 

eg  +ya:=:  6x2  Vhy  the Qyeftion. 

0  +  >  s  2  ff  per  bc^  I.   Chap.  6. 
ag  +  y  gz=z  2gg 
aa-\^y0+yy^ai:^  1368 
a^'{'yy  =:  1368  —  2#f  . 
y  a  =  612  '^i£  • 

2j^  tf  s=3  J224-*- 2 // 

aa+  2ya+.yy  =  2592  —  4^^ 

aa  +  2ya+yy:=z  ^ee 

^ee=  2592—^4// 

8//=  2592 

//=:324 

^  =  1/  324  =  i^»  the  Mean. 

aa-^-yy^  1368  —  2//=t72o 

2yar=:  1224 —  2  e  g  tsz  576. 
a  tf  —  2  ;•  tf  +  jf  J  =  720  —  576  ^  X44 


Suppofe 

1 

I 
2 

Then] 

3 

c 

4 

I  ••• 

5 

5X* 

6 

«  +  4 

I 

7-6 

3—ee 

9 

9.x  2 

19 

8  +  10 

ti 

s&^, 

12 

11  and  12 

»3 

13  +  4" 

i4 

14- « 

15 

'^'K 

16 

8 

'7 

JO, 

18 

17-18 

l»9 

J  bo" 


F* 
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I'u** 

20 

5+20 

ai 

ai  -i-a 

22 

S-aa 

23 

tf—jf=V^  144=12 

2  tf  ZZ  2<  +  12=48 

tf  =:  24 

jp  =  2  #'<-^24  s=  12 


I  ^  z:  2 


2 

2+ 


.^uefiiM2Z'  It  is  ncquiced  to  find  two  fuch  Numbers,  that 
the  Sum  of  their  Squares  inay  be  ^226^ ;  and  their  Ptodu£t  being 
added  to  the  Square  of  the  kis^  may  be  6921^ 


Fix.  { 

6  and  7 

9  +  a* 
10  ± 

•    12  Co 

13  uu* 

H+27&C. 

Suppofe 
Then 

And  5, 

Or  let 

10  «»» 

Then 

Therefore 
And 


I 

a 

3 

4 

5 

6 

7 
8 

9 
10 
II 
12 
»3 

;i 

17 
18 

19 
20 

21 


"t'^'^'^'i^"^' 


ff  U'^-^a  e  '=1  I.3a5 
tt  i  -=,  ^ a*^  1305 

tfii  —  1305 

a 
^  ^74.^26rotftf -4"  ^703^^5 

/  r=s8226>5  —  tf<7 
04-^^2610  gg+  T70?0^^ 


a  a 


8226,5— rrtf 


^•^*26rOfltf.+  I7Q3025  =:8226>5  Jtf  —  tf* 

2i4-^26jOtftf+  1703025  z:  8226,5 tffl 
2^4-^^108156,5  aa  z=,  —  1703025 

^— 54i8,2Stfir  =  -f*85i5i2,5  (5,765 
g4~  5418,25  ga+7339358,26562=:648784 
aa-^  27©4,x25=v/H*7H5»7^5t>a5ite=254 
afl  =  2709,125  + 2547,125  {7^i2S 

a  a  =  ?252ii^  +  *547>i^5  =  S^S^^^S 
tf  =  V525535  =  7M 

tf  tf  -^  1305 1,  5256,2<? ~  >305  ^ 


*  zz 


7*>5 


$4»5 


ad^  2709,125  •^2547,125  =  162 
azz  ^  162  n:  12,72  &c.  » 

/  =1  ■    ,  '*^^,.£l,  which  is  irtipoffible. 
12,72  I 

^  Z.  l!'^  }  as  at  the  i7ih  and  tgth  Steps. 


This  Queftion  may  be  performed  with  lefi  Troublcj  by  fubfli- 
ttttlng  tietter?  for  the  known  Numbers. 

( ae  -^  eezzp^  ^  I  '     . 

F  f       "  S^eftion 


r  1 


^i8  ateei>?a>     '  PartlL 

Suefiiau  %x.  It  U  reauired  to  find  three  fifc)i  ^limbers,  Aat 
thrSum  of  &e  firft  tijTfecond,  being  mHlriplied  with  tb^  thud. 
tan  be ^7824.;  «nd  the  Sum  of  the  Tecond  an^  third,  in)jltipbe4 
V>th  the  firft,  may  be  59944 ;  •Ifo,  that  thp  Sum  of  the  fiift  ^ 
third,  being  mulupfied  nfrith  the  Second,  mf^  )?e  52450? 
Let <?,  <,  jf reprefeot tije dureeNiunbers. 


Then 

4^"* 
^-3 

6  — a 

10  ^« 

8  X  II 

9andia 

I3K4*« 

14-^ 

I5««« 

II 

8 


•  •    _  *  + '  4- « 


II 

12 

13 

14 

»5 
16 
«7 

18 


?  = 


-^2» 

jB arf    g — ih     igg-r2<fe — afa4-4J^ 

>!— 2<        gg  — a4fg-^2*i»->-4»* 


a  4**  1 J 

__ g»^arfg-~2*g  +  4**_  „69^ 
*^  — -  'a«— 4f 

«=  ^55696  =W^ 


JK/</?i«  24.   It  is  required  to  find  t|»b  fuch  Numbers,  that  th^ 
,S*beingfu&raited  fr6m  the  Suih  of  their  Squares,  may  leave  14, 


Sum  bemgiuwracieairouiiw*  ««•""!  ,- y, w. — j 

and  if  their  Produft  be  added  to  their  Sum,  it  may  make  14. 
Let «  and  *  bf  put  for  the  Numbers,  and  Ift;  =«  + f 

T^  {\\\  !:i;i";r  '♦jby  thca-elU^r 


at-^J^W 


I+; 


r 
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3  +  S 

61W* 
fiut 

7«iH)8 

9©-* 
«b  +  jr 
ixCq 

II  MB* 

Coniequent* 
3  and  14 
3aikli5 
16—17 

1^21 


3  tfj  +  r/=  i4+jr 

4  tf^=l4-7 
2tf^r:28  —  xy 
<ttf  4*  2g^  +  ^^  =  4i — 7 

#  +  e=i  V4i— 7 

tf  4" '  ~j?<  by  Subftkuttaa  above. 

y>A4a— > 
/7+7  =  4a   ,      .  ^ 

tf  +  #  =  6y  by  Reftitutioii  ftoin  abore. 
aa  +  iizzH"^    6r:20 
Atf/  =:  18  i«^  12  =  16 
aa^^iae  4-  ^#  =  4 
«-^#ri  V  4=  * 
a^ssS  r     Ifiis4,  and/sss 

I'rl     Andtfi  +  ^  +  rsiJ 


10 
II 
12 

U|y 
16 


:i 

20 


21. 
22 


^  L  According  to  the  Queftton* 


J^^fj^  25.  'Rine  Men  difcourfing  of  their  Moneys  faith 
the  firft»  if  100  /•  were  added  to  my  Money,  it  would  be  as  much 
as  both  your  Monorput  together ;  faith  the  fecond  Mao,  if  100  /• 
were  added  to  my  Money,  I  fliould  have  twice  aa  much  as  both 

Cu  have;  fiddi  the  third  Man,   if  100/.  were  added  to  rov 
oney,  I  Oiould  have  then  three  times  as  much  Money  as  both 
you  have:  How  mtich  Money  had  each  Manfl 

Let  m  reprefent  the  iirft  Man's  Money,  0  the  fecood^  and  / 
the  third. 


Thenj 

2  —41 
2  —  e 

4aod6 
4+6 


=  3^+3/^ 


by  the  Queftion. 


2tf^ay<-^#3SB  100  =  jr 
3«+3<— y  =  ioos:j3 

^+y  — «  =  3«4-3'— / 
2y=4«  +  a* 

24 — #=/— *4tf— 2# 

6ii4-#ssi=:  too 

2#4'4^^^'  =  ^^^ 
F  fa 


QtfSBre  #,#,/• 


10x4 


2£P 


aigebia* 


Pare  11. 


10  X  4 

12 

12—  II 

13 

13  -i-  22 

14 

10  —  6  a 
8-^2 

15 
16 

TT    —  9  TT  *• 


Anfwer. 


22  a  =  2  /  =  200 
s 

TI 

5 

a+e'=:z  "tt  T  t-t   ^  tt 

Cfirft      r  C    9/.       J  J. 

The  ^  fecond  [  Mao  bad  ^  45  /•      9  ^« 

L64/-     I2i. 


C  third    J 


63  x^ 
8 


TY 


r. 

I. 

d. 
d. 
d. 


^tjiion  26.  Three  SJcn  have  each  fuch  i  Sum  of  Money, 
that  if  the  firft  and  fecond  Mens  Money  be  added  to  Half  of  wh^t 
the  third  Man  balh»  that  Sum  will  be  9.2  A  And  if  the  fecond 
and  third  Mens  Money  be  added  to  one  third  Part  of  the  firft 
Man's  Money,  that. Sum  will  be  92/.  Laftly,  if  one  fourth  Part 
of  the  fecond  Man's  Money  6e  added  to  the  Suai  of  the  firft  and 
third  Man's  Money,  the  Sum  will  alfo  be  92  /.  J  How  much' was 
•ach  Man's  Mgney  ?  1 .  - 

Put  ^  for  the  ijt  Man's  Money|  <  for  the  2d^  and  y  for  tbe  3^ 


Then 


i 


I  and  2 

5.x  2  *  3 
6± 


2X3 

8-7 


3x4 

12  —  2 

13  and  7 
14x3 

.   II 


7-^3 


i\\a-\-e-^yzzs  ^bjtheQuqflloil;  toAszt.  92 


12 
13 

»5 
16 


18 


(>a^\■2y^=^^>  +  f>y 

4«  =  3> 

«  +  3'4-3J'  =  3* 
'»4-3«  =  3^--4« 
3*  =  3J  — S« 
,  ^  3/  —  S/'. 


:?:9i^^^=:?i 


L 


«+4»a+i4;(=5  4'=3^8 
St-'  +  JJ'-  3^  =  276.  , 
3T«  +  4«=3'=a76 
u*-f  *^9*  =8*8  *: 

4  ~  iL  =  Vr  »  3^'*  ^«  >^  ]^^^'<  Monejr^ 

17'  /ssllirif  =  y  =  32/.  the  2;/ Man's  Money. 
3 
=  *!!  =  »♦♦  =  48/.  the  3^  Man's  Money. 
3 


Chap.  9. 


Of  jSumettcal  duetttons^ 


^ai 


^efiion  27.  Four  Men  walking  abroad^  found  a  Purfe  of 
Shillings  only,  oiit  of  whiqb  every  one  took  a  Number  at  an  Adr  . 
venture ;  afterwards  by  comparing  their  Number^  toeetbcr  they 
found,  that  if  the  flrft  took  25  ShilUngs  from  the  (econa,  it  would 
make  his  Number  equal  with  |what  the  fecond  had  then  left  \  if 
the  fecond  took  30  Shillings  froni  the  thirds  his  Money  would  thq^ 
be  triple  to  what  the  third  Had  left  \  and  if  the  third  took  44 
Shillings  from  the  fourth,  hi^  Money  would  then  be  double  to 
what  the  fourth  had  kit;  'laffly,  the  fourth  taking  5a  Shillings 
from  the  firfl,  he  would  than  have  thvee  times  iampdi  as  the  fiirfl 
had  left,  and  5  Siiillinga  more  ;  It  is  requurcd  to  ticll  bow  many 
Sbilfii^  each  Man  bad.        .    .  .    i 

Put  a  for  the  firft  Sum^  #  Ae  fecond,  j  the  .thM>  and  u  the 
fourth. 


Then 


a  — 30 
5  and  6 

3—40 
9  and  zo 

13  and  14 

17  -*- 17 
bfthci 
by  the  9^ 

hf  the  M 


a 

4 
s 

7 
8 


10 
II 

12 

»3 
«4 

^4 

17 
1% 
19 

10 
xt 


—  I 


3jr—  120  =  ^ 

a  +  170  =  3^.       . 

3 
j>  5=  a  «  —  lao 

2«-iao=l±iZi" 


3  -    ;3 

o 
«  =  3#T-i95 

«  +  530 


3«— '95?=--r-^ 
18^— »ii70  =  «4-530 

l.^a=l^oo, -.^ 

'  ~  '^     ' !!!!  }"Man'8-Nttinber  of  Shillings. 
/=    90       3^1 


9Ise&^{U 


Part  IL 


^i/lioH  l8>  Four  Men  have  each  a  Sulh  6f  Mdoey,  which 
hpoig  put  all  together  makes  ^^50  Pounds ;  a^  if  to  the  firft 
Maivs  Money  be  added  8  Poan(u»  it  will  be  jufi  as  much  as  the 
Aeond  Man's  Money  decreafed  by  8  Pounds,  and  as  touch  a^  ^ 
times  the  third  Man's  Money,  and  but  as  ifiuch  as  one  eighth 
Part  of  the  fourth  Man's  Money  s  how  much  had  each  Mali? 


L^  ^»  ^f  79  *  refirelSmt  the  four  Mens  Money« 


Then 


1 


2  +i 

♦  +S  +  6 
1— « 

yandS 

>o± 

bythe4. 
by  the  5, 

^the6. 


8  «• 

3»» 


I,  >=  250  and  &  =  8, 

;*=  ~2:<i  +  *  3  other  Number  at  P: 


Ut 


or  an/ 

Pleafurp* 


ly=:f-±-*»  bccaufcy*=s^.+  * 

i«+2»»4-tf+£  +  »»0+*«»  =  »f  — »« 

« •£&«  -h  2  /  =s32t69i358»  Btc. 

4  «  4>  ^  ^  ss  197,530864,  &c 

/■•ss    16  .  13  .  9*92592 

^1=      3  •    «  •  ».74056 
tirs  197  .  10.  7,40736 

Confequendytf'f  «+jr-|>ii=:249.  19.11,90976 
whkfa  fliould  be  juft  250  il  the  Sun  propofed  in  the  QueUoo. 
Now  what  it  wanuof  that  Sum,  proceed*  from  the  InperfeAioo 
of  the  Decimal  Parts  being  not  continued  00  to  more  Places, 
which  would  have  brought  it  nearer  the  Truth,  the'  aot  pecbiqpt 
exadty  lb.    S^.  5.   Cm/.  5,   Part  i. 

2  S^Jlin 


u 


:=;  3,086419,  ftc. 
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■■  ■ "  ^ 
993 


^ftkn  29.  Several  Mefchai|t9  enter  iRto  Partnerfliip,  evprjr 
PBC  pint  ipto  ^e  $tQ<^  65  times  as  manv  Poonds  as  there  wei« 
Partners';  with  {Mft  StQck  they  fradeid  and  gained  as  many  Pounds 
ftrxooU  as  there  were  Faitpers,  Nowif  |0/.  tor.  beaddedto. 
and  Ai^traded  frora»  their  Gain,  the  Pijoduft  of  that  Sum  aM 
I>iBeraice  will  be  64.91  A  ^^*  ^^* 

^]utri^  How  nuuiy  Merdiants^re  ifere,  &^« 

i  as  the  total  Gain. 
i  +  io,s 

i  irr-  II0,a^ 

/^  —  110,15=  H9^>3^^5 

a  =  the  Niunher  of  Merchants* 

65  A  :r  every  one's  Sum  put  into  Stock, 

65a  a  s  the  whole  Stock. 

lOQ :  #  : :  65  tf  tf :  tLlf  I7  the  Qyefltont 
100 

*****     81,25  the  whole  Gaio 


Let 

t 

J  +10,5 

a 

1 .—  io,S 

3 

a  X  3 
PerQsfei: 

4 

1 

'5  Solved 

Let 

7 

7  x6s 

8 

8x« 

9 

Aqd 

10 

Fa. 

II 

II  Reduc. 

?a 

J2iwl 

13 

13x65 

14 

100 

^}  =  «M 

a  s  1^  125  =  {  tl)e  Number  of  Merd^ants* 
65  tf  =:  325  the  Number  of  Pounds  each  pi|t  in* 


^mfiim  30.  Three  Merchants  join  Stocks  together ;  thefirft 
Man's  Stock  was  lefs  than  the  fecpnd  Mui's  by  13/.  the  fecond 
and  third  Man's  Stock  was  175  /•  in  trading  they  gain  48/.  more 
than  their  lyhole  Stock  was ;  the  fir^  Man^  proportional  P^  of 
die  Gaiii.i|ras  79.  What'  was  each  Map's  Stock  and  Part  of  the 
jRainf 


Then| 
And| 

lands 


Let  tf»  r,  J  reprefent  eac)i  Man's  SlCfck. 

tf  +  /  4- J  =  ^  the  whole  Stock. 
/  +  4S  =  the  whole  Gain. 


^^+^^J^}bytheQ»eftion, 


6aiid8 


224 

0m 


SRigs^^ 


Part  II. 


6  and  2 
But 

II  tui* 

I2t— 72,5 

3 

4  —  14 

Then 

Agan 

Proof  I 


j8r-i9 


J  4^48  »  223  4-* 

■75  +  tf*.  M3  4-  tf  : :  tf  :  78  per  Quefttoo. 
^I^tf  4^  223 II  n  78  i» -1^  13650 

aa4- 145  ^»  1365^ 

^  ^+145^+  s'^sMs  =  18906,25 

tf  +  72,5  =5  v^  i«9o6,;^s  =  »37>S 


J 


?9 
1 20 


«=  i37»5~7M  =  65 

>  =  a+i3«78    ' 

>  =  9  7 

65  :  78  : :  78  :  93/.  12 /•  x=  /a  Gain. 
65  :  78  : :  97, :  I ihL  Ss.  =s/s  Oaiii.    . 
ii6/.8i.+93/..i2x.  +  78/.«S288/.thcGain, 
65  -f-  78  4-  97  ^  240  the  wKole  Stock.     - 
288  -r-  240  =:  48  the  Gain  rn^re  tlan  the  Stock. 


^f/lmiu  K  Father  at  his  Death  left  bi«  three  Sons  his 
Money  in  this  manner ;  to  Che  eldeft  he  gave  half  of  it^  wanting 
44  Pounds ;  to  the  &oond  he  gave  one  third  of  it^  and  14  Pounds 
more';  to  the  youtigefthegave  the  kemainder,  which  was  lef$  than 
the  Share  of  the  fecondSpn,  by  8:^  Pounds;  \¥hat  was  c^ch  Son's 
Shaie?         i  •   ^    ' 


Xet  tf,  fyy 
.    Then 


1 


a +  3+ 4 

I  and  5 

6x3 

7x2 

8± 
e  and  9 

3  and  9 

4  and  9 


V  =  |'+iJ  [bytheQ-eiUoa, 

j>=^z.+ 14^82) 


be  the  Aree  Shares,  .and  z  =  the  whole  Sum. 

3 

4 

S 
6 

7 

S 

9 

10 

", 

12 


3         ^ 

32  =  2«  +  i?— 294 
62=424-32  —  588 

2  !r:  588,  the  whole  Sum  that  was  left*    * 
a  =r  ^l* -*- 44  =  250,  the eTdcft  Son's  Share. 
4  3t  ^l*J^  14  r:  210,  the  fccond  Soi's  Share, 
y  =  *|*  +  i4-r82=  ia8,theyo*ngeft,£5V, 


9utJfio 
itfThtto 


..^^toH  32.     A  Man  playing  at  Hazard  or  Dice,"  won  the 
fifft  rh£bw  juft  fo  much  Money  as  he  had  in  his  Pocket ;  the 

fccond 


L 
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fecond  Throw  he  won  the  Square  Root  of  what  he  then  had,  an4 
five  Shillings  more ;  the  third  Throw  he  won  the  Square  of  all  he 
then  had;  after  which  his  whole  Sum  was  iia/.  16 s.  What 
Money  had  he  when  he  began  to  play  ? 


Suppofe 

1x2 

And 

2  +  3 

4®-* 

4  +  5 


a  =  his  firft  Sum.     Then 
2  tf  ■=  his  Sum  after  the  firft  Throw. 
S  +\/2a  :=:iht  Winnings  at  the  2i  Throw. 
2^  +  5+l/2tf  =  the  Sum  after  the  2i  Throw. 
^aa  +  22a  +  25+^a^2a+  iOv/2tf  =  thc 

Winnings  at  the  3^  Throw :   and  therefore 
4^g+24^+3^+4g/2g+iiv/2a=22s6Shi]. 


But  to  avoid  thefe  Surd  Qiiantitjcs.  let  us,  inflead  of  fuppofing 
41  =:  the  firft  Sum,  make  a  fecond  Trial,  ^wz.' 


Le^ 

1x2 

Then 

2  +  3 

4  +  5 


za  azz  the  firft  Sum. 

4  tf  tf  =  the  Siim  after  the  fifft  Throw. 

2  tf  +  5  =  ^l>c  Sum  won  at  the  2^  Throw. 

4  a  tf  +  2  a  +  5  =  his  Sum  after  the  2d  Throw. 

i6tf++ 16^3  4-44^^  +  20tf-|-25=:  the  Win- 

nings  at  the  3// Throw ;  and  therefore 
16^4+16 tf3  4. 48^7^ +.22i«?+ 30- 2256 Shil. 


Yet  again,  to  avoid  thefe  high  Equations,  let  us  make  a  third 
Suppofitionj  thus. 


Let 

1x2 

Then 
2  +  3 
Subfli. 

5  +  6 
iCu 

9  —  0,5 
5  and  10 

II— 1 

12,  CD^ 

I  uu  2 

14  —  0,5 

15  (&■* 

16  -i-  2 


2 
3 

4 

5 
6 

7 
8 

9 
10 

II 

12 

13 

14 

15 

16 


—  ==  the  firft  Sum. 


aazz  the  Sum  after  the  firft  Throw. 

^  +  5  =the  Winnings  at  the  2d  Throw.- 

J  tf  +  ^  +  5  =  *hc  Sum  after  the  2d  Throw. 

e  zn  aa  ^a  -^-^^ 

^  ^  =  the  Winnings  at  the  3^  Throw.   Then 

eeA-ezz  2256  Shillings  by  the  Queftion, 

ie  '\^i^  0,25  =  2256,25 

^  +  o,s  =  v/ 2256,25  =  47,5 

/  =  47 

^^  +  ^  +  5  =  47 

aa'\-  a  n  42 

tftf  4-^^0,25=42,25 

tf+ 0,5  ==y^  42,25=  6,5 
<»  =  6 
aaz=.  '^ 

If  =:  36  ^  j8  J 'T**^  Shillings  he  had  in  his 

22  (  Pocket  when  be  began  to  play« 

G  S  Nqu^ 


2  26  aigCbja^  Part  II- 

Notcy  In  rcfolving  of  the  laft  QueSion,  I  have  made  three  dif- 
ferent Suppofitions  for  the  Thing  fought,  purely  as  an  Inftance, 
to  {hew  the  young  Learner  how  well  he  ought  to  coniider  the 
Nature  of  the  Queftion,  when  he  firtl  ftates  it,  and  make  Choice 
of  reprefenting  the  Things  fought,  fo  as  to  avoid  running  it  into 
Surds,  if  poiBble,  viz,  as  in  the  firA  Suppofition  of  <r  =:  the  firft 
Sum,  iix*  Not  but  that  fuch  Equations  may  be  folved,  as  {hall 
be  fliew'd  in  the  next  Chapter.  However,  it  is  moft  like  an  Artift 
to  perform  Things  of  this  Nature  the  neareft  and  eafte{l  Way  they 
can  be  done. 

^ejiion  33.  Suppofe  there  were  two  equal  Circles^  whefe  Peri' 
phertes  (viz.  Circumferencei)  are  divided  into  44310  equal  ParU  ( 
and  that  thofe  Circles  were  fo  placed  upon  one  Axis^  as  to  move  ibe 
contrary  JVay  to  each  other ;  andfuppofe  one  of  them  to  move  hut  mu 
of^  ihefe  equal  Parts  the  firji  Day^  two  Parts  the  fecond  Day^  three 
Parts  the  third  Day^  and  fo  en  in  Arithmetical  ProgreJJion^  viz. 
I,  2,  3,  4,  5,  &c.  and  the  other  to  move  every  Day  the  Cuhe  •f 
ihefe  Parts^  I,  8,  27,  64,  125,  *&c.  of  the  Jame  Parts  \  How 
many  PartSy  and  how  many  Days  mujl  each  Circle  move^  before  the 
fame  two  Points  meet  that  were  together  when  they  began  to  move  f 

In  order  to  give  a  ready  Solution  to  this  Queftion  (of  any  other 
in  this  Kind}  it  will  be  convenient  to  premife  this 

L  B  M  MA. 

The  Sum  of  any  Scries  of  Cubes  whofe  Roots  are  in  Arithmc- 
ttck  Progrcffion  (the  firft  Term,  and  common  Difference  being 
Unity  or  1 )  is  equal  to  the  Square  of  the  Sum  of  all  thofe  Roots. 

As  in  thefe 

Terms  in  Arith.  &c.  their  Cubes. 

1  I 

2  8 
^   3                  ^7 

4  64 

5  125 

6  216  &c. 


21  X  21  =  441  Sum  of  their  Cubes. 
Now  let     I     azz.  the  Sum  of  all  the  Parts  the  1/  Cirde  moves. 
Then     2     aazz  ihe  Sum  of  all  the  Pans  the  Q.d  moves 
Confequcn.     3     ^7  ^  -j-  tf  =  443  r o  by  the  Queft.         (per  Lent. 
2  CD     4     tf^+^i-0»25  =  443^0,25 
Note^    The  Demonfl ration  of  this  Lemma  is  contained  in  the 
CoroL  to  Lemma  4,  Part  V. 

4u.* 


5  —  0^ 


Chap.  9,        Of  jijmTtertcaf  Cmetttong^  227 

tf  +  0,5  =  v/443  ^Oyis  =  210,5 
0  =  aio  J  ^'^^  Number  of  Pans  the  firft  Circle 
(      muft  move. 
.     ^^i^^  Number  of  Parts  the  fecond 
«*  =  44ioo{     circlemoyes. 

Next  to  find  the  Number  of  Days  they  moved ;  there  is  given 
the  firft  Term  =  i^  the  oommon  Oifierence  =±=  r,  and  the  Sum 
of  all  the  Terms  =2109  thence  to  find  the  laftTerm,  which  in 
this  Cafe  is  the  fame  with  the  Number  of  ail  the  Terms. 

Let  tf  =s  I  the  firft  Term,  ^  =  i  the  common  DifFerence,  and 
i  =  210  the  Sum  of  all  the  Terms,  to  find  y  =  the  laft  Term  ; 
asperSedl.  I.  Chap.  6.  Thenyy  +  ^y=:2  j  +  ^tf — 17/ by  the 
16  Siep,  Page  186.  that is,;f>4'J'  =  2iox2  =  420 &c.  Hence 
jr  z:  20  the  Number  of  Dayt  required. 


I  fliall  now  proceed  to  give  an  Example  or  two  of  the  Method 
ttfed  in  arguing  about  unlimited  Qjieftions ;  vis.  fuch  Queftiont 
which  admit  of  various  Anfwers,  fuch  as  thofe  in  JUigation  AU 
Umaii  promiied  in  Page  117. 

In  order  to  ihorten  that  Work,  it  will  be  convenient  for  the 
Learner  to  know  the  two  Signs  of  Comparifbn,  y  and  Z..  The 
Sign  T  ii  of  (EfreaUr  tfian  ;  as  ^  V  i7  fignifies  that  b  is  greater 
than  a.  The  Sign  Z.  is  of  lLef0  tlldn  s  ^b  L  ^fignifiesthac 
i  is  lefi  than  d^  i^c. 

is  XJ  MP  L  S    1. 

^eflsan  34.  A  Tobacconifi  hath  thru  Sorts  of  Tobacco^  viz. 
one  of  is.  8d,  the  Pound j  another  of  20  A.  the  Pounds  and  a  third 
S^rt  of  lb  A,  the  Pound ;  of  theft  he  would  nuike  a  Mixture  to  con^ 
tain  56  Pound  J  that  may  be  fold  for  22  d.  the  Pound:  How  mukh 
of  eaeb  Sort  may  be  take  f 

Let  a  r=  the  Quantity  of  that  worth  32  Pence  the  Pound,  e  ^= 
that  of  20  Pence  the  Pound,  andy  s  that  df  16  Pence  the  Pound ; 

■  wz.  each  Quantity  multiplied 
Then  j  -4-  /  4.^  =:  56  M  into  il's  own  Price,  equals  iheir 


jfi: 

fls, 


~Then32«-l-20*+i6jr=:i232  f  |  Sum  multiplied  into  the  mean 

J  ».  Price. 

G  g  a  This 


228 


aiseb^a. 


Part  II. 


This  Qucftion  being  thus  ftaied,  it  appears  by  Rule  i,  Page  176, 
that  it  is  capable  of  innumerable  Anfwcrs  5  becaufc  for  any  onccf 
thefc  three  Letters,  a^  e.  y,  there  may  be  taken  any  Number  at 
Pleafure,  provided  it  be  lefs  than  56.  But  although  that  may  be 
truly  done,  yet  there  are  fcveral  Ways  of  arguing  about  thefc  Sort 
of  Queftions,  which  will  limit  or  bound  them  to  all  their  proper 
©r  pofible  Anfwers  in  whole  Numbers.    Thus, 


Let 

And 

2 

I  —  a 
2— .32  a 

3 

4 

3X  16 

„  3-7. 

5 

6 

I 

tf  +  ^  +  yzz  56 

32g  +  20  g  ^-  i6y  zr 


1232 


*  as  abore. 


From  the  two 


^  +y  =  56— tf 

20  /+  i6y  c=  1232 —  32  a 

16  /  +  ifyy  z:  896  —  it  a 
4  *  =  336  —  16  a 
^  =  84  —  4^;  hence  tfiL  21 
y  =z  ^a  —  28  ;  hence  tf  7*^   ^^  9  -J.. 

lad  Steps  it  appears,  that  the  Quantity  fignified 


by  ^,  ought  to  be  lefs  than  21,  and  greater  than  94;  tha(  is, 
any  Number  betwixt  9  j.  and  2 1 ,  may  be  taken  for  the  V  alue  of  a : 
Confequemly  there  may  be  eleven  Anfwcrs  to  this  Queflion  in 
whole  Numbers. 

Suppofe  «  r=  10,  then  ^  =  84  —  40  =44,  per  7th  Step }  and 
y  =  30  —  28  =  2,  per  8th  Step.  Again,  if  ^  =  11,  then  / 
=  84  —  44  =  40,  per  jth  Step,  and  y  =  33  —  28^  =  5,  per 
'8th  Step :  and  fo  on  for  the  reft,  which  will  be  as  in  the  follow 
ing  Table. 


a 

e 

y_ 

a 

* 

;' 

a 

* 

y 

10 

44 

2 

•4 

28 

14 

li 

12 

26 

II 

40 

5 

* 

15 

24 

'7 

19 

8 

29 

12 

36 

8 

16 

20 

20 

20 

4 

33^ 

iJL 

32 

II 

17 

16 

23 

Thus  it  will  be  eafy  to  find  out  and  collecl  all  the  limited  An- 
fwers to  any  Qucftion  (of  this  Kind)  wheicin  there  are  only  three 
Quantities  propofed  to  be  mixed  :  but  when  there  are  more  than 
three,  then  the  Work  requires  a  little  more  Trouble  ;  becaufe  the 
fingle  Limits  of  all  theQiiantities  above  two  muft  be  found  ;  that 
i^»  if  there  are  four  Q^iantities  concerned  in  the  Qiieftion,  the 
Lin)its  of  two  of  them  muft  be  found  ;  if  five  Quantities  arc 
concerned,  then  the  f.lmit^  of  three  of  them  muft  be  found,  ^c 
As  i;i  ihc  following  Qi^ic'iioji. 


r 
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] 


^eftion  35-  Suppofe  it  were  required  to  mix  four  Softs  of  JVing 
fgitber ;  viz.  one  Scrt  worth  7  s.  4d.  the  Gallon^  anotber  Sort 
worth  4  s.  7  d.  the  Gallon^  a  third  Sort  worth  3  s.  8  d.  the  Gallon^ 
and  a  fourth  Sort  worth  as.  9 d.  the  Gallon :  How  much  of  each 
Sort  may  be  taken  to  make  a  Mixture  of  t'^  Gallons^  fo  as  that  the 
whole  ^antity  may  he  fold  for  5  s.  6  d.  the  Gallon^  without  Lofsy  iic^ 

Firft,  let  all  thefis  fevA*al  Rates,  and  the  mean  Rate,  be  reduced 
to  one  Denominatiolf,  viz.  into  Pence. 


Viz. 


Put  a  =  the  Quantity  of  that  worth  88  d.  the  Gallon ;  i  = 
that  of  55  d.  the  Gallon,  y  =:  that  of  44  d.  the  Gallon,  and  u  =: 
that  of  33^.  the  Gallon.  ' 

tf  -4-  ^  -|-7  +  «  r=  63  by  the  Qucftion. 

88  tf  +  55<  +  44^+  33«  =  4158  =  63^66 

^+^  +  «  =  ^3— ^ 
55^ +44J'+ 33  «  =  4158^8811 

33'+  33/  +  33«  =  2079  —  33  tf 
22  /  +  '  1  J'  =  2079  •—  55  tf 
2^+yn  189  — 5tf;  hcncctf  £.  '•*  0^37$ 

55  '  +  5S  J^  +  55  «  ~  34-65  —  55  « 
iiy  +  22  «=i=33<7  — 693 

y4-2»=:3tf  —  63;  hi^nce  ay  y  or  21 

From  the  7th  and  loth  Steps  it  appears,  that  the  Quantity  of 
that  Sort  of  Wine  denoted  by  tf,  muft  be  lefs  than  37  ^  Gallons, 
and  greater  than  21  Gallons  :  that  is,  it  may  be  a-zs:  any  Num- 
ber of  Gallons  betwixt  21  and  37  ^.  Whence  it  follows,  that 
there  may  be  coUcAed  16  Aniwers  to  thisQueflion  from  the 
Limits  of  a  only. 

Next  to  find  the  Limits  of  /,  y,  and  u. 


Then 

And 

•    I  — « 

2  — 88  a 

I 

2 

3 

4 

3x  33 

4  —  5 

«-f-ir 

1 

7 

Q-r-11 

8 

9 

10 

Suppofe 

But 

12*-^  2/ 

Again 

I4~f 

15— '3 


a  =  22,  then  will  5  a  =r-«o,  and  3  «  ::r  66 
2  ^4-y  =r  189  —  5  If  =:  79,  per  7th  Step. 
y  =  79  —  2  / ;  bence  e  JL  ^  or  39  4 
^+y  +  H==6i  —  a  =  41,  per  3d  Step. 
y+  u=zji.i—e 
u  :=:  e  —  38  j  hence  e  -7^8. 


From  the  13th  and  16th  Steps  it  appears,  that  if  ^  rr  22^  then 
'^  39>  J^='79. —  21^  =  i>  and«  =s:f —  3?  =  i. 

Again, 
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Suppore 
But 

l%  —  2i 

Again 

20  —  e 

21  —  19 


'7 
t8 

20 
21 
22 


Again, 

d  =  23,  then  5  a  =  115,  and  3  tf  r=:  69 
2  ^  -I- jr  =  189  —  5  tf  3=  74,  per  7th  Step. 
j>  =  74  —  2  r ;  hence  /  Z.  V"  or  37 
^  +  J'  +  «  =  63  —  tf  =  40,  per  3d  Seep. 

jr  +  «  =  40  — 4f 

«  =  #  —  34,  hence  ^  7  34^ 


From  the  19th  anfl  2ad  Steps  it  appears,  that  if  ^rs  13,  then 
^  may  b6  either  35  or  36. 


Once  more  for  a  further  Illuflration. 


Let 
But 

24 — 2i 

Again 

26—^ 

27—25 


23 

24 

26 
27 

2& 


^  =  24,  then  s  a  =z  120,  and  3^  =  72 
2  /  +-7  ==  189  —  5  tf  =  69,  per  7th  Step, 

y  =  69-^  2/;  hence  #  iL  V  ^^  34  4 

<+>4-«=:63— «  =  39,  per  3d  Step. 

jf  +  «=39_<r 

«  =:  ^  —  30,  hence  g  y  30. 


From  hence  it  appears,  that  if  ^  r=  24,  then  e  may  be  either 
Si>  3^»  33>  o""  34>  '''2'  '^  "'ay  l>c  any  Number  betwixt  30  and 
34  i  ^y  ^^^  25^^  a^  ^Sth  Steps }  from  whence  the  Values  of  y  and 
u  may  be  eafily  found. 


That 


{/  =  3i  . 
mi: 
'-34  • 


theny  =  7 

y=s 

^^  =  3 

y=  I 


And  IT  =  I 
«rr  2 
«rr  3 


Procerdiflg  on  in  this  manner  with  all  the  other  Tingle  Values  of 
*tf,  there  may  be  found  above  120  Anfwers  to  this  Queftion  in 
whole  Numbers :  and  if  you  pleafe  to  put  a  =  Fradions,  there 
may  be  found  an  innumerable  Set  of  Anfwers ;  whereas  the  Rule 
of  AUigation  in  Vulgar  Arithmetiek  affords  but  only  one  Anfwer  in 
Fraaions,towit,thptof<?  =  314.,^=  io\^yzz  \o\yUz=,  \o\^ 
as  may  be  eafily  tried  per  Rule  Page  115$  &r. 

1  hcfe  two  Examples  being  well  underftood  (efpecially  if  the 
laft  be  thoroughly  purfued)  may  fufficc  to  fliew  the  Method  of 
limiting  the  Anfwers  to  all  Sorts  of  Queftions  of  this  Kind.  I  (hall 
therefore  conclude  this  Chapter  of  Qiieftions  with  giving  a  Solu- 
tion to  the  Enigma  (or  Riddle)  propofed  (but  not  anfwered)  by 
Mr  John  Kerfejy  in  the  Ctofe  of  the  JppntJix  ta  his  Arithmetiek^ 

which 
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which  affords  fevcral  pretty  Queftions,  the  Solution  whereof  will 
difcovcr  a  certain  Sentence  confiftingof  three  Words,  wiiich  muft 
be  found  by  the  Help  of  Figures  placed  (or  fuppofed  to  be  placed) 
over  the  twenty-four  Letters  of  the  Alphabet. 

Th..*    i  I  •  a  .  3  .  4  •  S  •  6  .  7  .  fcTf .  called  Indices. 
*'*"'    la  .  h  .  c   .  d  .  i  .  /  .  g  .  isTc.  tothehti  Letter^ 
So  that  if  the  Index  to  that  Letter  be  once  found,  the  Letter  to 
which  it  belongs  is  confequentiy  known. 

The  Enigma. 

I.  If  the  Difference  between  the  Indices  of  the  fecond  Letter 
of  the  fecond  Word,  and  the  third  Letter  of  the  firft  Word,  be 
multiplied  into  the  Difference  of  their  Squares,  the  Pfodua  will 
be  576 ;  and  if  their  Sum  be  multiplied  into  the  Sum  of  their 
Squares,  that  Produft  will  be  2336,  the  Index  of  the  faid  third 
Letter  being  the  grcatcft. 

a  zz  the  greater  Index,  or  that  of  the  3d  Letter. 
e  =  the  lefs,  or  (hat  of  the  2d  Letter. 


Let 

I 

And 

2 

ThenJ 

3 

4 

3^ 

5 

4X 

6 

6-5 

7 

6  +  7 

8 

8u»i 

9 

3  Again 

10 

10-^  16 

11 

11  ©•» 

12 

12+9 

»3 

13 -r  2 

14 

9+14 

»5 

£  X  a  a — if  in   576 


I  by  the  Queftion. 


a-\-exaa'\'iiz=:  23;^6 
a  a  a  —  aa  €  —  a  e  i  -^  e  i  e  =:  576 
aaa^aa€'{'aii'\'eee::::  2336 
7.  a  at  '\'  7.  4  e  -zz  1760 

^^<'  +  3^^'  +  3^"  +  '^'  =  4096 
fl  +  e  =  \//  4.096  zr  16 

a — exa — ^Xtf  +  /=  ^'jb^iotaa — ee:=.a^e 

{xa  —  / 

a — e  X  a  —  e  -n  36 

a  —  ^  =  6 

2  tf  =  22  f  From  btnce  it  appears^  that  the  3d 
a  zz  II  j  Letter  of  the  iff  l^ord  it  1;  and 
e  =    5  C  /A/  2d  Letter  of  the  2d  Word  is  e. 

Note,  In  order  to  fit  down  the  Letters  (as  they  become  found)  in 
their  proper  Places y  it  moj  be  convenient  to  fuppiy^he  vacant  Places 
with  Stars. 


_      cFirftWord 


Second  Word 


Third  Word 

♦  4t  «  «  « 


2.  The 
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2.  The  Indices  laft  found,  are  the  two  Extreams  of  four  Num- 
bers in  Arithnietical  ProgreiHon,  the  lefler  Mean  being  the  Index 
of  the  firft  Letter  of  the  third  Word ;  and  the  greater  Mean  is 
the  Index  of  the  fourth  and  laft  Letter  of  the  firft  Word.  Va^ 
5  •  7  •  9  .  II  are  the  four  Terms  in  Arithmetical  Progreffion. 
Whence  it  appears,  that  G  (whofe  Index  is  7)  is  the  firft  Letter 
of  the  third  Word ;  and  that  i  (whofe  Index  is  9)  is  the  fourth  or 
laft  Letter  of  the  firft  Wordj  which  being  placed  down,  will 
fiand  thus. 


**//•     ♦f 


«  «  « 


^  m  * 


,3.  The  fecond  Letter  of  the  third  Word  is  the  fame  with  the 
third  Letter  of  the  firft  Word;  and  the  fifth  Letter  of  the  third 
Word  is  the  fame  with  the  laft  Letter  of  the  firft  Word :  whence 
the  Letters  yill  ftand  thus. 


*  *  //. 


^  g  ^  ^  ^* 


GI**i*' 


4.  The  Sum  of  the  Squares  of  the  Indices  of  the  firft  and  fecond 
Letters  of  the  firfl  Word  is  520,  and  tlie  Produd  of  the  fame  In- 
dices is  feven  Ninths  of  the  Square  of  the  greater  Index*  which  is 
the  Index  of  the  faid  firft  Letter. 

Let  a  =  the  greater,  and  e  =  the  lefTer  Index. 


Then 
And 


2  -r-  , 

3©- 

1  —  4 

5  X  81 

6  +  49  o  <r 

8  iw 
3  and  9 


I  \aa  -^ee  = 


2  a  e  = 


—  7 


aa 


^^^  J-  according  to  the  Data. 


3 

4 

5  tf<7=520  —  t^-aa 


8l  tftf  =  42120  —  49  ^iT 
1 30  tf  42  =  42  1 20 

aa=  ♦^^r   =3*4    ^  ^ 

a  r=  \/324  =18,  whofe  Letter  is  x, 

^  =  |.  tf  =  14,  whofe  Letter  is  o» 


Hence  the  Letters  will  ftand  thus. 


Soli. 


*  ^  *  *  *, 


Gl. 


«  «  ;« 


5.  The  Difference  between  the  two  laft  Indices,  is  the  Index 
of  the  firft  Letter  of  the  fecond  Word,  viz.  18-^14=4  being 
the  Index  of  the  Letter  D.     Then  the  Letters  will  ftand  thus, 


SoIL      De  *  *  *.     Gl. 


♦  *  /  *^ 


6.  The 
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^6.  The  third  and  laft  Letter  of  the  Tecond  Word,  alfo  the 
third  Letter  of  the  thi  rd  Word, .  are  the  fame  with  the  fecon4 
Later  of  the  firft  Word  ^  hence  the  Letters  will  fland  thus, 

Soli  Deo  Gio^i^. 

7.  The  Sum  of  the  Indices  of  the  fourth  Letter  of  the  third 
Word,  and  the  fixth  or  laft  Letter  of  the  fame  Word,  being 
added  to  their  Produd  is  35  \  and  the  Difierenceof  tbeir  Squares 
.  b  288 ;  the  Index  of  the  \2&  Letter  being  the  Ieaft« 


Put  tf  =  the  greater,  and  /  =  the  ki&r  Index,  as  before. 


Tlien 
And 


S+a  +  i 

*  +  5 

7  + 


a  a  —  #  #  =    j 
ar-f-V=:35— tf 

t  SB  3.5  "Tm,  for/xTHM-stf^  4.^ 

fl  +  X 

1225— ^  70  a  4>g/i 
tfa+2tf -4-1 

t  Il4  4.  2  tf  9-1-00=2880^  +  576  0-f  288 

(  +  1225  —  70  0  +  0  0 

04  -|-  2  0'  -^  288  0  0'-—  506  0  =  1513 


^tf  = 


This  laft  Equation  being  refolved  according  to  the  Method 
whidiflull  be  £bewed  in  the  next  Chapter,  it  will  be  0  =  17  it's 

Letters  and  from  the  4th  Step  i  =  ^^~^  =:  1,  the  Index  of 

0  +  1 
the  Letter  0.    Then  thcfe  two  Letters  being  placed  according  to 
the  Data  above,  are  all  that  are  reqi^ired  by  tbe  Enigoia  lo  com-* 
plm theft  Words: 


Soli  Dep  Gloria. 


Hh 


CHAP. 


1 
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Part  IK 


iTbe  Solution  of  aUfeCtCH  €quattOn0  in  Numbers. 

nEFORE  we  proceed  to  the  Solution  of  Adfefied  Equations, 
^  it  may  not  be  zroik  to  fhtw  the  InVfsfligaiioii  (orlnveption) 
of  thofe  Theorems  or  Rules  fpr  e^r^ding  the  p.oo|ts  of  Siinpi^ 
Powers,  mad?  ufe  of  in  Chapter  ii.  Part  |.  }  (hsvll  here  fiake 
Choice  of  thq  fame  Letters. to  reprcijent  the  Nun)t>ers  both  g^ve^ 
and  fought  in  my  Compendium  of  Algebra, 

'  G,  always  denote  the  given  Refol^nd. 

ahy  Ngmber  taken  as  near  the  true  Root  as 


^z.Lct 


{G,  al« 


I  may  be,  whether  it  be  greater  or  lefs. 
the  unknown  Part  of  the  Root  fought,  by 
which  r  is  to  be  either  tncreafed  or  dccreafed. 

Theh  if  ^  be  any  Number  lefs  than  the  true  Root,  it  will  be 
r  -f-  ^  =  the  Root  fought.  But  if  r  be  taken  greater  than  the  true 
Root,  it  will  then  be  r  —  /  =  the  Root  (ought.  And  put  D  for 
the  Dividend  that  is  produced  from  Gy  after  it  is  leflened  and 
divide(i  by  r,  (^c.  (into  the  Co-efEcients  of  AdfoiSed  Equations) 
according  as.  the  Nature  of  (he  Root  requires.  T^^^^  Things 
being  premifed,  wc  imy  pro<:aed  to  raifing  the  Theorems. 


SECT.     I. 

I.  P  O  R  the  Square  Root,  viz.  aa  zz  G.    Quaere  a. 


Let 

2  —  rr 
Then 


r  -J-  ^  =  ^ 

r  r  +  2  r  ^ -{- /  f  = /7  a  —  G 

2  re+e<zzG^rr.  Call  it  />,  viz,  D=zG^rr. 

{/>      ^    f  This  (hews  ift  the  Method  of 
; — -T ^1  extracting  the  Square  Root, 

^"^^^        L  Sea.  5.  Chap.  1 1.  Part  i, 


5.  Chap. 
^   .    .  G  —  rr        r. 


I 

Which  gives  this  Theorem  S  ■■. ,  ^ 

Ir  +  ii 


'C. 


The  Arithmetical  Operations   of  both  thefe  Theorems,   yon 
have  in  the  Examples  of  Scftion  2.  Page  126,  to  which  I  refer 


the 
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the  Learner,   fuppofing  him  by  this  Time  to  underftand  them 
without  any  more  Words  than  what  is  there  exprefl. 


II.  To  extraft  the  Cube  Root  ;^  viz.  a  a  a  =zG.     Quaere  a. 
Let    I 


3-^3 


r  4-  ^  =  ^9  fuppofing  r  lefs  than  the  true  Root, 


,  ,    eee G  —  rr  _^  ^ 

re  +  ei+  — ■  = :=^  D 


Let  —  be  rejeflid  or  caft  off,  as  being  of  fmall  Value ;  then  it 

3^ 
will  be,  n  ^  e  e  zs:  Df  which,  gives  this  following 

Thi^rem =  0 

By  this  Theorem  or  Rule,  the  ift  and  2d  Examples  in  Cafe  i. 
Page  132,  4rc  performed ;  the  which  being  compared  with  this 
Theorem  may  be  eafily  underftood. 

Again,  Suppofe  aaa-zs.  6,  as  before,  and  let  r  be  taken  greater 
than  the  true  Root. 


Then 


r— */=:i7  f/f^bemgrej< 

rrr-^3r»^f-f  3^^ #T:r^3  =G(edas  before* 


/  if  ^  being  reje6k- 


irre-^'irie—r 


=  rrr- 


r  r  — ^#  = 


rrr* 


=2) 


3^ 


Which  gives  this  tbitrem  — — -  =  e 

By  this  Theorem  the  third  Example  in  Cafe  2.  Page  Xfl3,*is 
performed* 

in.  To  extras  the  Biquadrau  Root ;  vt%.  «*  =:  C,  Qusre  a. 

ij  r  4-  /  =  tf  fuppofing  r  lefs  than  juft. 

2  r^^^re^brreez=.ct^:=:G  7  rejciSingall  the Pow- 

3  ^rrn-^brreezzG — r^  J  ersof^above/^. 

2r^4-3f/;F=  •=tf 


Then 
2  — r* 


Which  gives  this  tbnrm 


a  r  +  3  ^ 
H  h  a 


:=2  # 


By 


^£6 aige&ia. Partii 

By  this  Theorem  the  Biquadrate  Root  of  an;  Number  may  be 
extraded.  But,  as  I  have  already  faid.  Page  134.^  thofe  Ex* 
traftions  may  be  very  well  perfonAed  by  two  Extra^ions  of  the 
Square  Root.    Vide  Examphy  Fage  135. 

IV.  To  extraa  the  Surfilid  Root,  vi%.  aS  =  G.  Quare  a. 
If  r  be  taken  lefs  than  juft,  then  r  -^  e  =1  a^  as  befoic,  and 

ZlL  z:  Dy   which  gives  this  Theorem  __.—  =  r.      By 

5  r»  r  —  2  e 

this  Theorem  the  Surfolid  Root,  Ex^ple  i.  Pi^e  136,  is  ex- 
trailed.     But  if  r  be  taken  greater  than  juft  -,  then  r — ^  =  tf,  and 

^Im?  =  P,   which  gives  this  Theorem  — £. =:  /.      By 

5rJ  r  —  2e 

this  kift  Theorem  the  Example  in  Page  137  is  performed. 

I  prefume  it  needlefs  to  purfue  the  raiiuig  of  thofe  Theorems, 

for  extrading  the  Roots  of  Simple  Powers^  any  further ;  becaufe 

the  Method  of  doing  it  is  general,   how  high  foever  they  are  ; 

and  therefore  it  may  be  eafily  undeiftood  by  what  is  already  done. 


SECT.     2. 

"T^Otwithfiandiog  I  have  already  (hewed  the  Solution  of  Qua- 
'^^  dratick  Equations,  two  feveral  Ways,  viz.  by  caftingofFthe 
loweft  Term ;  and  by  compleating  the  Square,  vide  Se^ion  2. 
Page  195,  &c.  Yet  it  may  hot  be  amifs  to  Ihew,  how  thofe 
Equations  may  be  refolved  into  Numbers  by  this  univerfal  Me- 
thod of  continued  Series;  wherein,  if  the  nrft  r  be  taken  equat 
to  the  firft  Root,  or  Angle  Side  of  the  Refolvend ;  and  every 
fingle  Value  of  e  (as  it  becomes  found)  be  fiill  added  to  it,  for  a 
new  r,  then  thofe  Roots  may  be  extra£ted  without  repeating  a 
fecond  Operation,  as  before  in  the  fingle  Powers. 

Ca/i  I.     Let  aa-^^iba^iG.     It  is  required  tofind  tbe 
Value  of  a» 

r +  ^  =  « 

rr  +  ire-^-se  =/«  a 

2^r+  24c=  2ha 

rr+ 2  Ar  + 2  r^+ 2  */4-*^=r.tfir  4- 2*i?r=C: 

2r^  +  2*^  +  ^'==^'— ''''-^^*'' 

re  +  ie  +  ieezs^iG-^irr^hrz^Xi 

Which  Elves  this  Theorem  , 1  ^  / 

SupiMDfe 


Put 

1  ^» 

a+3 
4 —  rr&c. 

I 
2 

3 

4 
5 

S-r-"^] 

6 
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SuppoTe  b  =  364,  and  G  =  38692865  :  If  r  as  6000,  then 
rr  ^=z  36000000,  and  2  >  r  =  4368000.  But  36000000  -|- 
4368000  r:  4036^009  y  38692865  =  G.  Thercfoie  the  firft 
r  iL  6000.     Let  r  ca  500O9  then 

ift  r  =5  5000  19346432,5  —  iG 

iss    364  — 1432000^  =irr  +  *r 

ift  r  4-  ^  =5  5364  502^432>5  =  -D  (800  =  r 

+  i  ^  =400  461 12 

I  Divifbr  5764)  41523  (6o  =  #  "" 

2d  r -4- ^=  6164  37164 


4359  (7=' 

2  Divifor  6194)  43592>S  — 

3d  r  4-  *= )  6224  '     ■  867  =  # 

3  DivUbr  6227,5 

Cq&2«    If  tf4i-*-a£tf  =  G,  then  proceeding  as  above^  there 

will  arife  thb  Thimrm ,    ,    .     ss  /,,  &c.    And  in  Cafe  t» 

r  — *  +  i# 

▼is.  2£tf  —  tftfzzC?,  70U  will  have  this  Tbiorem. 


&c.  as  above. 

I  think  It  needlefs  to  trouble  the  Reader  with  the  Work  of  thefe 
two  Theoren)3  in  Numbers  j  becaufe  if  the  laft  Example  of  C^  i. 
be  underftood,  the  other  will  be  eafy.  Not  but  that  the  Method 
of  compleating  the  Square  is  very  ready  and  ealy,  as  you  may  ob* 
fecve  by  the  Work  in  feveral  Quefiiona  of  this  Chapter. 


SECT.    3. 

IN  the  Solution  of  all  Adfefied  Equations,  that  are  above  (or 
higher  than)  Quadratick,  it  will  be  the  beft  Way  to  take  r  s 
the  next  neareft  Root  of  the  Equation :  And  then  it  will  be  r  «-|-  ^ 
=:  tf,  if  r  be  lefs  than  juft ;  orr  —  /s^^ifrbe greater  than  juft 
(as  at  the  Beginning  of  this  Chapter).  And  all  the  Powers  of  the 
unknown  Part  of  the  Root,  (viz,  /)  above  it's  Square  (ti)  are  to 
be  rejefUd  or  caft  off,  as  before  in  raifio^  the  Theorems  for  the 
2  Simple 


2j8 


9l0Sb|it 


Part  II. 


Simple  Powers.  And  therefore  it  is,  that  to  fupply  the  Want  of 
thcfe  Powers  (abote  /  r  in  the  Theorem)  the  Operation  mutt  be  re- 
peated :  as  in  the  Example  of  extradiRg  the  Cube  l^oot,  P^e  1 33^ 
viz.  when  the  Figures  in  the  Root  confill  of  more  than  three 
Places  fv/^  Page -1 4O)  and  141.) 

Suppofe  aaa'{'ba  =  G.    Qu*rre  a. 


let 

1  X  b 
2+3 

5  — &C.| 


f  +  /  =1  tf  VIZ.  let  f  be  fup^efed  Ie&  than  juft, 
^'''*  +  3^^'"l"3^^^'*^^^*' 

•  3^  3^" 

— ...I  I  =A 

Which  gives  this  Theonm      ,     ^    , 

But  if  r  be  taken  greater  than  juft,  then  it  will  be  r  /  +  — 

3^ 
G 
—  <^/=irr+^i— ^zrZ>,   which   produce*  this   Thorem 

D  " 

r  + i 

By  either  of  thefe  two  Theorems  the  Value  of  x  may  be  eafily 
found.     Or  rather  otherwife,  as  in  the  following  Example. 

Let  aaa  +  24.azz  5879I4.     Here  5  =:  24,    Suppofe  the  firft 
r-rzgoy  then;- 3  •=729000  7  5879 14 without  the  24  x  90  being- 
added  to  it :  Therefore  r  JL  90.     Again,  Suppofe  r  =  80,  then 
r3  =  512000,  and  24r=  1920.    But5i2000-|-  1920=513920 
^  58791,  hence  y  70,  but  nearer  to  it  fhan  96.    Therefore 


it  muft  be 
I  ©2 
I  k24 

2  in  Numb; 

3  in  Numb. 

4+*5 
5*^5,3920 

7-r-240 

8- 


r  -l-  r  r=r  tf  left  than  juft. 

r  rr  -\'  "^rY  e  ^  '^n  t  :=zaaa 

24  r  +  24  #  ±=  24  ^ 

5 1 2000  -|-  19200  e  4"  240  eezzaaa 

1920  +        24  /  =:  24  <} 
513920  -f-  19224  r  -I-  240  i  e  Z2  587914 
19224  #+  240#^r=  73994 
80,1  *  +  /  ^  =  308,31  =  jb 
D 


bo,  I  ^  e 


Operation 


■  <irig    f. 
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^39 


83,66  &C.  ss  r  4-  # 


Operalioo  Sp,i 

I  Dtviibr   83,1)         308,31 

aDivifor    86,7)  59>oi 

+  /  ^67  52>01 

'87537)  <>>99'*^c. 

Or  rather  new  r  =  83,7  for  a  fecond  Operation,  which  being  in* 
yoWfiiwd tried  (as ^bove)  wtUb«  tmimi  greater  ttefi jui^ :  chMffipre 

it  mnH  ^e 


2  in  Nomb. 

3  in  Numb. 

4  +  5 
1± 

2d  Operation  83,79555 

—  /  =       ,C2 


r  — <  =3  <? 

r  r  r  — *  3rr/-4-3>/«=:tffltf 

24  r  —  24  r  =  24  fl 

586376,^5 3 —  21017,07  r  + 251,1 //;a*/j 4^ 

2008,8     —        24  /=  24  41 
588385,053—21041,07^+251,1/^=587914 

21041,07  /  —  251,1  ^  /  =:  47i>053 

83*7955  e-^ei=  1,87595778  =  D 


83.7955— « 


liftDivifor  83,7755) 
—  *  =      ,022 

iadDivifor  ^3,7535) 
— /  =:      »oo2^ 

3d  Divifor  83,7512) 
-^t=z  3&C. 

»J3.75t 

•  •  • 

Here  the  new  DivlTors  are 
Kjeded,  as  infignificant. 


/83,7000oooo  =  r 

1*87595778    100,02239331  r=/ 

''^755'0   83,67760669  =  a=r 

,2004477    —  #. 

,1675070 

,03294078 

,02sr2s36 

,00781542 

00753760 

2778Z 
^5'^S 

2657 

31512 

-   145 
83 


lit  t  > 


AU  the  remainin^ExamplttAf  cxtn^l  KoaU  (except  A^eaio]  «re  1^  iiit^  Aatliorl 
<^  Method ;  which  by  thii  Time,  it  is  prefumed)  the  Learner  will  epfily  know  kowto 
cored  of  himfdf,  if  he  takes  dve  Notice  of  wto  has  hcfn  delivered  F^  ip^  132,  &e^ 

^  But 


240  aigellia^  Part  II. 

But  if  moie  Exa£be&  be  required,  you  may  make  the  new  r  =5 
83,6776067,  and  proceed  with  it  to  a  third  Operation ;  which 
will  aiFord  twenty-feven  Places  of  Figures  for  the  V^Iue  of  a  ^ 
chat  is,  every  Operation  will  produce  triple  the  Places  of  Figures 
to  thofe  of  the  [Mftoedent  r.  And  this  tripling  the  Places  of  Fi- 
gures in  the  Root,  at  every  Operation,  holds  good,  ^nd  is  to  be 
/obferved  in  the  Solution  of  all  Adfeded  fV]uations  (how  high  (b- 
ever  they  are}  aiccording  to  this  Method  oS  refolving  them.  &y 
Pagi  141. 

ExampU^.  Suppofetf 4«  — *<t  =  <?.  Qusere*.  IfrJ^g 
:-tf,  thenr<— iii +^^  =  — +T*~^  r  r  =  I>, 


which  gives  diis  Tbeocem 


r 


zz  e.     But  if  r  .P—  ^ 


r  r 

D 


which  p«es  this  Theorem-^  .  1*  .  ^ 


Or  you  may  prpcejed  otherwife,  as  in  the  lad  Example.  Let 
naa  —  6430  tf  =  104785688,  here  b  =  6438.  Suppofe  the 
firft  r  ^  500,  rrrzz  1 25000000,  and  A  r  =  3219000,  then 
125000000  —  3219000  =  121781000.  But  1^1781000  7 
104785688,  therefore  r  L  500.  Again,  fuppofe  r  =  400, 
r  r  r  s=  64000000,  and  hr  zz  2575200,  then  will  64000000 
<—  2575200  =  61424800.  But  61424800  /L  104785688,  hence 
r  y  400 ;  confequently  r  is  betwixt  400  and  500.  But  500  is 
the  next  neareft ;  therefore,  letr  =  500  being  greater  than  jufL 

TTien  i 

I  ©"»  2 

I  X  A  3 

2  in  Numb.  4 

3  in  Numb.  5 

4-5     6 
6-h     7 
8 


7  -r  1500 

8 


r  —  r  r=  a 

rrr-— 3rr#-4-3r##=:«/r« 

b  r  ^^b  t  =  b  a 

125000000—750000/+  isooi£iszaaa 

32 1 9000  —     6438  /  =  64  38  tf  (88 

121 78 1000 — 743562^  +  i5oo#/s=:i047856 
74336^—1500//=:  169953U 

495/  — //=  11330  =  I> 

D 
i  — 


495  —  ^ 


Operation 
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Operation  495 
—  €ZZ    20 

I  Divifbr   475) 
472J 


/500»o  rz  r 
113301   23,8  =  # 

950 


1830 
1416 

4x4,0 

377^6 


476(2  =  r-*#  =  J 


Let  new  r  =  476  for  a  2d  Operation,  ften  ri  =  107850176 
and  ^r=:  3064488  :  but  107850176—3064488=  194785688 
the  fame  with  the  Refolvend.     Confequently  a  =  476^jtift. 

Example'^,  hctia^^aaa  :=:G,  Quxrea.  Ifr4*/  =  ^rtbea.. 

2 — f  —  re^ie  =  I — 4"t''''~t*  —  -0,  which  gives  this 
r  r 

^     -  =  /.    But  if  r  -,  #  =  tf,   then  r  /  —  LLf 

r 


re 


Theorem  ^b 

r 

iG 
^ee  =  ^^  +t''^  —  T*  =  ^>  which  gives  this  Theorem^ 

D 


Or  otherwifc  as  before  in  the  two  laft  Examples.  Thus,  let 
123456a  —  aaa  =  1227286 1.  Here^=s  123456.  Suppofethe 
firft  r  =  200,  then  rrrssi 8000000,  and  A r  =  2469 1 200  j  then 
24691200— 8000000=16691200,  but  i669i200'7i227286x, 
therefore  r  is  here  lefs  than  juft,  becaufe  the  higbeft  Power  is  -— ^ 
or  Negative.  Aeain,  Suppofe  r  =  300,  then  r'  =  27000000 ; 
and  b  r=  37036800,  then  37036800 —  27000000=  10036800 
L  12272861.  Confequently  r  Z.  300,  and  r  -7  200.  Let  r 
=  300,  Being  the  next  neafeft,  but  more  than  juft. 


Then 
I  ©-» 
ixb 

2  in  Numb. 

3  in  Numb. 

5—4 
6«-ioo368oo 

7-5-900 

I  -r-&C. 


r  —  #  =  fl 

rrr  —  3rr/-{-3r^#  =  tftfa 
b  r  —  b  e  zz  ba 

27000000 —  270000  e  +  900  #/ 
37036800  —  123456  ^ 
10636800  +  146544^ — 900^/z:  12272861 
146544/  —  900/ /=  2236061 

162/  —  /*  =  2484=1) 

D 

e  = 


162  — e 
I  i 


Operation 
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Operation    162 
—  e-iz    10 


\  16,6  =  / 


ifiDtviror  152)        2484      

—  ^  = 5  '5^        283,4  =  r— /=<r 

2d  Diviibr  646)  964 

8r6 

88,0 
86,6 

Or  new  r  =s  283,  which  being  involved,  isfc.  will  appear  to  be 
the  true  Root,  that  is,  a  zz  283  juft. 

Notey  Thefe  are  ufually  called  the  three  Forms  of  Cubick 
Equations ;  and  in  the  Solution  of  the  third  or  lafi  Form,  viz, 
^a^^aaa=:Gy  you  may  meet  with  fome  Teeming  Difficulties ; 
efpecially  in  making  Choice  of  the  firft  r,  becaufe  this  Equation  is 
an  ambiguous  Equation,  and  hath  two  Affirmative  Roots,  viz.  a 
greater  and  lefs  Root.  But  having  once  found  either  of  them, 
the  other  may  be  eafdy  obtained  by  Divifion  onlv  ;  as  in  the 
Quadratick  Equations.  FiJe  Chap.  8.  As  for  inftance,  in  the 
U((  Example,  a  :^  283  and  123456  tf  —  aaa  =:  12272861. 
Make  thefe  two  Equations  =  o,  to  wit,  let  a  •—  283  =io,  and 
-—  A  n  tf  -|-  123456  a  —  12272861  =  o. 

Then»  II  —  283)— tf  jj4- 12345611— 12272861     (— tf« 

—  aaa  •+-  283  a  a 

—  283  aa^  1234564  (—  283 tf 

—  7%2^a  A-   80089  a 

+  43367^—  12272861  (+43367 

+  43367^ — 12272861 

(o)  (oj 

Hence  it  appeals  that— a  ^ — ^83^7+43367  =0.  Confcquwit- 
\y  aa  +  283^  zs  43367  this  Equation  being  folved,  a  =  nOf 
2722  (^c,  which  Is  the  leflcr  Root  of  the  aforefaid  Equation  ^' 
—  aaa  —  (?,  &c.  After  this  Manner  all  the  poffible  and  im- 
poffible  Roots  of  any  Equation  may  be  eafily  difcovered,  any  ono 
of  it's  Roots  being  once  found.  I  fhall  therefore  omit  infcrtiflg 
more  Examples  of  that  Kind. 

Suppofeijfltf+^tf  ^4"^^t=:G.  Quaere  i7.  Let  *= 74,^=87241 
and  G  =  560783.  By  Trial  (as  before)  it  will  be  found  that  thi 
next  nearel!  r  =  40-being  fomething  lefs  than  juft. 

Tbcrtfbit 


r  ■' 
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Therefore 

I 

I  xc 

2 

i©-»:x* 

3 

l©-3 

4 

2  in  Numb. 

s 

3  in  Numb. 

6 

4  in  Numb. 

7 

5  +  6  +  7 

8-531560 

9 

9-r-  194 

10 

n  #  = 


»o-^ 


Operation  ipo,2 
+  '=      I 

i&Divifor  101,2} 
;tdDivifor  101,7) 


349160+  8729  tf 
118400+  5920  r+  74" 

64000  4-     4800  /  +  1 20  f  / 

531560  4-  19449  e  +  194./  e  =  560783 
19449^+  194/^=  292^13 

100,2  i  +  i  e  zz  i53>o6  =  D 

D 

i  ~ 


100,2  +  i 


i5J»o& 
101,2 

1,01 


/40,o  =  r 
V  1*5^=^ 


4i>5  =  r  +  ^==41 


Or  new  r=  41,5  for  a  fecond  Operation,  which  b^iag  <hi1/ 
involved,  &^.  will  be  found  more  than  juft. 


Tbere^re 
Then 


len  ^ 


r  —  i  =za 

cr  '^c  e  ^z  ca 

irr  —  2  3  r  /  +  A  «#  =t  I'm  a 

r  r  r  ^-^  '^rr  e  -^  ^r  §  e  z=  a  a  a 


Thcfe  being  turned  into  Numbers,  Vc.  as  above,  they  will  \m 
20037,75  e —  198,5  /^  :;=  390,37 5>   which  being  divided  bjr 
198,5  tnc  Co-cfficient  of  ^/,   wifl  become  1^0^946  i  —  te  zz, 
1,960624,  &c,  =  Z). 
Operation  100,946 

•5^^  ==  or 

ift  Pivilbr  100,936) 

-^i  =:  »Q0^ 

2dDivi(br  100,927) 


•  Here  I  proceed  by 
plain  Divifion  without 
forming  new  Divifors. 


(41,5000000  =  r 
.0194847  =s  e 

i;^93L4i>4?05'7r-'-^' 
957264 

908343 


*  489210 

403708 


855020 

807416 

476040 
403708 

7233^*  &^- 
I  i  2 


Let 


J 


144 


aifiMu 


Part  11- 


Let  the  laft  Equation  in  the  Enigma,  Chap.  9.  be  here  .pro- 
pofcd  for  a  Solution.  Vi%.  aaaa  +  iaaa  —  caa^^^da^=iG  i 
h-=zij  ^=288,  rf  =  506,  and  C  =:  1513,  Quaeres.  By 
Trials  it  will  be  found,  that  the  next  neareft  r  ^  2O9  being 
fomething  more  than  juft. 

r  — r  /  =  <r 

dr  —  d i  -=,  da  ^         . 

err  —  ^crt^cii-ncaa 

hrrr  —  ^^h  r  r  i  -^^  '^h  r  e  i  r^ih  0  aa 

r4  —  \rrr$-\'f}rrt€:r:iaaaa 

Thefe  being  turned  into  Numbers,  and  thofe  duly  colleded, 
according  as  the  Signs  of  the  Equation  dire£l,  they  will  become 
50680 -—2^374*  +  2232  €  e  :=!  1513,  which  being  all  divided 
by  2232  the  Co-efficient  of  /  /,  will  be  16  ^  —  ^  ^  ::;:  29  =  !>• 


Therefore 

I 

ixrf 

2 

I®-»Xf 

S 

i®-Jx* 

4 

10.4 

5 

Then. 


D 


XO^r^i 


\  Operation  10 
— /=    3 

PivifQr        7) 


22 
2r 


/20  =  r 
\   3^^ 


17  =r  — f  =  tf  juftf 

See  the  End  of  Qiap,  9. 


Sy  what  hath  b^en  already  done  about  the  Solution  of  thefe 
few£quations  (being' carefully  obferved)  I  prefume  the  Learner 
will  eafily  conceive  how  to  proceed  in  the  Solution  of  all  Kinds 
of  Equations,  be  thev  ever  fo  high,  or  adfe£ted  ;  therefore  I 
fhall  not  here  propole  many  various. Examples,  but  only  take 
them  as  they  fall  in  Cpude^.  when  I  come  to  the  next  Part,  where* 
}n  you  will  (perbapa.)  find  fucb  Equations  with  their  Solutions  as 
^rc  iK>t  common. 


CHAP, 
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C  H  A  p.    XI. 
Of  Simple  atlteteff,  ammftiejf,  »  Pen/ions^  ice. 

IN  T  £  R E  S  T,  or  the  Ufe  paid  for  the  Loan  of  Money,  is 
cither  Simple,  or  Compound.  ^ 

Seft.  I.    Of  Simple  JntCJCelt 

SI  M  P  L  £  Intereft,  is  that  which  is  paid  for  the  Loan  of  any 
Principal  or  Sum  of  Money,  lent  out  for  fome  Time,  at  any 
Rate  pfr  Cent,  agreed  on  between  the  Borrower  and  the  Lender; 
which,  according  to  the  late  Laws  of  Engkndj  ought  to  be  five 
Pounds  for  the  life  of  100/.  for  one  Year,  and  ten  Pounds  for 
the  Ufe  of  lOO/.  for  two  Years :  and  fo  on  for  a  greater,  or  left 
Sum,  proportionable  to  the  Time  propofed. 

There  are  f^veral  Ways  of  computing  (or  anfwering  Queftions 
about)  Simple  Intereft  s  as  by  the  Angle  and  double  Rule  of  Three 
(See  Page  96,  &c.)  others  make  Ufe  of  Tables  compofed  at  feveral 
Rates  ^/r  Cent,  as  Sir  Samuel  Moreland^  in  his  Do&rine  of  Intereft, 
both  fimple  and  compound,  all  performed  by  Tables ;  wherein 
he  hath  detedcd  feveral  material  Errors  committed  by  Sir  I/aac 
ifewtony  Mr  Kirfey  upon  fVingate^  and  Mr  Clavil^  &c,  in  the 
Bufinefs  of  computing  Intereft,  ^c.  by  their  Tables,  too  tedious 
to  be  here  repeated.  But  I  fliall  in  this  TxzSt  take  other  Methods, 
and  fliew  that  all  Computations  relating  to  Simple  Intereft  are 
grounded  upon  Arithmetic  Progreffion ;  and  from  thence  raife 
fiich  general  Theorems,  as  will  fuit  with  all  Cafes.  In  order  ta 
which, 

r  P  =  any  Prihcipal  or  Sum  put  to  Intereft. 
y\  R  =  the  Ratio  of  the  Rate  per  Cent,  per  /fnnum. 
*^^  i  =  the  Time  of  the  Principalis  Continuance  at  Intereft. 
L  if  z=  the  Amount  of  the  Principal,  and  it's  Intereft. 
Note^  The  Ratio  of  the  Rate,  is  only  the  Simple  Intereft  of  i  /. 
for  one  Year,  at  any  given  Rate ;  and  is  thus  found. 
Viz.     100  :  6    : :  I  :  0,06=  the  Ratio  at  6  per  Cent,  per  Jnnum. 
Or       100  :  7    : :  1  :  0,07  =  the  Ratio  at  7  per  Cent.  Sec. 
Again  1 06  : 7,5 : :  i  :  0,075  =:  the  Ratio  at  7  and  ^  per  Cent. 

And  if  the  given  Time  be  whole  Years ;  then  /  =  the  Num«* 
her  of  whole  Years :  but  if  the  Time  given  be  either  pure  Parts 
of  a  Year,  or  Parts  of  a  Year  mixed  with  Years,  thofe  Parts 
muft  be  turned  into  Decimals^  and  then  /  n  thofe  Decimals,  ^c 

Now 
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Now  the  common  Parts  of  a  Year  may  be  cafily  turned  or  con- 
verted into  Decimal  PartB»  if  it  be  confidered 

r  Day  is  the  ^  Part  of  a  Year  =  0,002^4,  firi 
That  oor  ^  Month  is  the  tt  P»t  of  a  Year  =  0,0833333  ^^ 
C  Quarter  is  the  ^Part  of  a  Year  z:  0,25 
Theft  Things  bdng  pFemifed)  we  may  proceed  to  raifing  tht 
Theorems. 

Let  R  =  the  Intoreft  of  i  /.  for  one  Year,  as  before. 
Then  2  ii  =:  the  InCereft  of  i  /.  for  two  Years^ 
And  3  -R  =  the  Intereft  of  i  /.  for  three  Year** 

^  iS  =  the  Intereft  of'  i  /.   for  fouc  Years.     And  fy  m 
for  any  Number  of  Years  propofed. 

Hence  it  is  plain,  that  the  Simple  Intereft  of  one  Pound  is  a 
Series  of  Terms  in  Arithmetic  Progreffion  increafing ;  whofo  firS 
Term  and  common  Dtfierence  h  M^  and  the  Number  of  all  t6e 
Terms  is  t.  Therefore  the  laft  Term  will  always  be  / 1?  =:  the 
Intereft  of  i  /.  for  any  given  Term  lignified  ly  /. 
— -  i  As  one  Pouhd:   is  to  the  Intereji  if  i\.  :  :fo  is  emj 

/  lien     I  Principal  0r  given  Sum  :  to  it's  Interejf: 

That  is  iLMR'.'.P,tRP-i\\t  Intereft  of  P.     Then 
the  Principal  being  added  to  it's  Intereft,  their  Sum  will  be  =  i# 
the  Amount  required  :  which  gives  this  general  Theorem. 
Theorem  \.     t  RP^P^nJ 

From  whence  the  three  following  Theorems  are  ^afily  deduced. 

Theorem 2.  -.=-- —  =  P.    Theorems.  f  =  R. 

tR+i  '^      tP^ 

jf      p  I 

Theorem  4.  — ^r— -  =s  t. 
RP 

Thefe  four  Theorems  refolve  all  Queftions. about  Simple  Intereft. 

^ejiion  i.    tVhat  will  256 i  lor.   amount  to  in  3  7/tfr;,  wf 
garter,  2  Months^  and  18  Dayi^  at  5  fir  Cent,  per  Annum  f 
Here  is  given  P  in  256,5  i    R  =  0,05  j    and  tz^  3>4A599 
For  3  years  =  3  Quaere  J.  per  Theorem  |. 

One  Quarter  zz  0,25 

2  Months  =0,16667  zi  0,08333  *    ^ 
18  Days  =:  0,04932  =  ©,Q0274  x  18 
Hence  /  ^  3,46599 :  x  0,05  =  0,1732995  TztR 
.Then  0,1 732995x256,5  =5  44,45 1 32 1 7  z=itRP 

And  44,4513217 +  256,5  =  300,95x3217  n/ilP  +  Pssi/. 
That  16  300,95x3217  =;  300/.  19X.  Qd.  being ^he  Anfwer 
required. 

^e/ten 
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^eflion  2.  JVhat  Principal  or  Sum^  biing  put  U  Inttreft^  will 
raife  a  Stack  of  300'!.  19  s.  od.  in  three  Years,  one  Quarter^ 
two  Months,  and  18  Days ;  at  5 ^^  Cent,  per  Annum? 

Or  the  fame  Qyefiion  otherwife  ftated  thus. 

What  is  300 1.  19  8.  o  d.  Jue  3  Tiars^  one  ^uarter^  %  Months 
aad  18  Days  bence^  worth  in  ready  Money  \  abating  cr  difioumhig 
^  per  Cent.  &c. 

Here  is  given  J  =  ZOO^^sn^^l  J  ^  =  0,05 ;  f  —  3,46599 
(found  as  before)  thence  to  find  P.  Per  Theorem  2.  Firft 
3,46599  X  0,05  =  0,1732995  2=  tR.    Theii  t  R  +  t  = 

M73*99S)  3<>o»9Si3aJ^7  =  -^(^56^5  =  ^5   that  i$^  236,5 
=:  256/.  I  ox.  the  Anfwer  required.  < 

^iftMH  3.  Jt  what  Rate  or  Interejl  per  Cent.  &c«  wiU 
256  !•  10 8.  amount  to  300  L  198.  od.  in  three  Years^  one 
^uartery  two  Months^  and  18  Days? 

Here  is  given,  P=  256,5  ;i/zi:  300,95 132 17  j  and/=:3,46599 
to  find  Rs.  Per  Theorem  3.  Firft  300,9513217  -^  ^56,5  « 
44,4513217  =J^P.  Next  3*46599  ^  ^56,5  =  8891O26435 
^  t  P.  And  /  P  =  889,026435)  44,4513217  (0,05  =  the 
Ratio*.    Then  i  /. .:  0,05  : :  100 ;:  5  1=  the  Rate  required. 

^uefiion  ^.  In  what  Time  will  2^61  10  8.  redfe  a  Stock  of 
(or  amount  to)  3CO  I.  19  s.  o  d.  irf  5  per  Cent»  Sec 

Here  is  given,  P= 256,5 ;  i/=  300,95 132 17  ;  and  R  =  0,05 
to  find  /.  Per  Theorem  4.  Firft  300,9513217  —  256,5  =2: 
44,451327  =zA — P.  And  256,5  X  0,05  =  12,82  =rP  JK. 
Then  12,82)  44,4513217  (3,46599  =  ^5  that  is,  /  =z  3  Years 
and  ,46599  Decimal  Parts  of  a  Year  i  which  Buiy  be  brought 
into  common  Parts  of  a  Year,  thus. 

0*46599  ^^  ^9^^i3i)  0,21599  (2  Months. 

0,25  zz  one  Quarter  ,  1 6666 


0,21599  0,00274)  ,04933  (18  Days. 

Hence  /  z=  3  Years,  one  Quarter,  2  Months,  and  18  Days  i  the 
Anfwer  required. 

It  muft  needs  be  eafy  to  conceive,  that  what  is  here  done  at 
5  per  Cent,  may  be  done  at  any  other  Rate  of  Intereft,  by  form* 
ing  the  Ratio  (viz,  R)  accordingly. 


SCHOLIUM. 


> 


248  aiBCbja*  Part  11- 


^^  SCHOLIUM. 

C  Although  it  be  according  to  the  Laws  and  Cuftom  of  England^ 

\  to  compute  Intcrcft  at  the  Proportion  of  5  per  Cent,  (as  above) 

^  •  yet  he  that  takes  up  Money  at  Intereft  for  any  Time  lefs  than 

^  even  or  compleat  Years,  pays  more  Intereft  than  fecms  reafonably 

>  due,  according  to  the  Rules  of  Art.     As  for  Inftance  ;   if  lOoL 

V  •>  be  forborn  at  Intereft  one  whole  Year,  it  amounts  to  105  /.    But 
^  (I  fay)  if  it  be  paid  at  the  half  Year's  End,  it  fhould  not  amount 

V  '^10102/.  I  Oi«  as  appears  from  this  following  Proportion. 

^  Let  tf  =  the  Amount  due  at  the  half  Year's  End  ;  then  it  will 

-    \fi  IOCS  tf  : :  a  :  105  the  Amount  at  the  Year's  End.     Ergo 

41^1  =  10500,  and  ^1^^10500  :=  102,4695  =  102/.  91.  4t^ 

which  is  lefs  than  102  /•  10  x.  by  7  \d.    And  if  it  be  paid  in  lefs 

dian  half  a  Year's  Time,  the  Error  muft  needs  be  greater. 


Sea.  2.      Of  ammttieSi,  or  penfimWS  in  Arrears,  com^ 
futed  at  Simple  Intereft. 

ANNUITIES,  or  Penfions,  ^c.  are  faid  to  be  in  Arrears, 
•"-  when  they  are  payable  or  due,  either  Yearly,  or  Half-yearly, 
^c.  and  are  unpaid  for  any  Number  of  Payments.  Therefore 
the  Bufinefs  is,  to  compute  what  all  thofe  Payments  will  amount 
unto,  allowing  any  Rate  of  Simple  Intereft  for  their  Forbearance, 
from  the  Time  each  particular  Payment  became  due :  Now  ia 
order  to  this, 

f  «  =  theAnnuity,  Penfion,  or  Yearly  Rent,  (^c. 
p       w  rr  the  Time  of  it's  Continuance,  or  being  unpaid. 
'    I  ^=  *«  'Si^rAo,  or  Intereft  of  i  /.  for  i  Yeslr,  as  before. 

l-^  =  the  Amount  of  the  Annuity  and  it's  Intereft. 
Then  if «  zz  the  firft  Year's  Rent,  due  without  Intereft. 


2  ;;  =  iSc  Rem"  }  '^"*  «  ^'^  E"*'  ^f  **  <'«=°"'*  Year. 

*  1 «  S  Ihe  &**  i^"»  »*  *«  ^"^  "'^  *«  *i«»  Year. 
^^«  =  ;l;eRem*  }''«»*  *'E"'J°f**^fo»'*  Year. 

*  ^5  «  =  Se  W*  }«•"'  »» »»»'  End  of  the  fifth  Year. 

And  fo  on  for  any  Number  of  Years.  Hence  it  is  evident,  that 
Ru  4-  iRu + iRu  +  4  -Rk  +  5  «  rr-^  the  Sum  of  all  the  Rents  and 
their  Intereft,  bein^  forborn  5  Ycars« 

a  From 
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From  whence  it  follows,  that  Ru'{-zRu+ iRu-^-  ^JiuzizJ — /«. 

Herer=3  5.     Divide  by  «,  then  JJ+2  i2  +  3iJ+4«='lllf?. 

u 
'  Next  to  find  the  Sum  of  this  Progreffion  (See  Page  185)  thus. 

Let  R  +2R+^R+4,R ice.  zz  z^  then  i  +  2-f  3+4&C.  =;  *. 

Here  the  Suqi  of  all  the  firft  and  laft  Terms  are  4  -|-  i  =  5  =  ^ 
and  the  Numbers  of  all  the  Terms  are  4  =:  /  —  f.     Therefore 

l^ni  X  f  =  the  Sum  of  all  the  Terms;  that  is  ilnl  =  1 : 

hence  LL£=lL?  =  z.    Confequently  LL^ZZi^  =  i^Zlf . 

2  2  u 

Now  from  this  Equation  it  will  be  ea(y  to  deduce  the  following 
Theorems, 

trt  tiRu  —  tRu  +  2tu       J      ttu — tujy    .  ^ 

Theorem  i.  ^ =  ^,or     ■       ^R:+tu=J. 

2  2 

^orem2.      ^^1,       =u.    Theorem  3.  ^^^LullIL  =z  R. 
ttR—tR+2t  ^  ttu^tu 

Let  _—  I  =  jf,  then  /=  J  if  +  If  :  —    «   jr  Theorem  4. 
R  ^   Ru^  4  ^  ^ 

^uejlion  r.  If  250 1,  yearly  Rent  (or  Penfion^  &c.)  beforhom 
or  unpaid  feven  Tears ;  what  wi/J  it  amount  to  in  that  Tme^  at 
6  per  Cent,  for  each  Payment j  as  it  becomes  due  f 

Here  is  given  u  =  250,  t:±'j^  and  R  =1 0,06  j  to  find  A.  Per 
7*.  I.  Firil  250  X  7  =  1750  == /If,  1750X  7  =  12250  =  //*.: 
Again  12250 — 1750=10500=/ /« — ^fir,and  '®|.*^X 0,06=315. 
Laftly  315+1750=2065=-^;  Viz.  2065/.  isthe  Anfiv.  required. 

But  if  the  Annuity,  ^Rent,  or  Penfion,  is  to  be  paid  by  quarterly 

or  half  yearly  Payments,  ttc.     Then  Si—  =  0,03  =  ^  fof 

2 

half  yearly  Payments:  and  SlE-  zz  0,015  =  ^  for  quarterly; 

4 
or  0,045  =  ^  ^^^  ihxtt  quarterly  Payments.    Example  of  half 
yearly  Payments. 

Suppofe  2501.  per  Annum,  to  be  paid  by  half  yearly  Payments^ 
were  in  Arrears^  or  unpaid  for  feven  Tears  \  what  would  it  amount 
to^  allowing  6  per  Cent,  per  Annum  for  each  PaymeM^  as  it  be* 
comes  due  ?  ^  ' 


K    k  In 
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In  tbts  Example  there  is  given  tt=  1 25  =:  ^4^  i  /=:  14  the  Num- 
ber of  Payments ;  and  i!  =:  0)03  ;=:  SiS.;  thence  to  find  if. 

2 

Firft  125  X  14=  1750= /«;  1750  X  14=  24500= //«: 
«gain  24500 — 1 750=22750  =  //tf—^tf, J  then  **i***=ii375p 
and  11375x0,03=341,25.  Laflly  341,25  +  1750=2091,251 
that  is,  yf=209i/.  ^s.  the  Anfwer  required. 

N.  B.  Hepce  it  may  be  obferved,  that  half  yearly  Payments 
are  more  advantageous  than  yearly.  For  2091  /.  5  /.  7  2065  /. 
by  26  /.  5  f.  confcqocntly,  quarterly  Payments  are  more  ad* 
vantageous  than  half  yearly  Payments. 

^f/lion  2.  fFbat  yearly  Rjnt,  Penfion^  fee.  helnz  forlorn  or 
unpaid  fivm  TiorSy  will  raift  a  Stock  of  2065 1.  allowing  6  per 
Cent,  per  Annum  Vir  each  Payment^  as  tt  becomes  due  ? 

Here  is  given  A-zz  2065,  /  =:  7,  and  R  =  0,06  ;  to  find  u. 
Per  Theorem  2.  Firft  7  x  0,06  =  0,42  ^^iRy  and  0,42  x  7 
=  2,94  =  ttR.  Then  tt  R—t  Rzz  2,52.  Laftly  1 1 K 
—  /  jR  +  2  /  =  16,52)  4130  z=,  2  A  (250  =  « ;  that  is,  250/. 
per  Annttm^  fee.  will  raife  2065  /.•  the  Stock  required^ 

^ueflinn  3.  In  what  Time  will  250 1.  yearly  Rent  ralfe  a  StoeS 
of  2065  1.  allowing  6  per  Cent,  i^c.  for  the  Forbearance  rftbe 
Payments  as  they  become  due  ? 

Here  is  given  u  =r  250,  -^=  2065,  and  R  =  0,06 ;  to  find  /. 

Per  Theorem  4.    Firft  I-  =  A  =  33^3333  5  and  33,3333  — . 
'    •  K        ,co 

1  r:  32,3333  =  *  zr  -?-  — •  1.    Then  16,16666,  fee.  =  i  ar ; 
R 

26 1 ,360s  &c.  =r  :i  *  *.  Again  ♦44^"  =  275,333  =  2  ^  -j-  ^  *. 
and  275.3333  +  261,3605  =  536,6938  =  ^+  ?**.  Then 

jfC  u 

V  S36,6q38  =  23,1666.  Laftly,  23,1666  —  1^6,1666  r:  7 
zr  t  the  Time  required. 

^ue/lion  ^.  If  2^0^.  yearly  Rent  ^  being  forlorn  feven  Tears^ 
mil  amount  to  2065  1.  allowing  Simple  Interejtfor  every  Payment  as 
it  becomes  due ;  what  mujl  the  Rate  of  the  Intereji  be  per  Cent.  &r. 

Here  is  given  u  zz  250,  A  zz  2065,  and  tzz  1  \^  to  find  R: 
Per  Theorem^. 

Thus    i'^''=i"So     14130  =  a  ^ 

t    /«=     1750       I  3500  =  2/^ 

ttU'^tu  =  10500)         630  =  2  A —  2  tu  (0,06  :=  R* 
Then  i  :  0)06  ::  100  :^6  tbie  Rate  required. 

Sea. 


i 
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Scft.  3.    The  Plttm  ff^ortb  of  atttttltttetf  (fr  Pen/tons, 
&c.  cmpuied  at  Simple  Intereft. 

'T^HE  Bitfinelsofpurcbafing  Annuities,  or  taking  of  Leales,  &r. 
''  for  any  aiBgned  Time,  depends  upon  the  true  equating  of  the 
Principal  or  Money  laid  out  on  the  Purchafe,  with  the  Annuity 
or  Yearly  Rent,  by  allovring  (or  difcompting)  the  fame  Rate  of 
Intereft  to  both  Parties.  Which  may  be  eafily  performed  by  duly 
applying  the  re^^e^ve  Tbionms  of  the  two  laft  Sefiions  together  \ 
MS  wUl  fully  appear  by  the  following  Quefiion. 

^Mifiim  ir  fflfot  is  75 1,  yearly  Rent^  to  continue  nine  Tears^^ 
werih  in  ready  Money y  at  5  per  Cent,  per  Annum  Simple  Intereft  f 

1.  Per  Theorem  i.  of  the  laft  Sedion,  find  what  the  propofed 
yearly  Rent  would  amount  Co,  if  it  were  forborn  9  Years,  at 
5  per  Cent. 

Thus «  =  75,  /  =  9,  and  R  =  0,05  :  Qpere  A^ 

2.  Then  by  Theorem  2.   SeSfion  i.    find  what  Principal,  being 
put  to  Intereft  for  the  fame  Time,   and  at  the  fame  Rate,  will 
amounttoSio/.  mJ.    Thus  /^=o,45  zr  9X  0,05;  t RJ^  i  • 
=  1,45)  810  (558,6206  =  /^  :  that  is,  P=558/.  iis.i^d.^ 
which  is  the  Worth  of  75/.  a  Year,  as  was  required. 

From  the  Work  of  thefe  two  Operations  (duty  confidered)  ic 
muft  needs  be  ealy  to  conceive,  how  the  two  Theorem^  by  which 
they  were  performed,  may  be  combined  in  one. 

For  I.  ,  ^^ =  A ;  and  2.  P  t  R  +  P  :z:  J. 

2 

Confequcntly  PtRJ^P^  ^^^'^-^^«+2/«       ^^^  ^^^^  ' 
this  Equation  may  be  deduced  the  followinc:  Theorems. 

2tR  +  2  2tR  +  2 

By  this  Theorem  all  Queftrom  of  the  fame  Kind  with  the  laft 
(viz.  that  above)  may  be  eafily  and  readily  anfwered  at  one 
Operation.  ♦ 
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ttR—tR  +  2t  ttR^tR+at 

•^    ttu  —  tu  —  %Pt-^' 
Let  4  — -^  —  I  =5s  Jr,  then  will  /  ^  +  ;r  /  =  4r^, 

Which  gircs  this  Tbiorem  4.  v^l^+lf :  —  f  =  /. 

^«       4         a 

By  the  fccond  and  fourth  Theorems^' two  Yerj  ufeful  Queftiont 
may  be  eaiily  anfwered. 

i.  As  for  hjiance  :  If  it  be  nquind  to  find  what  Annuity ^  or 
yearly  Renty  itt.  may  be  furchafed^  for  any  fropofed  Sunty  to  con- 
tinue  any  afftgned  Time^  allowing  any  Rate  of  Intereftf 

This  Queftion  may  be  anfwered  by  Theorem  a. 

Ol^.  Again :  If  it  be  required  to  fifid  how  long  0ty  yearly  Renty 
Penjion^  or  Annuity ^  &c.  may  be  purchafed( or  enjoyed)  for  any  pro- 
fofed  Sum^  at  any  given  Rate  of  Interefl  ? 

All  Queftions  of  this  Kind  are  e^fily  anfwered  by  Theorem  4. 

In  thefe  Queftions  it  is  fuppofed,  that  the  Purcbafe  or  yearly 
Kent,  is  to  commence  or  be  immediately  entered  upon.  But  if 
it  be  required  to  Hnd  the  Value  or  Purcbafe  of  an  Annuity  or  yearly 
Rent,  Isfe.  in  Reversion ;  that  is,  when  it  is  not  to  be  entered 
upon  until  after  fome  Time,  or  Number  of  Years  are  pad ;  then 

Jou  muft  (iril  find  what  the  Sum  propofed  to  be  laid  out  in  the 
'urchafe,  would  amount  to^  if  it  were  put  to  Intereft,  during 
the  Time  the  Annuity,  &r«  is  not  to  be  put  in  prefent  PofTeilion  ^ 
and  make  that  Amount  the  Sum  for  the  Purcbafe,  proceeding 
with  it  as  in  either  of  the  two  laft  Queftions,  Vc- 

Note,  From  the  firji  ^ejiion  of  this  SeSfion  it  will  be  eafy  to 
eonceive  hew  to  perform  the  Equation  of  Payments^  between  Debtor 
or  Creditors  at  any  Rate  of  Interefi^  without  doing  any  Damage  to 
iiiber  Party » 

That  is^  when  feveral  Sums  of  Money  are  to  be  paid,  at  feveral 
different  Times,  to  find  the  Time  when  all  the  Payments  may 
be  truly  difcbarged  at  once :  91s  if  one  Sum  were  to  be  paid  at  the 
End  of  two  Months,  another  at  fix  Months,  and  perhaps  a  third 
Sum  at  eight  Months  End,  Off.  And  if  it  were  required  to  find 
fhe  Time  when  all  thofe  Sums  may  be  truly  difcbarged  at  one  Pay- 
ment without  Lofs,  &r. 


CHAP. 
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CHAP.    XII. 
Of  CompOtttm  Jntmft^  and  amtUltteiJt,  C5?r, 

• 

pOMPOUND  Inters  ft  is  that  which  arifes  from  any  Prind- 
^  pal  and  it's  Intereft  put  together,  as  the  Intercft  fo  becofne«. 
due ;  fo  that  at  every  Payment,  or  at  the  Time  when  the  Pay* 
ments  became  due,  there  is  created  a  new  Principal  $  and  for  that 
Reafbn  it  is  called  Intereft  upon  Intereft,  or  Compound  Intereft* 

A$  for  Inftance ;  Suppofe  100/.  were  lent  out  for  two  Years^ 
at  6  fir  Cent,  per  Jnnum^  Compound  Intereft :  then  at  the  End  of 
the  firft  Year,  it  will  only  aipount  to  106  /.  as  in  Simple  Intereft. 
Sut  for  the  fecond  Year  this  106/.  becomes  Principal,  whkh 
will  amount  to  112/.  71.  24^*  at  the  fecond  Yeac's  End, 
whereas  by  Simple  Intereft  it  would  have  amounted  to  but  112/. 

And  ahho'  it  be  not  lawful  to  let  out  Money  at  Compound 
Intereft ;  yet  in  purchaiing  of  Annuities  or  Penfions,  &f .  and 
taking  Leafes  in  Reverfion,  it  is  very  ufual  to  allow  Compound 
Intercft  to  the  Purchafer  for  his  ready  Money;  and  therefore  it 
is  veiy  requifiie  to  underftand  it.  ' 


Scft.  I.    Of  CompOtttttl  Intereft. 
'  P  =  the  Principal  put  to  Intercft.  1 


f  =  the 
^=:  the 


=  the  Time  of  it's  Continuance.  ?'a8before. 

Let  *{  ^  =:  the  Amount  of  the  Principal  and  Intereft.    3 

the  Amount  of  i  /.  and  it's  Intereft  for  i  Year,  at 
,  any  given  Rate,  which  may  be  thus  found. 

Vix.  100  :  106  ::  I  :  1,06  iz  the  Amount  of  i/.  9it6  per  Cent. 
Or  100  :  105  ::  f  :  1,05  =  the  Amount  of  i/.  zipper  Centm 
and  fo  on  for  any  other  aifigned  Rate  of  Intereft. 

Then  if  it  =  the  Amount  of  i  /.  for  one  Year,  at  any  Rate. 
R^  =  the  Amount  of  i  /.  for  two  Years. 
^3  =  the  Amount  of  i  /.  for  three  Years. 
Ra  z=l  the  Amount  of  i  /.  for  four  Years. 
R%  =  the  Amount  of  i  /.  for  five  Years.     Here  /  =  5 
Yoxi\R::R'.RR::ftR:RRR::RRR:R^-.R^''R^'iic.\n^. 

C    As  one  Pound  :  is  to  the  Amount  of  one  Pound  at  one 
That  is  \  Year's  End  : :  fo  is  that  Amount :  to  the  Amount  of 
L  one  Pound  at  two  Year's  End,  l^c. 

Whence 
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Whence  it  is  plain,  that  Compound  Intereft  is  grounded  upon 
a  Series  of  Terms,  increafing  in  Geometrical  Proportion  con- 
tinued ;  wherein  /  (viz.  the  Number  of  Years)  do^  always  aiSgn 
the  Index  of  the  laft  and  fatgbcft  T^m :  /7s.  the  Pawct  of  M^ 

Again,  As  <  :  £' : :  P  :  PiZ'  =  ^  the  Amount  of  P  for  the 
Tiine>  that  2'  ss  the  Amount  of  i  /. 

f     j/s  0H0  Powtd :  is  to  the  Amount  of  om  Pound  for  mr^. 
That  18  j  fivfn  Ttnu  : :  fo  is  any  propofed  Principal  (or  Sum)  :  to  ifs 

.  ¥tom  ^  Premifes  (I  prerume)  the  Reafba  of  the  foUowiu^ 
Tbt^remft  may  be  very  eafiiy  undierftood. 

Theorem  i,    P  R'  =:;  J,  u  above. 

Fron  hence  the  two  following  Theorems  are  eafiiy  deduced^ 
Theorem  1.    ~  c:  P,    Theorem  3.  4  =  *^- 

^y  thefe  three  Theorems^  all  Queftions  about  Compound  Iff- 
tereft  may  be  truly  refolved  by  the  Pen  only,  viz.  without  Ta- 
bles ;  tho'  not  fo  readily  as  by  the  Help  of  Tables,  calculated  oa 
Purpofe ;  S8  will  appear  farther  on. 

^e/iion  J.  What  will  2^6].  10  s,  amount  to  in /even  Tears^ 
tf /  6  per  Ceat.  per  Annum,  Confound  Inter^  f 

Here  is  given  P  =  256,5 ;  ^  =  7  ;  and  iJ  =  1,06  which 
being  involved  until  it's  Index  =  t  {viz.  7.)  will  become  R7 
=  1,503^3-  Then  1,50363  X  ^56,5  =  385,6811  =  ^«  385  L 
131.  y  id.  which  is  the  Anfwer  required.       / 

^lejiion  2.     W^hat  Principal  or  Sum  of  Money  muji  he  put  (or 
iet)  cut  to  raife  a  Stock  of  3851,  13  s,  7  4^«  infeven  Tears,  at     j 
6  per  Cent,  per  Annum,  Compound  Interejl  ? 

Here  is  given  J  =  385,681 1 ;  iJ  =  1,06  ;  and  /  =  7  ;  to  find  P. 
hv  Theorem  2.  ThusU'zz  1,50363)  385,6811  =-^(256,5  =P. 
That  is,  Pit  256/.  10 j.  which  is  the  Principal  or  Sum,  as 
was  required. 

\         2  ^efiion 
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^eftian  3.  In  what  Time  uriU  256 1.  10$.  raife  a  Suck  ^ 
(ir  amount  /^J  385  L  13  s.  7  7  d.  allowing  6  per  Cent  per  Annum» 
C$mp0taui  httenjl  f 

Here  is  given  P  =  256,5 ;  Azi  385,681 1  ;    Jt  ss:  i,o6  ;  to 

find  I  by  the  third  Tbwm.  -R'«  ^  =  '^h^!^  =  1,50363, 

which  being  continnally  dirided  by  JC  =  1,06  until  nothing  re* 
the  Number  of  thofe  Divifions  will  be  7  =  r.     Thus 


main, 

1,06)    1^50363   (i,4i852-    And   1,06)    1,4185a  (1,338225. 

AgMn  1,06)  1,338225  (1,262477.     And  fo  on  until  it  beconse 

1,06)  f,o6  (l.  whichwillbeatthefeventhDivifion.    Therefore 

it  wiU  be  <  SB  7  the  Number  of  Years  required  by  the  Queftion* 

i 

^iJRvns^  ^2561.  I  OS.  wittatnountto(orraifia  Stociof) 
385I.  13  s.  7Td.  in  fiven  Tiart  Tinu',  what  muft  the  Rati  ff 
Imerift  A#,  per  Cent,  per  Annum  ? 

Here  is  pven  P  =  256,5 ;  A=  385,681 1,  and  /  =r  7,  Quaere 


R.    By  The^rsm  2'^- 


Rf  zz  1,50363 ;  as  before  in  the  laft 


Qneftion.   And  if -R' :5  ilT=  1,50363,  then  Jl  =  7^/1,5036^ 
which  may  be  thus  extraded. 


Put 

l®-7 

1 
2 

3 

r  +  e  =  Rt  then 

r7-{-jr^e-^2trSee=iR7  =  1,50363  =  G 
jr^e +  21  rSet^G — r7 

3-*-7r5 

4 

4-«- 

5 

i  —  *—  ;   let  r  -^  I,    then  D  —  0,071a 

Operation  r  =  i,oo 
+  3*  =  0,18 

/i,oo=:r 

DivUbr             i,i8)    0,0719    Vo,o6  =  * 

708      

i,o6  =  r-f.<=:JJ 
1 1  to  be  rejeded. 

Then  i  :  0,06  : :  100  :  6  the  Rate  per  Cent,  required. 

The  firft  three  Queftions  may  be  much  more  eafily  performed 
by  the  following  Table,  which  i$  only  the  Amounts  of  one  Pound 
for  thirty- nine  Years. 

That 


iti6 

sas0bisu 

Part  11. 

That  is,  of  R 

.  RR  .  RRR  .  R* 

.Rs 

•  and  ib  on  Co  it39. 

The  Amounts 
of  I  /.  zztper 
Offf.&c.  Com- 
pound Interefl. 


1.06  — -R 
i,i236  =  JR^ 

i.i9ioi6=jR' 

1.26247696 

1.3382255776 


J.4185191122 
1.5036302590 
1.5938480745 
1.6894789590 
1.7908476965 


1.8962985583 
2.0121964718 
2.1329282601 


H 
£5 

i6 

17 
18 

19 
20 

21 

22 

^3 
24 
25 

26 


The  Amounts 
of  1/.  at6^^r 
C^n/.&c  Com- 
pound Intereft. 


2.2609039557 
2.3965581931 

2.5403516847 
2.6927727857 

2.854339*529 
3.0255995021 
3.2071354722 

3.3995636005 
3-6035374166 
3.8197496616 
4.0489346413 
4.2918707197 
4.5493829629 


27 
28 
29 

3£ 
31 
32 
31 
3+ 
35 
36 
37 


The  Amounts 
of  I  /.  at  6  per 
dm,  &c.  Com- 
pnundlntcrcft. 
4.622345^^ 
5.1 1 1686697 1 
5.4183878990 
5-743'i9iJ^729 


6.0881006432 
6.4533866818 
6.8405898828 


7.2510252757 
7.6860867923 
8.1472519998 
.     8.636087 1 198 
3*1 9- 1 542523470 
39 '9-7035074878 


The  Tide  of  this  Table  (hews  it's  Conflrudion,  and  it's  Ufe 
will  eaiily  appear  by  an  Example  or  two. 

EXAMPLE    r. 

ffljat  will  375  /.  10  s.  amount  to  in  nine  Tears,  at  6  per  Cent 
per  Annum,  &c  ?  ^ 

The  tabular  Number  againft  9  Years  is  1,689479  which  being 
multiplied  with  the  Principal  375,5  will  produce  634,3993  &Ct 
viz.  634/.  is./erif  being  the  Amount  or  Anfwer  required* 

EXAMPLE    2. 

What  Principal  (or  Sum)  rhujl  be  put  to  Intereft  to  raife  a  Stoe^ 
ef  634  /.  8  s.  in  nine  Tears  Time^  at  6  per  Cent,  per  Annum,  &V* 

If  the  propofed  Stock  (vi%.  634,4^  be  divided  by  the  tabulx 
Number  that  is  againft  the  given  Number  of  Years  (vi%,  g)  the 
Quotient  will  be  the  Principal  (or  Sum)  required.  Fiz.  againft 
9  is  1,689479.  Then  1,689479)  634,4  (375,5  =  375/.  lo^. 
the  Principal  (or  Sum)  required. 

EXAMPLE^' 

In  what  Time  will  '^75  1.  10  s,  raife  a  Stock  of  (or  amount  to) 
634/..  8  s.  at  6  per  Cent,  i^c? 

Divide 
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Divide  the  propofed  Stock  (viz.  634,4^  by  the  givei.  Principal 
(vi%.  375«S^  and  the  Quotiont  will  (hew  the  tabular  Number 
that  (lands  over  a^/ainft  the  Time  fought.  Thus  375>5)  634,4. 
(i»689479  €^r.  This  Number  being  fought  in  the  Table,  will 
be  found  to  Aand  againft  9  Years,  which  is  the  Time  required. 

But  if  the  Quotient  cannot  be  truly  found  in  the  Table  of, 
Amounts  for  Years,  as  above ;  then  take  out  of  that  Table  the 
neareft  Nsmber  that  is  lefs,  and  make  it  a  Divifor,  by  .vlnchyou 
muft  divide  the  firft  Quotient ;  and  then  fcek  the  fecond  Quo- 
tient in  the  Table  of  Amounts  for  Days  (which  is  infcrted  a  little 
further  on)  and  it  will  affiga  the  Number  of  Days :  as  in  this 
Example. 

In  what  Time  will $f>'^\.  4m6unt  t9  86oI.  at  6  per  Cent,  per 
Apnum,  Compound  Intenjl  f 

Jnfwtr.    In  7  Years  and  99  Days. 

Thus  563)  860  (1952753  which  (hews  the  Time  to  be  more 
(or  above)  feven  Years  ^  for  over  againft  7  Years  is  1,50363 
which  being  made  the  new  Divifor:  Fi%,  1^50363)  i»52753 
(1,01589  C?r.  this  Number  is  the  neareft  Amount  to  99  Days. 

Note,  If  the  Stocky  Principal^  and  Time  be  given ;  the  Rate  ef 
Intereft  will  he  heji  found  by  extracting  the  Rooty  &c.  a$  before  tn 
the  fourth  ^eftien. 

The  next  Thing  that  I  (hall  here  propofe.  is,  to  make  this 
Table  (which  is  only  calculated  for  the  Rate  of  6  per  Cent.) 
univerially  ufefiil  for  all  the  Rates  of  Compound  Intereft,  which 
I  may  prefume  to  fay^  is  A  new  Improvement  of  my  own^  being 
well  (atisfted  it  never  was  publi(hed  before ;  and  not  only  fo,  but 
I  have  heard  feveral  very  good  Artifts  aflEirm  it  was  impoffible  to 
be  done. 

The  Method  of  perfprming  it  is  briefly  thus.  Let  Jr=  tl^ 
Difference  between  1,06  =  i£,  tbe  Amount  of  i/.  foroneYe^r 
(in  the  Table)  and  any  other  propofed  Amount  of  i  /•  for  one 
Year ;  which  admits  of  twb  Cafes. 

Cafe  I.  If  the  propofed  Rate  be  greater  than  the  1,06  :=  iZ, 
then  will  if  -f  =  ^^  ^^^  Amount  of  i  /•  for  one  Year  at  that 
Rate. 

Cafe  %  But  if  the  propofed  Rate  be  lefs  than  1,06  =  R^  then 
it  will  be  ^  —  ;r  =s  the  Amount  of  i  /.  &c. 

^*"    l{tb:x.g,icg^my\dm^ny  \fn:=Lsiic. 

LI  Then 
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Then  will  R+tR^x  +  g  R^x^  +  m  ^^**  kc.  =  the 
Amount  of  i  /•  at  the  given  Rate,  for  any  Time  denoted  by  t, 
in  Cafe  i.  And  Rt  —  /  R^x^g  Rcx^  —  mRdx^  kc.  —  the 
Amount  of  I  /.  in  Ca(e  2. 

Which  is  no  more  but  this :  Let  R  +  x  or  R  —  x  (Which  fo- 
cver  it  is)  be  involved  (as  direfleJI  in  Se^.  5.  Chap,  i.)  to  the 
fame  Power  or  Height  as  the  Index  /  the  given  Time  in  the  Quc- 
ftion  denptes :  rejeSing  all  the  Powers  of  x  above xx^corxxxx 
at  nKift,  as  ufelefs.  Then  multiply  that  Power  6f  £  -)-  jt  or 
jR  —  X  into  the  given  Principal,  and  their  Product  will  t>e  the 
Amount  required. 

Ail  Example  or  two  in  each  Caie  wilt  render  aU  eafy. 

E  XA  MP'tE    u 

S^ufpofi  it  wen  required  to  jindwl)at  256  U  would  amount  tP-  m 
fifteen  Tears^  a/ 81.  per  Cent,  ^per  Annum  Compound  InUrefi? 
"Here  /  ==15. 

Firft  100  :  108  : :  1  :  i,c8  the  Amount  of  i  L  zt%  per  Cent. 
Ncxti,o8  —  i,o6=:b,02  =  jf.  Andi?-f  *=  1,08  as  in  Cafe  i. 
Then  R^S+is R'^ x+ios  R'^  X x^4.jiS  R'^  X  X X ict.  —ih€ 
Amount  6f  1  /.  f6r  15  Years,  at  8  per  CeM. 

Here  x  =:  0,02  *  x  x  ^  0,0004  .  and  x  x  x  ^    ,000008 

By  the  Table  iJ»5  =  2,796558 

f    i^R^^x      =  2,^60904. X  I5x,02        =0,078271 

Andy  IC5  Rnxx   =  2,132928  X  105  X  ,0004     =  o,o«9583 

C  455  iJ"  XXX  =  2,012196  X  455  X  ,booco8.  +  0,007324 

Sum*=:3^,i7i73(S 

Then  3,17^736  X  256.=  81 1,9644*16  =  i#. 
That  is,  811/.  9  X.  37^*  ferh     Which  is  the  Aofwer  requirodii 

E  XA  M  P  LE    z. 

IfHjat  will  365  k   amount  to  in  ftven  Years  at  four  and  a  haf^ 
per  Cent,  isfc. 

Firft  100  :  104,5  : :  I  :  1,045  the'Amount  of  i  /•'at4^iL 
per  Cent. 

Next  i,o6— I,045r:o,oi5=:;r.    Confequently  Jt^-^rz:  1,045 
as  in  Cafe  2. 

Then  R—  7  -R«  a-  +  2 1  R^xx—^^  iJ4;r;^*&c,=Ae Amount 
of  1  /.  for  7  Yeats,  at  4  ^  per  Cent. 

Here 


s 
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Here;r=s,oi5  J  ;rjr=s=,0oo22;  ;  and  jr^r^m  000003375 

By  the  Tabte  R7  ^J^  1,503630 

C—  jR^x         35—0,148944: 

Andj  +ajjR^*'^      =r  +  P>w6323        : 

C-n35ic4#A'jr  =/^  0,00014 1 

X7  — 7it6;p^2iA-«»*ff-*3S**^ir*2?:i,^6oi^6» 

Then"  1,360868  k  365  rz  496971682  s<^. 
That  19,   496/.  14/.  3  ^^.  is  the  AnfliMrrreqaired. 

If  the  Reafon  of  tbefe  two  Operations  be  but  well^nderfljood, 
it  will  be  very  eafy  to  conceive  how  to  find  P,  the  Principal^ 
by  having  Ay  tj  and  x. given  (becaufe  R  tnA  it's  Powers  afe  alf 
•^aysgiv^n  by  the  Table.}        "  / 

For  Rf  ±t  R^  X  -^  g  R'  s(  X  ±mR4  X  X  M  xPssA{m  above. 

Therefore  , "^  =:  P 

Rf±tRfx+gS^xx±mR^xxx 
Or  if  Ay  P,  and  /  be  given,  x  may  be  found. 

FoTR'±tRi^x-i'£R'xx±mR^xxxz:::^.     This  Equaticrta 

Wing  Iblved  (as  in  Chap.  10.)  the  VaUie  of  x  wjll  be  found; 
and  then  ^iher  R  +  XywA-^x  wilt  Ihcw  the  Rate  of  In* 
tereft,*&r^. 

But  I  4ball  leave  the  Mmerical  Operations  to  the  Learner's 
Pradiee,  fitppofing  enough  doM  to  Ibew  how  all  Qinilions  of 
this  Kind  that  are  limited  by  Whole  Years  iD<iy  she  dojnputed. 

And  if  the  Time  given  or  (ought  be  not'temiimated  by  whole 
Years,  but  by  Weeks,  Months,  Qyarters,  or  Half- Yean,  ^a 
for  refolvins  fuch  Queftions,  the  bcft  Way  will  be  to  reduce  xhofe 
Parts  of  a  Year  ii^to  Qays ;.  that.dQne«  find  an  Anfwer  accord- 
ing to  the  Demand  pf  the  ^^on  (a()d  agreeing  to  x  /.  as  be- 
fore) for  that  Number^  Days ;  and  in  order  to  that,  it  will 
be  requiAte  to  find  the  Amount  of  i  /.  for  one  Day  (as  in  my 
C9mpindium  of  JUgehr^y  Page  110}  which  \  (hall  here  infert. 

Put  tf  =:  the  Amount  (ought,  then  it  will  be 

\  jk  a  w  a  \  aa  \\  ea  \  a^a  : :  ana   :  aaua  -ff  Ui  al^s. 

{As  om  Phu^Js  to  tfs  Amount  for  om  Day  : :  fi  Is  thai 
Amount :  to  tbt  Amount  of  two  Days  : :  and  fo  is  that 
of  two  Days  :  to  that  of  thret  Days.  And  fo  on  in  -ta- 
to^^. 

L  1  a  Then 


d6o 


aifipei^a. 


Part  II* 


Then  the  laft  of  the  Terms  will  be  a^^S  s=  i,o6 


r  ^e^d.     And  let r  =  i 

r3^  4. 365  r364/+66430r3^3  ##=:fl3«S  r=  1,06 

I  +  365  /  +  66430  et  r=  1,06 

363  /  +  66430  f  #  =  0,06 


Put 
I.©"3«5 
a  in  Numb. 

4- -^96430 

T"  100549 +  # 
Operation  906549 
.    -f.'tf  =  ,6001 

•^^■"■■^•^        •        •    •    •   fij 
ift  Divifor  ,00559)  O1OOOOOO9032  V Oi 
+  e  =  ,ocoi^ 


^00549  /  4-  ^  #  =:  0,0000009032  =  i> 
o^  r: 


jOOOOOOO  r:  r 
»OOoi598rre 


2d.Diviibr,00574 

4-  ^  =  %^  00059 

3!  Divifor  ,005799 
&c 


5^9 

)34+a 
2870 


1,0001598  =  r  +  r  =tf 

true  to  the  7th  Figure^ 

and  only  too  much  by 

V  ^^^-         2  in  the  8th,  at  one 

JSJ^iOO  Operation. 

New  r  n  i, 000.1 6  for  a  fecond  Operation.     Then 

^zinNiimb.     7  1,06013401407  +  386,887  #  +  70402,1 7a /# 

=  1,061     Hence  it  appears  that  r-T-^n  tf. 
\^  Tberjcfprc    8  1,06013401407^— 386,887 #4* 70402,172 ## 
=  1,06 
.      9±      9  386,887^-^70402,1 72// sa 0,0001 340 1407 
i    ...    9"^  10^054953-/^=5,0000000019035503 

.         T^   ■->>      TT     ^   -^    ,0000000019035503 
•J^     '  •  .  .  ,0054953  —  ^ 

OperAtion  ,0054953 


I  ft  Divifor  ,0054950)  0,00000000190^5503 


34 


,00549466 

—  f  =  "  46 

2d  Divifor  ,00549461 4 

—  /  = 64 

3d  Di  Wfor  ,00549460 


/i,oooi6  =  r 

\  0,000000346417 

1,000159653583 


164850 

)255OS03 
2197864   * 

J35263900 

32967684 
^229621 6 

21978AO 
98376^ 

'  .y^hich  being  further  purftied  to  a  third  Qperatibn  will  give 
a  =  i>oooi59653587453  &c.  Thii 


J 
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71)18  Value  of  a  is  the  Amount  of  i  /.  for  one  Day,  from 
which  if  i/.  be  fubtra£led,  the  Remainder  !=r, 000159653587 
&c.  will  be  the  Incereft  of  i  /.  for  one  Day.  Confequencl)^,  \i  any 
propofed  Principal  be  multiplied  into  either  of  thefe,  the  refpedive 
ProduA  will  be  the  Amount  or  Intereft  of  that  Principal  for  one 
Day,  at  6  ptr  Cent^  bfc 

And  that  the  Amount  (or  Intereft)  of  any  Principal  or  Sum 
may  be  eafily  computed  for  any  Number  of  Days  lefs  than  a 
Year ;  I  have  here  infertcd  the  following  Table,  which  with  a 
great  deal  of  Care  (and  I  believe  Exadnefs)  is  calculated  from 
the  laft  found  (I9OO0159653587453)  Amount  of  i/.  for  one 
Day.  To  which  alfo  is  annexed  a  Table  of  the  Amounts  of  x  il 
for  Months. 


9 

I 
a 
3 
4 
5 
6 

7 
8 

10 

11 
12 

«3 
14 
15 
16 

\l 

20 

21 
22 

23 

24 
25 

Amounts  of  1 1, 
ice. 

•A 

26 
27 
28 
29 
30 

3' 

•3? 
.34 
35 

36 
37 
38 
39 

40 

4» 

4* 

43 

44 

IS, 

46 

47 
48 

49 
5O' 

Amounts  of  i  /. 
&c. 

0 

51 
5a 
53 
54 
55 
56 

11 

59 
60 

61 
62 

64 
65 
66 

ll 

69 
70 

Amounts  of  1  /. 
&c. 

1.0001596536 
1.0003193326 
1.0004790372 
1.0006387673 
i.oco-985229 

1.004.1 592879 
1.004319605s 

1.0044799487 
1.0046403175 
1.004^007120 

1.008 1 749166 
1.008^358753 
1.0084968597 
1. 0086578699 
1.O088189O57 

1.0009583039 
1.C911181105 
i.oo  12779426 
I.OOI4378002 
1.0015976834 

1. 00496 1 1320 
1.0051215776 
1.0052820488 

1.0054425457 
1.0056030682 

1.0089799673 
1.009 1 4 10545 
1.0093021675 
1.0094633062 

1,0096244.707 

1.0017575920 

I.OOI9I75262 
1.0020774859 
I.00223747I2. 
1.0023974820 

1.0057636164 
1.0059241901 
1.0060847895 
1.0062454146 
I  006^060653 

1.0097856608 
1.0099468767 
1.0101081184 
1.0102693858 
1. 01 04306789 

1.0025575 184 
1.0027 175803 
1.0028776677 
1.0030377808 
I  0031979193 

1.0065667416 
1.0067274+36 
1.006888 1712 
1.C070489245 
,1.007209703^ 

1.0105919978 
^•0107533424 
I  0109147128 
I. oil 0761 090 
1  011^375309 

* -00^35^0850 
1.0035 I 827 32 
1. 0636784885 
1.0038387294. 
i.0039989958 

1.007 .705082 
1.0075313385 
1.0076921945 
1.0078530762 
1  0080139835 

1.01 13909786 
1.0115604521 
1.0117219513 

T.OT 18834764 
1. 01 20450272 

Dajs 


i62 


9l0eti2a» 


Part  11 


76 
Hi 

86 

?7 
88 

89 

_90 

^3 

94 

961 

98 

99 
100 

101 
102 

104 
W5 
106 
107; 
loa 
109 
».io 

HI 

"3 
114 

115 


Amounts  of  I /. 
&c. 

6122066038 
0123682062 
01215398344 
0126914885 
0128531683 


013014873^ 
0131766054 
3133383^27 
♦0135001458 
.0136619^47 


0138927895 
0139856501 

0143094488 
OT44713869 


0^63335  Jf  J 
o«4795i4o8 

0H95735^ 
0151193981 

0152814655 


0*54435589 

1^01560567811 

',01.57678232 

0159299941' 

0160921910 


01 625441 38 
0164166624 
0165789370 
0167412375 
0169035638 


0170659161 
0x7228:^944 
0173906985 
0175513086 
0177.155846 


0178780665 
0180405744 
0182031083 
,0183656680 
0185282578 


1 
16 

\i 

19 

20 

22 

*3 

26 

29 

30 


3' 
3^ 
33 
34 
.3^ 


36 

37 
38 
39 

40 


46 

47 
48 

49 
SO 


Amounts  of  I /. 

.0186908655 
0188535031 
0190161667 
0191788563 
01934157x9 


.0195043134 
.0196670^09 
.0198298745 
.01 99926934 
.0201555389 


.0203184110 
.0204813084 
.0206442319 
.0208071B14 

^02097 QI|69 

.0211331585 

.0212961861 

.021459^-397 
.0216223:193 

.0217854^50 


.0219485567 
0221117144 
022274898:2 
022A381081 
0226013440 


.0227646060 
.0229278940 
.0230902081 
•0232545483 
.0234179146 


.0235813069 
.0237447253 
.0239081699 
.0240716405 
.0242351372 
.0243986600 
x)245622o89 
.0247257830 
.024(9893851 
.0250530124 


s 

k 

61 
62 

64 

15 
66 
6 
6; 

69 

70 


7« 

72 

73 

74 

76 

II 

79 
80 


81 
82 

?i 
84 

!i 

86 

8 

8 

«9 

90 

?» 
92 

93 
^4 
95 


I  Amounts  of  I  ^ 

0252166)^58 

0253803453 

0255440509 

0257<?77827 

■.0258715406 

.02603532471 

.0261091349 

.02630sa7ir 

.o»65ji6833j[ 

02661907225 


.0268546374 
.02701^5784 
•0271825456 

•0*73465389 
o^75J|05g5 
.62767x6046 
.02783$$764 
.02Soo;i7746 
.0281^8989 
■0283310494 

T02S4J9J2262 
,0286594201 
.0288536583 
.02«9iB79i37 
.0291^21953: 

.0293160231 
.0294998372 
.0296451975 
.0298095841 
.0799739969 

.0301384359 
.0303029012 
,03046739*8 
.0306319206 

•0307964557 


.0309610254 
.0311^^6216 

.031*902445 

•03»4548937 
.0316195692 

I5ay» 
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of  Amounts  of  I /. 

1. 03 1 7842709 
1. 0319489990 
1.0321137534 
1.0322785341 

^-03^4433410 


196 
197 
198 
199 

200 


201 
202 
203 
204 
205 


206 
207 
208 
209 
210 


211 

212 
213 
214 

111 
216 

"I 
218 

219 

250 


221 
222 
223 
224 
225 


226 

227 
228 
229 
230 
231 
232 

^33 


1. 032608 1 742 
1.0327730339 
1-0329370198 
1,0331028321 

1.0332677706 


1-0334327355 
10.335977^68 
^•0337627^4 

'•0339*77883 
1.0340928586 


I -0342579552 
1.0344230782 
1.0345882275 
^•03475^4033 
10349186054 

1.0350838338 
1.0352490887 
1.0354143699 

'•0355796775 
1^0357450115 


1.0359103719 
1.0360757587 
1.0362411719 
1.03640661^ 
1.0365710776 


'•0367375701 
1.0369030889 

1.0370686342 

1.0372342059 

io.37^98041 


'•0375654287 
1.0377310798 

I  '0378967573 
234  1. 038062461 2 
^35*  1.0-^82241916 


236 

23 

23; 

239 
240 
241 
242 

243 
244 
24S 
246 

247 
248 
249 
250 


251 

252 

253 
254 
255 

256 

257 
258 
259 

260 


261 

262 
263 
264 

265 

266 
267 

268 

269 

270 


271 
272 

273 

274 
27s 


Amounts  of  1  /. 


03839S9484 

03855973'8 
.038725541 

03889*377 

0390573405 


.0392251298 

0393890454 
•0395549876 
0397209563 
.0398869515 

.0400529732 
.0402190214 
'0403850961 
.04055x1973 
.0407173250 


0408834793 
.0410496601 
.0412158674 
.0413821012 
.0415483616 


.0417146485 
0418809620 
,0420473021 
0422136687 
042^38006 18 


►0425464815 
.0427129278 
.0428794007 
'O430459001 
.0432124261 


'O433789787 

•0435455579 
.0437121637 

043878796^ 
.044045455^ 


0442121407 
0443788529 
0445455918 
0447123572 
C448791493 


276 
277 
278 
279 
280 


281 
282 
283 
264 
285 


286 
287 
288 
289 
290 


291 
292 

'93 

294 

295 


296 
297 

298 
299 
300 

301 

202 

303 

304 
305 


306 

307 
308 

309 
310 


311 
312 

313 
31^ 
3Ts 


Amounts  of  I /. 

&c. 


0450459680 
.0452128133 
0453796853 
0455446584 
04  57 '35092 


.0458804611 
.0460474397 
0462144449 
.0463834768 
.0465484353 


0467r562o6 
.04688^7325 
0470498711 
0472170363 
047384-1283 


.0475514469 
.0477186923 
.0478859643 
.048053262 r 
.0482205885 


•0483879407 
•0485553196 
.0487227252 
.0488901576 
.0490576166 


0492251025 
0493926150 
0495601543 
,0497277204 
049^953'32 


.0500629327 
.0502305790 
•0503082521 

•«'5056595'9 

.0507336786 


.0509014320 
.0510692121 
0512370191 
.0514048529 


Dajs 
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316 
3»7 
3t8 
3*9 
320 


Amouhtsofi/. 
ice. 


322 

323 
3^4 
3*5 


i,05r74o6(,o8 

i.05 19085150 

1.0520764.559 

i.os22444-»37 
1.0524124183 


326 

42 

32 

3*9 

33? 

33» 
33* 
333 
334 
335 
336 


1.0525804:^97 
I '9527484880 
1.0529165631 
1.0530846650 

1.053*5*7937 


O 

339 

340 

34» 
34* 
343 
344 

345 


1.0534*09493 
1.0535891317 
1.0537573410 
1.0539*5577' 
1.0540938401 


346 

348 
349 
350 


Amounts  of  i  /. 


1.0556094.65 
557779484 


1.0559465071 
1.056^150927 
1.0562837053 
1.0564523448 
1.0566210112 


1.0567897045 
1. 0569584248 
1.0571271720 
1.0572959594 

1.0574647472 


1.0542621300 
1.0544304467 
1.0545987903 
1.0547671608 

i.05493555><* 


1-0551039824 
1.0552724336 
1.0554409  "o 


35 » 
35* 
353 
354 
355 


356 
357 
358 

359 

360 


1.05763 >57 53 
1.0578024303 

1.0579713122 
1.05B1402211 
1.0583091570 


O 

ft} 

(A  _ 

363 
364 
365 


? 

g 

ar 

CO 

I 

2 

3 

4 


1.058478 1 199 
1.058647 1097 
1.0588161265 
1.058985x703 
1. 059 1 5424 1 < 


Pari  IK 
Amouacs  of  x  /. 


1  05949:^4636 
X. 05966 1 6x54 

1.0598307942 
1.06 


The  Amounts 

of  X  /.  at  6  pit 

Cent. 

For  Months. 

1.0048675505 
1.0097587942 
1.0146738462 
X.0196128224 
X.02457S8394 


9 

TO 
II 


:^6i|i>0593233389l  X2 


1.0295630x41 

1. 0345744641 
1. 0596103076 

1.0446706634 
»Q497SS6SQ7 


1.0548653894. 
1.06 


The  Ufe  of  this  Table  is  in  all  refpefts  like  that  of  whole  Years, 
in  finding  the  Amount  of  any  given  Sum  for  any  propofed  Num- 
ber  of  Days  lefs  than  a  Year. 

EXAMPLE    I. 

SiiPPof*  it  VOtrt  required  to  find  th,  Amunt  »f  375  ^  /"•  2*0 
^     ^^'^  Days  at  6  pa  Ceat. 

The  Amount  of  1  /.  for  "°pay,»  1  0340928  ^J^/-  P^/^jWe. 

asCLuarten^Monthl  (^c  Then  «dace  the  odd  Time  or  Parts 
of  the  Ye«  in.o  Days ;  and  the  Anfwer  may  then  be  found  at 
two  Openitions  j  as  in  the  following  ExamfU.  ^^ 
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Example  2.     Suppo/e  it  Wire  required  to  find  what  265  /.  would 
amount  to  in  five  Tears,  and  135  Days  at  6  per  Cent.  ^c. 

Then  1^38225  X  1,021785  X  265  A  =  362,35523a,  (fc. 
being  the  Amount  or  Anfwer  required. 

Or,  if  the  Amount  and  *time  arc  given^  to  find  th^  Printipat^ 
Then  Multiply  the  Amount  of  i  /.  for  the  iWn,  and  the  Amount  of 
I  /.  for  the  odd  Days  together  ;  And  by  tl^eir  Produ&  divide  the 
given  Amount^  the  ^ottent  will  be  the  Principal  required. 

Example  3.     fThat  Principal  will  rHi/i  o  Stott  0/  ^61 L  Js.  i^i 
*''  362,3552*32/.  in  5  Tears  and  135  Days,  at  6  per  Cent.  Vi. 

Th.A„.„„,of„.for{,3|V-ij;;S35^|5g. 

Then  i»33322S  X  1,021785=  1^367378  &c.  the  Dtvifir. 
Next  1*567378)  362,355232  =  A  (265  /.  the  Principal  required. 

Again,  if  the  Principal  and  its  Amount  are  given,  to  find  the 
Ttmey  Sit  6  per  Cent.  &c.  you  muft  divide  the  Amount  by  its  Princi- 
pdl^  and  then  proceed  as  in  the  Tlnrd  Example,  Pa^e  256,  for  the 
Anfwer  ret]uired. 

But  if  the  Amount  and  its  Principal,  with  the  Time  of  its  being  at 
hterefi^  are  given,  to  find  the  Rate  of  InUrefi  \  Then  jprooeed  as  i# 
the  Fourth  ^^itHy  Page  255,  &r^. 

Now  in  order  to  make  this  Table  of  Amounts  for  Da3rs,  afeful  for 
all  Rates  of  Intere/l  (as  before  in  that  for  Tears)  you  nuft  firft  find 
the  Simple  tnter^  of  i  /.  for  one  Day,  both  at  the  given  Rate,  and 
alfo  at  6  per  Cent.     And  call  their  Difference  jr. 

Thus,  fuppofe  the  given  Ratio  were  8  per  Cent,  per  Annum.  Firft 
130  :  8  : :  I  :  0,08  And  106  :  6  :  :  I  :  0,06  the  Two  Simple 
tnterefis  for  one  Year. 

Then  365)  0,08  (0,00021917  ^t.  the  Simple  Inter^  of  iJ. 
for  out  Day,  at  %per  Cent. 

And  365)  0,06  (o  06016438  &c.  the  Simple  Intereft  of  i  /.  f«r 
one  Day,  at  6  per  Cent. 

Their  Difference  0,00005479  =  *  which  may  do  indifferently 
Well  for  ordinary  fmail  ^eftions :  But  where  Exadncfs  is  n  q  lired,^ 
it  will  be  conveiuedt  to  make  Ufe  ^f  tkis  Proportion. 

Mi9i  rm. 
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As  the  Simple  Intcreft  of  i  /.  for  one  Day  at  6  per  Cent : 
e  Tabular  Intereft  of  i  /.  for  one  Day  :  :  So  is  the 
Intereft  of  i  /.  for  one  Day,    at  any  given  Rate : 
Fourth  Number. 


{As  the  Si 
Is  to  the ' 
Simple  In 
To  a  Foi 


That  19,  0.00016438  :  0,00015965: :  0,00021917  :  0,00021286 
Then  0,00021286  —  0,0001596^5  =  0,00005321  =4f. 

This  X  being  ifpuohed  with  the  refl)e6live  Amounts  for  Days,  in 
the  fame  Manner  as  was  done  with  thofe  for  Tears  (vide  Page  25S} 
the  Rcfult  will  be  the  Anfwer  to  the  ^ejiion. 

Seft.  2.     aimUitieiS  or  pmfiOniS  in  Arrear  ccmpuUd  at 
Compound  Intereft. 

When  Annuities^  t^cJ  are  faid  to  be  in  Arrear,  fee  Page  248. 
And  I  {hall  here  make  ufe  of  the  fame  Letters  to  reprcfent  the  fame 
Things  as  before  in  that  Page,  favc  only  that  R  is  here  equal  to 
the  Amount  of  1  /.  as  in  Se^ion  i.  of  this  Chapter, 

Suppofe-  u  zn  the  Firft  Ttar\  Rent  of  any  Annuity  without 
Intereji. 
n-u         n  n      ,  I  the  Amount  of  the  Firft  Yearns  Rmt^  and  ii*s 

f  tlie  Amount  of  the  i  ft  and  2d  Tears  Rentiy 
zxi^RRu-^-Ru^-uznX  with  their  Iniercjls  j  More  the  3d  Tear's 
L  Rem,  &c. 

Here  /?5«+-R«+»  =  A  the  Amount  of  any  Tearly  Rent  or  An* 
nuity\  Icing  for  born  Three  Tears,  And  from  hence  may  be  dedu- 
ced thefe  Proportions. 

riz.  u  :  Ru  ::Rti:  RR  u. :  :  RRu  :  RRRu  and  fo  on  in  -t?-  for  any 
Kufitber  of  Terms  or  Tears  denoted  by  /,  wherein  the  laft  Tcnn 
will  alwnys  be  uR^  —  ^. 

Confujuently  A — it  R  ^  ^  zi  riio  Sum  of  all  the  Antecedents 
And  A — //  z^  tiie  "^um  of  all  the  Confequents  in  the  Series. 
And  tht-rdorc  it  would  be  u  :  uR  :  :  A — uR^-^^  :A — u.     Vide 
Pi^ge  iS3. 

Ergo  An  —  uuzz.  Ru  A —  nu  R^  which,  being  divided  all  by  tf, 
will  become  A —  u  x=  RA —  u  jRt. 

Ftom  this  laft  /E'luation  it  will  be  eafy  to  raife  the  following 
Theorems. 

TL'orern  i.   -?  -zr =::'«•   Tlyeorem  2.  \  — — .  =  a. 

••■   •  *  Theorem 
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Theorem  3.  -J -— zz  R\    If  this  Mquation  be  continually 

divided  by  iJ,  until  nothing  remairiy    the  Number  of  thofc  Dhi- 
fions  will  be  /,     See  Page  255. 

Theorem  4.     j  -^  iJ— -R*  ==  .,     If  this  /Eiuatim  be  refolved 

into  Numbers^    according  to  the    Method  propofed  an  Se^i  3. 
Chap.  10.  the  Rcot  will  Slew  the  Value  of  -R. 

iDueffioni.  ^30/.  r^Ar/j^  J?/;//,  or  Annuity^  &c.  3/ /?r- 
*^r«  (i.  c.  remain  unpaid)  Nine  Ttars  ;  ti;/)^/  will  it  amount  to^  at 
6  per  Cent,  per  Annum  Compound  Inierefi  ? 

Here  is  given  «  =  30,  /  =  9,  and  ii  =  1,06 ;  to  find  jf.  per 
Theorem  i. 

Ibzz.  1 5689479  By  the  Table  oi  Amounts  for  Years 
3o==« 


R-u  -  50,684370 
tt— =30, 


X— I  =  0.06)  20,684370  (344>7395  =  344'-  H^-  9  t ^-  =  ^ 
the  Amount  required. 

ilE^UCdtOn  2.  JVhai  Yearly  Rent  or  Annuity^  ,tcQ,  hcinrr  for^ 
born  or  unpaid  Nine  Years y  will  raife  a  Stock  of  344  /.  14J.  9  ^<:/. 
=  344>7395>  ^^  6  per  Cent.  <^c. 

Here  is  given  y^=  344,7395,  /  =  g,  and  if  =  1,06 ;  to  find  «a 
per  Theorem  2. 

^-  =  344.739s  X  i>o6  =L  365>42387 
—  ./=  344,7395 

-R'~i  =  1,6894.79  —  1  =  0,689479)  20,68437  (30:^« 

j^titftiCIt  3.  /«  cwAtf/  Ttme  will  30/.  J^^ri^*  iJ^«/  raife  a 
Stock  or  Amount  to  344  A  14/.  9 1^*  allowing  6  per  Ctnt.  for  the 
Forbearance  of  Pa\  ments  ? 

Here  is  given  «=;;  30,  ^zi  344,7395,  and -R=  1,06;  to  find/, 
per  Toeortm  3. 

Firft  >/^+»— ^=365*42387+30— 344>7395=  50>68437. 
And  u  =  30)  50,6i^4  37(1 ,689479  -^z  -R^     Then 
*r=:i,o6)  i>689;79  (i,593M-  And  1,06)  1,593848  (1,5^363  i 
and   fo  on  until  it  become   1,06}    i,c6  (i.    which  \yill  be  ac 
ihc  ^inih  Divifzn  ^  therefore  /  =  9. 

M  m  2  Or 


'Jl  '!■ 
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Or  R^  =  i>689479,  being  fought  in  the  TahU  of  Aniounts  foV 
]7^irx,  will  be  found  to  ftan^  over  ;^gaipft  9  Years^  wbicb  is  the 
Tims  nquirid. 

^lltSfOn  4-     ff  30  A  p^r  Annuip,  j^/n^  unpaid  Nine  Tears^ 
wU^m&tmt  to  34-4/.   141.  9-t^«    oUowing  Compound  Inter e/l  fir 
e%Hry  Paymont  as  it  becomes  due^  fPifOt  mujfi  the  R^te  of  Inta  efi  U 
per  Cent.  ^c. 
Here  is  given  a  =r  30,   /  =  344^7  39S>  and  #  =  9  ;   to  find  R 

by  the  laft  of  the  Four  Mquatiom^  Vi%.   \lR^R^=zd.ZZJt 

L  u  u 

Tirttd  =  '♦♦ii*^*  =  111491317-    Ani^^SUfzz  10,491317. 

Ifencc  there  is  this  Mquation-^  Ii)49i3X7  -R— -R9  =:  10,491317 


Let 

I©- 9 

|X  — in  Num. 

%  in  Numb. 

3—4 
W  hence 


r  +  /  n  U,  and  fuppofe  r  =:  | 

r9  -j.  9r^/4'3''"^^^==  ^' 

11,491317 +  ir,49i3i7#=  11,491317!? 

1,000000  +  9,000000  e  +  ijbee  r=z  R^ 
10,491317 +  2,49y3i7'—3S«-io,49i3i;^ 
36/^=2,4913x7/ 


6  -r-  36  / 1  7  U  ZI  0,06  &C, 

^^jJ'ZJ^^  06   3  "^  ^*^^  ^  "^  7  ^""-^  ''*  ^"^  W/r?>/  ir,  ^x  /A# 
-+-  f  —  p,op    J  ^  Mquation  abwe  direGs. 

ScA.  3.      5"(?/W/i^]^jeftnt  ll^O^ti^  of  Annuities^    Pen- 
fioniy  or  Leajesy  &c.  4/  Co^^pcund  Inlenji. 

Let  P  =  the  prffent  Worth  of  any  Jnnuityy  or  Z/^^,  &c.  and 
the  reft  of  the  Letters  as  before. 

Then,  from  what  has  been  faid  in  SeSiion  3.  Chap.  ii.  about 
P^rchajing  of  Annutlies^  &c.  at  Simple  Intereft^  it  will  be  eaff 
to  form  the  like  Theorems  here  at  Compound  Intereft^  was.  by  com- 
bining Theorem  f.  Page  266.  and  Theorem  i.  Page  254.  into  one 
T3&/tfr/;w. 

f     jijt ^  f  7*/  Amount  of  any  yforfy  Rent  being  uv 

For  s  .     =  -^  7  /^'^  ^*P^  Number  of  Yearo.     Per  l^heo- 

L    ^"-l  Lrtmx.ofthrtajl  Seaion.     Page  266. 

f  7Xf  Amount  of  any  Principal  or  Sum  being  put  to 
And  PRtr=^A<  Inter  eft  ^  for  the  fame  Number  of  Years.      Per 
C  Theorem  I.     Page  2^^, 

Henc« 
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Hence  it  foDovs,  That  P  S>  =  ?f' "^" 

Viz,  PR^  + '  rrr  P  U*  =  II  ilV—  ^  being  the  very  fame  Mquation 
viifa  that  of  mj  Confendiutn'oi  Atgfffrnj  Page  x  12.  which  is  there 
raifed  from  the  Confiderarion  of  pCirchafing  Annuities^  or  taking  of 
t^afiSj  ScQ.  to  be  grounded  upon  a  Rani  or  Series  of  Geemetri'^ 

cat  Proportionals  jcontinually  deereafipg/    TbHS  ^  is  the  ftirfi  amd 

Create^  T^rm ;  R  the  coipnion  Ratio  pi  all  the  T/riwx  s  aiid  J?  i« 
(he  £jyjff  of  all  the  Seriei, 

:H-  until  tl>c  laft  7erm  =  -^,  Then  will  P—  -1-  be  the  Sum  of  all 

the  AnticedentSj  and  P  —  ^ .  the  Sum   d   all    the  Confiqtunis. 

R 
Therefore  it  will  |)e 

«:  JL.    Or  (in  the  fame  Ratio)  «:    .^  : :  P— 4-:  -P— -^ 
J?     Jtii  R  R*  R 

which  produces  P  ^»  +  «  —  «  li'  =  P  /!«  —  «.    As  above. 

Frooi  t|^is  £juation  may  be  deduced  the  following  Theorems* 


< ^=:P.  neorem2.[: 


neoremiA—^^P.TWorem2A^^>^^'-P^'^^ 

R^—i 


^,  r  If  —  pt  /  ff^icbi  being  eontinwdfy  divided 

The^remz.  |-^— — -.A  ^^j^^  xuillgivet. 

a^^m4.  {j  =  -^«t+^  — i5t+«.     The  Refolding  of 
which  Mjuation  will  difcover  the  Y^ue  of  wR* . 

.  Queftion  i.  fFhat  is  30  /•  Tearhf  Renty  to  comintte  Seven  Tears^ 
worth  in  ready  Money^  allowing  6  per  Cent.  Compound  Interefi  to 
she  Putchajer  ? 

Here  is  given  K=3o./  =  7.andJ?=i  i,c6,   to  find  P. 
per  Theorem  i»  V%%.  —  =»  — ~-  1=  I9»95'7 

Anfl  30  —  19>95»7  =  io>483  =  »  —  ^y 

2  Tb^ 
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Then -R— I  =0,06)  1 0,0483  ( 1 67,47 1 6  rrP— 167/.  9^-  S  '• 
being  the  Anfwer  required. 

Qyeftion  2.  What  Annuity  or  Tearly  Rini^  t§  €entimu  Severn 
Tears  J  may  he  pur  chafed  for  167  /.  9  /•  5  d.  allowing  6  per  Cent. 
Compound  Intereji  to  the  Purcbafer  ? 

In  this  ^efion  there  is  given  P  =  167,4716  .  /  r=  7. 

And  R=.  1,06  to  find  u  .  By  the  Second  TTttorem. 
Firft  PR^  X  /i  =  251,8153  X  1,06  =  266,9242 
And— PiJt  =  i67>47i6x  1,50363  =  251,8153 

Then  R^ —  I  =  0,50363)      15,1089     (30  =  M 
That  is  tt  =  '30  /.  the  Anfwer  required. 

Qjjefiion  3.  How  long  may  one  have  a  Leafe  of  30  /.  Yearly 
Rentf  for  ibj  /.  9  x.  5  d»  allowing  6  per  Cent.  Compound  Intereji 
to  the  Purchajir  ? 

Here  is  given  P  =  167,4716  .  a  c=  30  .  And  iJ=  1,06  to 
find  /.     By  the  Third  Theorem, 
Firft  P4-«  =  167,4716 +  30= 197,4716 
And  —  P-R=:  177,5199 

Then  I9,95i7)30=tt(i,50363=:^» 

If  this  1*50363  =  ift  be  either  continually  JlrwV/rf by  1,06  =:-R 
until  nothing  remain  (As  before  in  Page  255.)  Or  if  it  be  fought 
io  the  Table  of  Amounts  for  Years^  &c.  it  will  difcover  /=  7  which 
is  the  true  Anfwer  required. 

■  Queftion  4.-  Suppjfe  one  Jhould  give  167  /.  95.  5^.  for  tie 
Purchafe  of  a  Penficn^  or  Annuity  of  30  /.  per  Annum,  to  continue 
Seven  Years -y  At  what  Rate  of  tnterefl^  per  Cent,  would  that  Put' 
chafe  he  made^  allowing  Compound  Intereji  to  the  Purchafer  ? 

*ln  this  ^ejiion  there  is  given,  P  =  167,4716  .  a  =  30  and 

/  =  7  to  find  R.     Per  Theorem  4  in  this  Equation  i—zzJ^ 

^'  +  -R^+iJ*+'  which  being  brought  into  Numbers^  and  its  Root 
eiCtraHed^  as  in  the  fourth  ^ejlion  of  the  laft  Sellion  \  the  Value 
of  R  will  be  found  i>o6,  and  then  it  will  be  j  :  0^06  : :  100 :  6 
th::  Rate  per  Centt  as  was  required. 

Thcfc 
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Thcfc  Four  ^eftions  include  all  the  Varieties  that  can  be  pro- 
poied  about  purchafing  Annuities  or  Leafes^  &c.'  which  are  to  be 
either  immediately  enter'd  upon,  or  in  PoiTeilion  at  the  Time 
when  the  Purchafe  is  made. 

But  fuch  ^uefiions  as  relate  to  Annuities^  or  talcing  of  Leafer^ 
&c,  in  Revirjton^  muft  ht  parted  or  divided  into  two  diJiinSi  ^ejii» 
^  ons^  each  to  be  feparately  confider'd  by  itfelf  (See  Page  252.)  As 
tn  the  following  Example.  * 

Example  i.  Syppofe  it  were  required  to  eomputt  the  prejtnt  Worth 
^75/.  Yearly  Rentj  which  is  not  to  commence  or,  be  entered  upon^  until 
Y'en  Tears  hence ;  and  then  to  continue  Seven  %ars  after  that  Time  : 
at  6  per  Cent.  &r.  Compound  Intereft  ? 

The  Firft  Work  in  this  ^ejiion  is,  to  find  what  75  /.  per  An- 
numy  to  continue  Seven  Tears,  is  worth  in  ready  Money ;  as  if  it 
were  to  be  immediately  entered  upon :  And  to  perform  that,  there  is 
given  «  =  75.  -R  =  i,o6.  and  /  =  7.  to  find  P.  as  in  the  Firft 
^ueflim  of  this  Se^ion. 

Th"«>  ^  =  —^3  =  49^8793   And  75  —  4918793  -  25,1207 

Then,  Jt— i  =  0,06)  25,1207  (418,67831=4x8/.  14 j.  6^d. 
the  Anfwer  10  the  Firft  Part  of  the  ^e/iion. 

Then  the  next  Work  will  be,  to  find  what  Principal  or  Sunr 
being  put  out  Ten  Tears,  zl6per  Cent.  &c.  will  amount  to  418  /. 

14  J.  b^d.     Here  is  given  A  zz  418,6783,  R  =  i,o6,  t  =  10. 
to  find  P.  Per  Theorem  2.  Page  254. 

Thus  R^o  =  1,790847)  418,6783  =  A  (233,7884  =  233/. 

15  /.  9  ^.  the  prefent  Worth  of  'j^L  per  Annum  in  Rcverfion^  &c. 
As  was  required. 

Example  2.  What  Annuity  or  yearly  Rent  to  be  enter'd.  upon  Ten 
Tears  hence,  and  then  to  continue  Seven  Tears,  may  he  purchafedfor 
233/.  15J:.  <)  d.  Ready  Money,  «/ 6  per  Cent.  6fc.  Compounding 
terejl? 

In  the  ift  Work  of  this  ^eftion  there  is  given,  P  =  233,7884. 
R  =  1,06*  and  /  ~  10  (the  Time  which  the  Annuity  is  not  to  he  en- 
ter'dupon)  to  find  A.  Per  Theorem  i.  Page  254. 

Thus,   PR'  z=i  233,7884  X  1,790847  ^  418,6783  =  ^  the 

Amount 


l^^ 


aigeb^jt 


Part  U. 


Amount  of  2^1'  IS  J.  9^-  put  to  Intfnji  Ten  Tears ^  zt  6 per  Cent. 
&c.     Then  tor  the  Second  Work  of  the  ^e/lion  there  is  given 
P  =  418,6783 .  it  =  1,06  .  And  /  rr  7  (^/Ar  7iw*  that  theJnnuitf 
is  to  he  enjofd)  to  find  u.     Per  Theorem  2.  of  this  Se£fion. 
Thus  P^«xit=4i8,6783  x  1,50363  x  1,06=: 667,3095 
--  PR'  =  4x8,6783  X  1,50363  =;:  629,5374 

JJt  —  t  =  0,56363)     37,7723(75  =« 
That  is,  If  =?  75  A  the  yearfy  Rent  required  by  the  ^ejiien. 

Thefe  Two  Examples  of  finding  P  and  tf  do  fiillv  ihew  the  Method 
that  mud  be  ufed  in  Refohing  tht  two  General^  and  indeed,  the 
mod  ul'eful  ^uejiions  about  Annuities  or  Lr^r/^J  in  Riverfion  :  And 
ii  there  be  Occafion,  either  theiEirfr,  or  the  Ttmk^  viz.  RoiU  ^^ 
ke  found  by  a  due  AppHcatioo  of  their  refpedive  Tbivrims. 

Note,  That  which  hath  been  done  in  the  tUfO  laji  SeJficns  ethout  Atj^ 
nuities  or  yearly  Rents y  &c.  at  6  per  jCent.  may  alfo  he  done  for  any 
Rate  of  Interejly  by  applying  the  Difference  of  thi  Rates  (via.  x)  As 
directed  in  the  Firji  Sedlion  of  this  Chapter. 

Now  becaufe  that  Rents  and  Annuities^  itc.  are  tlfiially  paid  either 
by  ^arterly  or  Half -yearly  Payments^  and  the  Method  of  compu- 
ting them  by  the  Pen  may  be  thought  a  little  troublefome;  I  have 
inferted  the  following  Tables  of  the  Amounts  of  1  L  for  each,  at  6 
per  Cent. 


I 

2 

3 
4 
5 

6 

,      7 
8 

9 
to 

The  Amounts 
of  1  /.  at 6/^ 
Cent.      Com- 
poundlntereft. 

11 
12. 

»3 
H 
»5 

16 

17 
18 

>9 
20 

The  Amounts 
of  i/.  SLtbper 
Cent.      Com- 
pound In  tereft. 

21 

22 
23 

2+ 

26 

«7 
28 
29 
30 

The  Amounts 
ofi/.  at6/i^r 
Cent.  Com- 
poandlntereft. 

1,843790552$ 
4,8982985583 

i.9S44>7S853 
2,0121964718 

2,0716830644 

1,0295630141 

1,06 

1,0613367949 

1,1236 

1,1568170026 

i»377787559* 
1,^185191122 

1,4601548127 
1,5036302590 
1.5480821017 

1,5938^80745 
1,6409670276 
1,6894789589 
1,7394250493 
,1.7908476965 

1,191016 

1.2262260228 

1,26247696 

1,299799584* 
i.338"?J776 

2,1329282601 
2,1959840483 
2,2609039557 
2,3277430912 
2,-?965  581001 
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C^iarterly  Amounts. 

iis 

•  0 

1 
2 

3 
4 

5 

6 

I 

9 
10 

11 
12 

>3 

»5 

i6 

17 
18 

19 

20 

The  Ari!0'ii:t5 
of  1  /.  2t  0/^r 
C//  &c. 
C  )inpoand 
Inftcrcfl. 

«^  0 

■  "*» 

21 

22 
23 

24 
25 

26 

27 
28 

29 
30 

.31 

33 
34 
35 

36 

37 
38 
39 
40 

The  Amounts, 
of  1  /.  at  6  per 
Cent,     &c. 
Compoand 
Intcreil. 

lis 

41 

42 
43 
44 
45 

46- 

47 
48 

49 
5« 

5' 

5* 
S3 

54 
55 

56 

57 
58 

60 

The  Amounts 
ofi/.  at6/fF 
C^a/.  &c. 
Compound 
Intereft. 

1,0146738461 
1,0295630141 
1,0446706634 
1,06 

«>o755542769 

1.0913367949 

1,1073509032 

1,1236 

I  1400875335 

1,1568170026 

1.3578024938 

^'3777875592 
I, -39800500 19 
1*4185191122 

'-•439354-435 

1,4604548127 
1,4818853020 
1,5036302590 
1.5256942978 
1,5430821017 

1,8171263199 

•.f 437905523 
1,8708460509 
1,8982985583 
1,9261538989 

1,9544179853 
1,9830968140 
2,0121964718 
2,0417231330 
2,0716830644 

1.17379*9574 

1,191016 

1,2084927856 

1,22622602-28 

1,2442194748 

1,26247696 
1,2810023527 

^2997995842^ 
1,3188726433 

^3382255776 

1,5707984203 
1,5938480745 
1,6172359557 
1,6409670276 
I.6b504j63253 

1,6894789589 
1,7142701133 
1,7394250493 

1.7649491048 
1.7908476965 

2,10208^6228' 
2,1329281601 
2,164226521.1 
2,1959840483 
2,2282075801 

2,2609039557 
2,2940801123 
2,3277430912 
2,3619000349 
2,3965581931 

Either  of  thefe  Tables  may  alfo  be  made  ufeful  for  any  propofed 
Rate  of  Intereji\  by  making  the  4  or  \  of  the  Difference  of  the 
Rate  =  Xy  &c. 

As  for  Inftance,  Suppofe  any  of  the  aforefaid  ^ejiiom  about 
Annuities  or  Rents^  &c.  were  to  be  computed  21%  per  Cent,  per  Annum, 

Then  1,08  —  1,06  zz  0,02  zz  Jf  (or yearly  Payments  j  as  before. 
Cenfequently  2)  0,02  (o^oi  =  #  for  Half- Year's  Payments, 
Or  4)  0,02  (0,005  ~  *  ^^^  Sluarterly  Payments, 

Now  thefe  Values  of  *•,  although  they  are  not  really  true,  yet 
they  may  fervc  indifferently  well  for  fma!l  Rents  \  as  I  have  alrea- 
dy faid.  Page  265.     But  if  you  would  work  exadly  ; 
Then   y^  1,08=  1,0392304845     &c. 

—    sj   1,06=1,0295680141     Vide  Tabic ^  Page  2^2.    . 

Difference  =  o,c  096624704  =  *  £6r  half-yearly  Payments, 

N  n  '         And 
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And  y/  :  ij  i,o8  =  1,0194263092  &c. 
—  ^  *  V  i>o6  =  1,0146738461  See  ththfiTabU. 

Their|Differcnce  0,0047524631  =x  for  ^arUrfy  Payments. 

Thefe  are  the  true  Falues  of  x^  which  being  involved  with  their 
refpedlive  Jmounts  (as  before  for  Tears^  &c.)  according  as  dM 
^efiion  requires,  the  Rtfuk  will  be  th^AnJwir  at  Spir  dut.  lie 
The  like  may  be  done  for  any  other  Rate^  either  Greatir  or  Left 
than  6. 

Now,  altho'  the  Method  [ufed  here  (and  in  Page  257  and 
258,  &c.)  be  really  true  (by  which  the  Tables  calculated  only 
for  6  per  Cent,  are  made  ef&dual  for  all  Rates  of  Compound  Inter efi) 
yet  it  was  rather  propos'd  to  ihew  what  may  poffibly  be  performed 
by  the  Pen,  without  a  great  many  TahUi  of  feveral  KaUi^  than  in- 
tended for  common  Pradice. 

For  it  muft  needs  be  confeft'd,  that  Tables^  calculated  on  Purpofe 
for  any  defigned  Rate  of  Interejl^  are  much  more  ready  and  ufeful 
in  common  Pradice.  And  therefore  fince  the  Legiflative  Power 
hath  thought  fit  to  reduce  the  Rate  of  Intereji^  and  hath  fettled  it 
by  an  Ad  of  Parliament,  at  5  per  Cent.  I  have  therefore  been  at 
the  Trouble  (which  was  not  a  little)  to  calculate  the  following 
Tables  for  XhTXRate  \  but  don'tthink  it  convenient  to  take  theTtf* 
hies  at  6  per  Cent,  out  of  the  Book,  becaufe  the  Examples  are  all 
fuited  to  them  ;  ahd  not  only  fo,  but  they  may  be  found  ufeful  in 
the  taking  of  Leafes  for  Houfes,  ^c.  For  in  thofe  Cafes,  the  Pur^ 
chafer  is  Slowed  more  Intereji  for  his  Purchafe  Money^  than  tbe 
common  Rate  paid  upon  the  Loan  of  Money. 


Here 
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Here  follow  New  Tables  of  the  Amounts  of  one  Pound  at  the 
Rate  of  5  per  Cent,  per  Annum  Compound  Intcrcft.  For  Tears^ 
Half-Tearsy  garter s^  Months^  and  Dajs.  " 


I.     The  Table  of  the  tearly  Amounts  of  i  /.  &c. 


6 

7 
8 

9 
10 

11 
12 
I     '3 


The    .Amoants 
of  iZ.  &C 


1,05  =  1?       , 

1,1025  :=:-RiJ 
1,1 57625=^1 
1,21550625 
1,27628156 

1,34009564 
1,40710042 

i»4774S544 
i,55>3282^ 
1,62889463 


^71033936 

1*79585633 
1,88564914      I 


ijf 


»4 
'S 


16 

17 
18 

>9 
20 


21 

22 
23 
24 

M 


The  Amounts 
of  1  /•  &c. 


'^97993"  60 
2,07892818 

2,18287459 
2,29201832 
2,40661923 
2,52695019 
2,65329770 


2,78596259 
2,92526072 

3»«>7i5*375 
3,22509994 

3.38635494 
3,55567269! 


'ir 


27 
28 
29 
30 


31 
32 
33 
34 
3S 


36 
37 
38 
39 


The  Amotata 
of  lU  &c. 


3.73345632 
3,92012914 
4,11613599 

4*32194239 


4>53^03949 

4.7649,4"47 
5,00318854 

5>25334797 
5.5*601536 


5,79181613 
6,08140694 

6*38547729 
6,70475115 


II.     The  TabU  of  the  Half-yearly  Amounts  of  i  /.  &c.         | 

5 

9 

lO 

The 

Amounts  of 

1  L  &c. 

1,02469507 

1*05 

1,07592983 

1,1025 

1,12972652 

1,157625 

1,18621264 

1,21550625 

',24552327 
1,27628156 

II 
12 

>3 
14 

>5 

16 

17 
18 

■   "9 

20 

.  The 
Amounts  of 
I  /.  &c. 

>. 30779943 
1.34009J64 

1,37318940 

1,40710042 

1,44184887 

1.4774SS44 
1,51394132 
1,55132822 
1,58963838 
1,62889463 

x 

11  £5 

21 

22 
23 

«4 
25 

26 
27 
28 
29 
30 

The 

Amounts  of 

1-/.  &c. 

1,66912030 

i.7>o33936 
1.75257632 

«.7958S633 
1,84020513 

1,88564914 
1,93221539 
1,97993160 
2,02882616 
2,07892818 

N  n  2 


III.  The 


^ 


zyS 


algeIl^^ 


Part  II. 


III.    TheT^Meo 

f  the 

Quarterly  /Iniounts  of 

I  /.  &c. 

11/?         The        ,      ,11^ 

The               1 

\\f^ 

The 

Amounts  of 

"  3- 

Amounts  of 

Amounts  of 

•  3 

I  /.  &c. 

S 

I  /.    ^'C. 

■   g 

I  /.  &c.. 

I 

1,01227223 

21 

1,29194439 

4» 

1  ,f  488?48o 

2 

1,02469507 

22 

''307:9943 

4* 

1/6912031 

3 

1.03727037 

?3 

1,32384905 

43 

1,68960414. 

4 

1,05 

1  24 

1.340095^4 

44 

1,71033930 

5 

1,06288585 
1,07592983 

25 
26 

1,35654161 

1.37318940 

45 
46 

1,73131904 

6 

■1.75257632 

7 

1,08913389 

27 

1,39004151 

47 

1,77408435 

8 

1,1025 

28 

1,40710042 

4« 

»,7958j633 

9 

1,11603014 

29 

1,42436869 

49 

1,81789549 

lO 

1,12972632 
1,14359059 

30 
3'. 

1,44184887 
''459^435^ 

50 
5' 

1,84020513 

II 

i,S6278856 

12 

1^15:625 

32 

i>4774^544 

52 

1,88564914 

»3 

i,i7i83if'4 

33 

i.495587'2 

S3 

1,90879027 

H 

1,1 5621261 

34 

I  513941^2 

I 

54 

1,93221539 

»5 

1,20077012 

35 

1.53252076 

55 

'-9559*799 

i6 

1,21550625 

36. 

1,55132822 

56 

i,97993r6o 

'17 

1,23042323 

37 

1,57036648 

57 

2,00422978 

i8 

1.24552327 

i,2bo8o862 

3^^ 

i,58963J-^38 

58 

2,02882616 

19 

39 

1,60914680 

59 

2.05372439 

20 

1,27628156 

40 

1,62889^63 

60 

2,07892818 

iV.    ■T\ieTa/>.'e 

f>f  the 

Monthly  Amounts  of  J 

/.  &c. 

III 

■  ^ 

The 
Amounts  of 

I  /.    ^'C. 

II   g 

rt     14 

5 
0 

7 
8 

The 

Amounts  of 
I  /.  $cz. 

II  f 

9 

10 

11 
12 

The 

Amounts  of 
1/.  S.t. 

I 

2 

I 

1,00407412 
1.0CS16485 
1,01227223 
1.01639636 

1,02053728 
1,024^9507 
ii02856ji)i 
1,03306155 

1,03727037 
1.04149634 

^04573953 

1,05 

NOTE:  The  Amount  of  one  Pcundy  for  one  £)tfj,  is 
1,0001336807225,  fsrV.  (found  ns  that  in  Pa^e  260)  but  in  the 
i'oWowingTablcy  I  take  only  Nine  of  thofe  Figures^  as  being  fufficicnt 
in  Praflice,  for  computing  ih^Jnterejl  of  any  Sum  not  exceeding 
One  Hundred  Milliorib  of  Pounds. 

V.  The 
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V.     The  Tahk  of  \kit  Daily  Amounts  of  i  /.  &c. 


7 
8 

9 

ID 

I  I 
12 
»3 

H 
»5 

17 
i8 

»9 

20 

21 
22 
23 
24 
25 

26 

27 
28 
29 
30 

31 

33 
34 
35 


The 

Amounts  of 

I  /.  &c. 


,00013368 
,00026738 
,00040109 
,00053483 
,00066858 

,00080235 
,00095614 
,00106994 
,00120377 
,00133761 


,00147147 
,00160535 
,00173924 
,00187315 
,05200708 


,00214103 

,00227500 
,00240899 
,00254299 
,00267701 


,00281105 
,002945 1  o 
,00307918 
00321327 
,00334758 


00348151 
C0361565 
00374982 
60388400 
00401820 


00415242 
00428665 
00442091 
00455518 
00408947 


36 

37 

38 

39 
40 


41 

4* 
43 
44 
45 


46 

47 
48 

'49 

50 


S« 

5* 
S3 
S4 
SS 


56 

58 
59 
60 


61 
62 


66 

67 
•68 
69 

70 


The 

Amounts  of 

u. 

I  /.  &c. 

II 

1,00482376 

71 

i,oc49;8io 

72 

1,00509245 

73 

1,00522681. 

74 

1,00536119 

75 
76 

1,00549558 

1,00503000 

77 

1,00576443 

78 

1,00589888 

79 

1.00003335 

So 
81 

1,00616784 

1,00630234 

82 

1,00643687 

«3 

1,00657141 

84 

1,00670597 

85 

8  J 

1,0068405^ 

1,00697514 

87 

1,0071097^ 

8S 

1,00724438 

89 

1,00737903 

90 
9» 

1,00751370 

1,00764839 

92 

1,0077.^309 

93 

1,00791781 

94 

1,00805255 

95 
96 

1,00818731 

1,00832208 

97 

1,00845687 

98 

1,00859168 

99 

1,00872651 

100 

1,00886136 

lOI 

1,00899623 

IC2 

1.00^131/1 

103 

1,0:926601 

104 

1,00940093 

105 

The 

Amounts  of 

1  /.  &c. 

,00953587 
,00967082 
,00980579 
",00994379 
,01007579 


,01021083 
,0x034587 
,01048093 
,oic6i6o2 
,01075112 


,01088623 
,01102137 
.01115652 
,01129169 
,0114:688 


,01156209 
,01 169732 
,01183256 
,oiigj783 
0121  JUl 


,01:23841 

,01237372 

,01250906 
,01264441 

,01277978 


,01291517 
,01305058 
,01318600 

IOI332I45 
,01345691 


,01359239 

,01372788 
,01386340 

,01399893 
,01413448 

Days 
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o 

The 

^V        The   ,   ,   0 

The   J 

^^ 

Amounts  of 

•^ 

Anfounts  of 

>^ 

Amounts  of 

II 
106 

1/.  &c. 

II 
146 

1/.  &c. 

II 
186 

I  /.  Sec. 

1,01427005 

1,01970775 

1.02517459 
1,02531164 

107 

1,01440564 

'47 

1,01984406 

187 

108 

1,01454125 

148 

1,01998039 

188 

1,02544870 

109 

1,01467687 

149 

1,02011675 

189 

1,02558578 

no 
III 

1,01481252 
1,014^4818 

150 

1,02025312 

190 
191 

8,02572288 

1,02038950 

1,02586000 

112 

1,01508386 

152 

1,02052591 

192 

1,02599714 

113 

1,01521955 

»S3 

1,02066234 

193 

1,02613430 

114 

^o'535527 

'54 

1,0^079878 

'94 

1,02627147 

"5 

116 

1,01549100 

^5S 
.56 

1,02093524 

«95 
196 

1,02640866 

1,01562675 

1,02107172 

1,02654588 

117 

1,01576252 

'S7 

1,02120822 

»97 

1,02668310 

118 

1,01589831 

.58 

1.02134473 

198 

1,02682015 

119 

1,01603412 

112 
161 

1,02148127 

.199 

1,02695762 

120 
121 

1,01616994 

' 

1,02161782 

200 
20 1 

1,02709490 
1,02723121 

1,01630578 

1.021 75439 

122 

1,01644164 

162 

1,02189098 

202 

1.02736953 

123 

1,01657752 

.63 

1,02202758 

203 

1,02750686 

124 

1,01671349 

.64 

1,02216421, 

204 

1,02764422 

«25 

126 

1,01684933 

lbs 
166 

1,02230085 

205 
2C6 

1.02778160 
1.02791899 

1,01698527 

1,02243751 

'27 

1,01712122 

.67 

1.02257419 

207 

1,02805640 

128 

1,01725719 

168 

1,0227.089 

208 

1,02819384 

129 

'.o'7393»7 

169 

1,02284761 

209 

1,028331^9 

130 
131 

1,01752918 

170 
<7' 

1,02298434 
1,02312109 

.210 

211 

1,02846875 

1,01766521 

1,02860624 

132 

1,01780125 

172 

1,02325787 

212 

1,02874375 

»33 

1,01793731 

173 

1,02339466 

213 

1,02888127 

»34 

1,01807338 

"74 

'»02353'47 

214 

1,02901881 

»35 

136 

1,01820948 

'75 
176 

1,02306829 

*«5 
216 

1,02915637 

1,01834^59 

1,02380514 

1,02929595 

137 
138 

1,01848173 
1,01861788 

'77 
178 

1,02394200 
1,02407888 

217 
218 

1,02945154 
1.02956916 

139 

1,01875405 

'79 

1,02421578 

219 

1,02970679 

140 
141 

1,01880024 

180 
181 

1,02435270 

220 
221 

1,02984445 

1,01902644 

1,02448964 

1,0^998212 

•  4« 

1,01916267 

182 

1,02462659 

222 

1,03011980 

"43 

1,01929891 

.83 

1.02476350 

223 

1,03025751 

H4 

1,01943517 

184 

1,02490055 

224 

1.03039524 

H5 

1,01957145    1  185I 

U02503756 

225 

^03053*9^ 

D»f% 
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O    The   , 

0. 

^•S 

Amoonts  of 

>"S 

1 

si6 

i£  &C. 

1 
266 

1,63067074 

»27 

1,03080852 

267 

228 

1,03094632 

268 

229 

1,03108414 

269 

430 

1,03122197, 

270 

23J 

1,03135983 

271 

232 

1,03149770 
1,03163559 

272 

aSJ 

273 

«34 

1.03177350 

274 

235 

1,03191143 

275 

236 

1.03204938 

276 

237 

1,03218734 

277 

238 

1,03232533 

278 

239 

1,03246333 

279 

-HO 

1.03260135 

280 

»4> 

1.03273939 

281 

242 

1,03287744 

282 

»43 

i>o33oi55« 

283 

«44 

».033iS36i 

284 

MS 

1,03329173 

28s 

246 

1,03342986 

286 

H7 

1,03356801 

287 

248 

1,03370617 

288 

«49 

1,03384436 

289 

250 
251 

1,03398157 

290 
291 

1,03412079 

252 

1,03425903 

292 

»S3 

',03439729 

293 

*$4 

».034S3557 

294 

»5S 

256 

1.03467387 

295 
296 

1,03481218 

»S7 

'.03495052 
1,03508887 

297 

258 

298 

259 

1,03522724 

299 

260 

1,03536563 

300 
301 

1,03550404 

262 

1,03564247 

302 

263 

».03S7«09» 

303 

264 

i/>3|9«938 
1,03605786 

304 

20J 

305 

The 

Amoants  of 

I  /.  &c. 

1,03619636 

"*»o3633488 

•03647342 

,03661197 

,03675055 
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,03688914 
,03702775 
,03716638 
.03730503 
»0374437<J^ 

,03758239 
,03772109 
,03785982 
,03799856 
,03813732 


,03827609 
^03841 489 

^03855371 
,03869254 
,0388^  1 39 


,03897027 
,03910916 
,^3924817 
,03938699 
,03952594 


,03966491 
,03980389 
,03994289 
,04008191 
,04022095 


,04036001 
,04049908 
,04063818 
,04077729 
,04091642 


,04105557 
,04119474 

»04»  33393 
,041^7314 

,04161236 


? 

The  . 

>-2 

Amountt  of 

1 

1  /.  &c. 

306 

1,04175160 

307 

1,04189086 

308 

1,04203015 

309 

1,04216944 

310 

1,04230876 

311 

1,04244810 

312 

1,04258^5 

313 

1,04272683 

3»4 

1,04286622 

3'5 

1,04300563 

316 

1.04314506 

317 

1,04328451 

318 

1,04342397 

319 

'•04356346 

320 
321 

1,04370297 

1,043842+9 

322 

",04398203 

323 

1.04412159 

324 

1,044261 17 

325 

1,04440077 

326 

1,04454038 

327 

1,04468002 

328 

1.04481967 

329 

1,04495934 

330 

1,04509903 

33» 

',04521874 

332 

'.04537847 

333 

1,04551822 
1,04565798 

334 

335 
336 

'•64579777 

'•04593757 

337 

1,04607739 

33« 

1,04621723 

339 

"•  ,04635709 

340 

1.04649697. 

' 

34« 

1,04663686 

342 

1,04677678 

343 

1,04691671 

344 

1,04705667 

345 

1,04719664 

Dajt 


28o                               aiffCb^a^                            Pan  :I. 

o 

The 

S^l        The        1*     ,      ??.        The        1 

^"^ 

Amounts  of 

•**  ^   !  Amounts  of 

"^ 

Amour t5  of 

II 

1/   &c. 

II 

1  /.  &c. 

1 

11 

I  /.  Sec. 

346  '"^4733603 

353 

i,ox83i7oP> 

J  60 

.I,c4.;2.;g4- 

347 :  i,«-.4"-i:-'M 

354 

1,04845722 

361 

1^04945872 

34S;  1,04;  Oi 606 

355 

1,04859738 

362 

1,04957901 

3491  i»04775'^^7' 

356 

1,0487375^ 

3^3 

1,04971932 

350   i,0478;677 

357 

N0488:775 

364 

1,04985965 

351    1,04803^86 

358    1,04901797 

365 

1.04999999^ 

352;  1,048.7696 

359    i.049i58zo'       | 

366    1,05             1 

I  ihink'it  ncedl^fs  to  fay  any  Thing  of  the  Ufe  of  thcfe  TabUs^  be- 
caafe  I  apprehend,  that  Whoever  underftands  the  Work  of  the  fore- 
going 'Examples^  at  t  per  Cent,  cannot  but  know  how  to  make  afe  of 
Siefe  Tables  at  5  per  Cent,  as  Occafion  requires. 

Thus  far  concerning  ^//ffzf/V/^/,  or  Lcefes,  &c.  thatare/rw/V^yby  any 
affigned  Time  ;  and  'tis  only  fuch  that  can  be  computed  by  Theorims  or 
certain  Rules,  Fer  i^ith  regard  to  the  Value  of  an  Anijuity  for  Life, 
it  depends  upon  the  Intcrcft  which  Money  bears,  and  the  Probability 
of  the  Life  continuing  a  longer  or  fhorter  Time  ;  the  former  of  which 
is  generally  fettled  by  Law,  but  the  latter  mufl  be  determined  from 
Obfervations. 

We  (hall  here  add  the  following  curious  and  ufcful  Tabk,  flicwinj^* 
the  Probabilities  of  Life,  deduced  from  Obfervatirns  made  at  Breflau 
in  Sihjta^  by  Doftor  Halieyy  and  at  Lrmdon,  by  Mr.  Smart. 


N°.  0 
Perfon 

'     to 

s  0 

2  > 

'-1 

CA      •-»> 

born 

I            CA       -r> 

21 

y>  •<^ 

4« 

1280 

455 

284 

870 

I 

448 

22 

274 

42 

700 

2 

441 

*3 

264 

43 

635 

3 

434 

24 

255 

44 

600 

4 

426 

25 

246 

45 

580 

5 

418 

26 

237 

46 

,64 

6 

410 

27 

228 

47 

SS^ 

7 

402 

28 

220 

4«' 

54' 

8 

394 

29 

212 

49 

532 

9 

3«5 

30 

204 

50 

5M 

10 

3^fc 

31 

iq6 

5> 

S^7 

II 

367 

32 

188 

52 

510 

12 

1  358 

33 

180 

53 

504 

13 

.  349 

34 

172 

5+ 

498 

H 

•  340 

35 
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Chap.  12.       Of  Compoumi  antereff^ . 2H1 

Now,  in  order  to  {hew  the  Ufe  of  the  foregoing  Table  by  an 
Example,  let  it  be  required  to  find  the  Probability  that  a  Perfon.pf  ^ 
36  lives  30  Years  longer,  or  attains  to  the  Age  of  66  Years :  Lcok 
tn  the  Table  againft  36  Years  and  66- Years,  and  cdrrefponding 
thereto,  you  will  find  the  Numberi  331  and  93  rerped'iively ; 
Ihewing,  that  out  of  331  Perfons  living  of  36  Years  of  Age,  only 
93  of  them  grHVe  to  the  Age  of  66  :  Therefore,  fceini^  the  whole 
Number  of  Perfons  living  at  the  Beginning  of  this  1  erm,  is  to 
the  Number  remaining  adive  at  the  End  of  it,  in  the  Ratio  of 
331  to  93 ;  the  Kumber  of  Chances  that  a  Perfon  of  36  Years 
of  Age  has  to  live  30  Years  longer,  will  be  to  the  Number  of 
all  the  Chances  that  he  has  both  to  live  beyond,  and  die  wtihln 
30  Years,  in  the  (ame  Ratio  of  331  to  93 ;  and  therefore  -j-VV 
is  the  Meafnre  of  the  Probability  required  ;  the  ProbabiHty  of 
the  Happening  of  any  Event  being  always  to  be  confidered  as 
the  Ratio  or  the  Changes  which  that  Event  has  to  happe.i, 
to  all  the  Chances  which  it  has  both  to  happen  and  fail. 

This  being  underftood,  fuppofe  it  were  now  required  to  find 
ih^  Value  r>f  an  Annuity  of  lOoL  for  a  Life  of  20  Years  of 
Age,  Intereft  at  4  pfr  Cent,  Becaufe  the  prefent  Value  of 
rco/.  due  at  the  End  of  one  Year  (Difcount  beine  allowed)  is 
96.15,  it  is  plain,  that  lb  nruiCh  would  be  the  VaJue  of  the  fir  ft 
Year'f  R^nt,  was  the  Purchafer  fure  to  receive  it  \  but  the  Pro- 
bability of  l;i$  living  one  Year  appearing  from  the  TaWe  to  be 
ooly^l,  the  aforefaid  Sum  96^15,  in  order  to  make  a  jufl 
DeduSion  out  of  it  for  the  Contingency  of  his  dying  before  the 
End  of  one  Year,  ought  to  be  dicniniUied  in  the  Ratio  of  462 
10455,  or  multiplied  by  ^ J,  which^ will  reduce  it  to  94^7, 
equal  to  the  true  Value  of  the  firft  Year's  Rent.  After  the  fame 
Manner  may  the  Value  of  the  fecond  Year's  Rent  be  calculated  ; 
for,  iince  the  Probability  of  receiving  this  Rent,  or  of  living 
two  Years,  Js  ♦^l,  let  this  be  multiplied  into  92.45,  >he  present 
Value  of  100/.  to  be  received  at  the  End  of  two  Years,  and 
the  ProduA  80.65  will  be  the  true  Value  of  the  fecond  Year's 
Rent. 

And,  by  a  like  way  of  proceeding,  the  Values  of  the  thirds 
fourth,  fifth,  Isfc.  Year's  Rent,  to  the  utmoft  Extent  of  Life, 
mav  be  determined ;  and  theSum  of  all  thefe  will  be  the  required 
Value  of  the  Annuity  ^  which  will  be  found  to  come  out  1480/. 
very  near. 

Thofe  who  are  defirous  of  feeing  thefe  Invefiigations  extended 
to  finding  the  Value  of  two  Lives,  and  then  of  three  Lives, 
6^f.  may  confult  th^  late  M.t.  Thomas  SImpJin's'Ttezufe  upon 

O  o  this 
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this  Subject;  from  whence  ibe  foregoing :Tat>ic,  and  Expiicauon 
ihcrtof,  was  tranfcribed.  . 

Seil.  4.    Of  Purcbaftng  ftttifXA^    or  Real  €«!««, 
at  Compound  Interefi. 

AH  Free^boU  or  Real  Efiates  are  fuppored  to  be  porchafed  or 
bought  to  continue  for  ever  (viz.  pnthovt  amlimtedTimt) ;  therD^ 
fore  the  Bufinefs  of  computing  the  true  Value  of  fych  Bftatti  \% 
grounded  upon  a  Rank  or  ^eriei  of  Geometrical  Proportionals  con- 
tinually dicreafmg^  ad  Infinitum^ 

Thus,  let  P,  tt,  JS,  denote  tbe  iame  Data  as  in  the  lail  SeSliom^ 

Tlicn  the  fi^r/>f  will  be,  ^,  ~.,  ^^,  j^^,  y^,  and  fo  oq 
in  -?4-  until  Ihe  UiiTerm  zz  Q.  TTicn  wiA  i^— o  (via.  P)  be  the 
Sum  of  all  tbe  JntecedenU.     And  P  -^  -^  will  be  the  Sum  ci  all 

the  Confequenu  {  therefore  it  v^ill  be  «  :  ^  :  :  P  :  P^  -*  i^hidi 

produces  PR  —  u=s  P. 

This  Equation  affords  the  foHowtiig  Thoorems. 

tlecremi.PR  —  Pszu.     Theoremz.  I      *      =  ^. 
7iwr#in  3.    I  ^^-^''  =t  if. 

Example.  Syppofi  a  Free-hold  EJiate  ofi^  L  TearlyRent  werg 
to  be  "fold  \  what  is  it  worthy  allowing  ihe  Buyer  6  per  Cent.  Wr. 
Compound  Inter  eft  for  bis  Money  f 

In  ihii  ^e/iicn  there  is  given  k  =:  75  .  Ji  =  1 ,06  to  find  P. 
Tcr  Theorem  x.     Thus  ii  ^  i  r=  0,06)  75  =  l<  (12^50  /.  =  /*. 
the  Jnjwer  tequired.     And  to  on  fpr  any  of  the  reft,  as  Occaiiott  i 
requires.     But  if  the  Rent  is  to  be  paid,  either  l^  ^arterly,  or  J 
Half-yearly  Payments  $  ' 

Then  R-=z  J  1,06        for  Half-yearly  |  »  *     ^  4:  ^     rr^^ 

And-    i?=V?>,,66for4irir//F 

C  ii=       1,08       fox  Tearh  ) 

Ot  j  R:=:  ^  1,08       for  HalAyearfy  >  Payments  at  t  per  Cent 
C  ii  =  y  :  ^  1,08  for  Quarterly  J 

The  like  is  to  be  underflopd  for  any  other  propofed  J2ii£tf  of  b^ 
terefty  either  greater  or  /^  il^an  b  per  Cent. 

The  Application  of  thefe  Theoren^  to  Prai£|ice  is  fo  very  eaijr, 
that  it's  Dcedleis  to  infert  sppre  Examples. 

•  AN 
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Chap.  I.  i8^ 

'      A   N 

INTRODUCTION 

f  O    T  H  E 

'-  PART     III. 

C  H  A  p.    1. 

Sea.  t.    of  Unes  and  Angles. 

A  Point  hath  m  P<irto :  That  Is,  a  Mwhemat'ieal  Point  i< 
not  any  ^uantityy  but  onlj  an  affignabU  Piatt  in  anv 
^MMthy^  denoted  by  a  Point  :\    ^  « 

AsatTandS.  .      .       M'  *' 

S«fA  fl  PAff*  iff4?7  bi  concHveifo  infinitely  fmallj  as  to  hi  void  of 
Lengthy  Breadth^  and  Thicknefi ;  and  tbirefon  a  Point  may  be  (avI 
to  have  no  Air//. 

2.  A  LiitB  is  called  a  ^tantity  of  one  Dimenfiofij  becaufe  it 
may  have  any  fuppofed  Lengthy  but 'no  Breadth  nor  Thickn^p^ 
being  made  or  reprefented  to  the  Eye^    by  the  Motion  of  a 

TTiat  is,  if  the  Point  at  -^,  be  moved  (upon  the  fame  Plane)  to  the 
Pmi/  at  £,  it  will  defcribe  a  Line  clihcz  Jlreigbt  or  eroded 
according  to  its  Motioh. 

Therefore  the  Ends  or  Limits  of  a  Line  are  Points. 

3.  A  Right  Line^  is  that  Line  which  lieth  even  or  Jfrel^h 
betwixt  thofe  Points  that  limit  its  Lengthy  being  the  Jh^rtejl  Lin: 

that  can  be  drawn  between  any  Two  \  m « 

Points.     Anthet  Line  yfB.  J  ^'  '^• 

Therefore^  between  any  two  Points^  th^Ti  <an  li4  or  be  drawn  but 
m  right  Line. 

O  0  Z  4-  A 
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4.  A  Circular,  crooked^  or  Oblique  Liney  is  that  which 
lies  bending  between  thofe  Points 
which  limit  iu  Lengthy  as  the  Lines 
CDor  F'G^  iic. 

Of  thefe  Kinds  of  Lines  there  are 
various  Sorts  5  tut  thofe  of  the  Cir^Uy 
Paralolay    ElUpfhy    and  Hyper B;la 
are  of  tnojl  general  life  in  Geometry  \  of  vAich  a  particular  Account 
Jhall  be  given  further  on*        '     ' 


5.  Parallel  Lines,  ortho'c 
that  li^  equally  diftant  from. one  ano- 
ther in  all  their  Parts\  viz.  fuch  Lines 
as  being  irfiniteiy  extended  (up en  the 
fame  Plane)  wi*l  never  meet :  As  the 
Lines  J B  and  a  b  :  or  CD  and  c  d. 


a 


V 
D 


6  T.TKF.s  not  Parallel,  but  inclikinc  ('t^/z.  leaning)  ont 
towards  another,  whether  they  are 
J%.tg/Jt  Lines^  01  Circular  LineSj  will 
(if  they  are  extended)  meet^  and  wake 
an  Angle  ;  the  Point  where  they  meet 
is  called  the  Anguhr  Fcint^  as  at  j1. 
And  according  as  fuch  Lines  (land 
nearer  ox  further  off  each  other,  the 
Jvgle  is  fa  id  to  be  Icf  or  greater y 
v'hethcr  the  Lines  that  include  the 
Angle  be  long  ox  /hort.  That  is,  the 
Lines  Adi  and  Af  include  the  fame  Angle  as  A  B^  and  AC  dolhj 
•jiotwiihflanding  that  AB  is  /^;;^^r  than  A  B^  &c. 

7.  All  Ancles  /«.7//<//^  between  Ri^lt  Lines  are  called  Right- 
Vifi'd  Angles ;  and  thofe  included  between  Circular  Lines  are  called 
Spherical  Angles,  But  all  Angles^  whether  Right^Hnd  or  Spherical^ 
fall  under  one  of  thefe  Three  Denominations. 


Viz.  j   An 
C   An 


Efffljt  9n0le. 
£)btult  angle, 
acute  ancle. 


8.  ARiGHTANCLEis  that  which  is  intluded  betwixt  7tw 
il/V/,  that  mttt  xrne  another  PtrptnJicularh, 

That 
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That  is,  when  a  Right  Line^  as 
D  C»  meets  with  another  Right 
Line  J  as  AB^  fo  dmOly  as  that 
it  neither  inclines  nor  declines  to 
one  ^/V/  more  than  the  other,  but 
makes  the  Jngles  on  both  Sides  of 

it  equalj  as  at x*,  ;r ;  then  are  thofe       ^ "^J"^  jj 

>fir//^x  called  i{/^^/  jfntf/r/ ;   and  C 

the  Z/n^f  fo  nueting  are  faid  to  be 
Perpendicular  to  each  other. 

That  is,  AC^  and  C5,   are  Perpendicular  to  2>  C,  as  well  as 
DC  is  to  W/&«r  or  both  of  them. 


9.  An  Obtuse  Angle  Is  that  which  is  greater  ih%ti  a  Right 
Angle,      Such   is   the  Angle  inclu- 
ded between    the   Lines  AC  zni  ^  B 
CB. 

10.  An  Acute  Angle  is  that  j 

which  is  lefs  than  a  Right  Angle:  '  ^ 

As  the  Angle  included  between  the  Lines  CB  and  CD. 

Thefe  7w^  Angles  are  generally  called  Oblique  Angles. 

Sell.  2.    Of  a  Cittle^  &c. 

Befire  a  Circle  and  its  Parts  are  defined^  it  will  he  convenient  t§ 
live  a  brief  Account  of  Superficies  in  general. 


I.  A  Superficies  or  Surface  is  the  Upper,  or  very  Outftde 
of  any  v^i/^  Thing.  Buihy  Superficies  in  Geometry,  ismcant 
only  fo  much  of  the  Out-Jide  of  any  TJiing  as  is  incUfed\i\i\\m 
a  Lim  or  Lines^  according  to  the  Form  or  Figure  of  the  Thing 
defigned\  and  it  is  produced  or  formed  by  the  Motion  of  a  Lint, 
as  a  Line  is  defcribed  by  the  Motion  of  a  Point ;  thus : 

Suppofethe  Line  A  B  were  equally ' 
moved  (upon  the  fame  Plane)  to  C 
D  \  then  will  the  Points  at  i^and 
B  defcribe  the  Two  Lines  A  C  and 
BD\  and  by  fo  doing  they  will 
form  (and  incUfo)  the  SuperFj- 

ciEs  or  Figure  ABCD^  being  a  ^antUy  of  Two  Dimenftons^  vix. 
it  hath  Length  and  Breadth^  but  not  Thicknefs,  Confefuently  the 
Bounds  or  Limits  of  a  Superficies  are  Lines^ 

2  .  Note, 


»86  €Jemeirt«of.^ewneo^»        Partiii. 
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Note,  The  Superficies  of  any  Figure^  is  ufmlly  called  its  Ar£A* 

2*  A  CiACLE  is  a  plane  Regtdar  Figure^  whofe  4m  "  f^^f^ 
or  limited  by  one  continued  Line^  caJkd  |bcC«cua\i*ERENCfi 
or  Periphery  of  the  CircUy  nrhicb  may  be  thus  fUfcrii$d  erf 
drawn. 

Suppofe  ^. Right  Line,  as  C5,  to  have  one  pf  its  ExtremH 
Points^  as  C«  fo  fix'd  Upon  any  Plane,  as 
that « the  other  Point  at  iff  may  move  abottt 
it ;  then  if  the  Point  at  B  be  mov^d  raund  a* 
boUt  (updn  the  fame  PlaHe)  it  will  dcfcribe  a 
Line  equally  diflant  in  a)I  its  Paris  from  the 
Point  Cy  which  will  be  the  Circumference  or 
Periphery  of  that  Cir^ ;  the  Point  C,  will 
be  its  Center^  and  the  contained  Space 
w'Al  be  its  Jrea,  dnd  thi  Right  Line  CB^  by  wbieb  the  Circle  is 
thus  defcribed,  is  called  Radius. 

Conre£^art'. 

From  hence  Uis  e^detft,  that  an  infinite  ^umhir  of  Right  Lines 
may  be  drawn  from  the  Center  of  any  Circle  to  meet  its  Periphery, 
which  will  be  aU  equal  to  one  cHnher^  hecttufe  tlm  arc  all  Radius's, 

And  with  a  little  Conftderation  it  will  be  eafy  to  conceive,  that  n$ 
jmore  than  fwo  equal  Right  Lines  can  be  drawn  from  any  Point  within 
a  Circle  to  its  Periphery,  but  from  the  Center  only.     (9.  e,  j.) 

3.  EquA^  Circles  are  thofe  ^^h\c}^hzvc  equal  Radiuses;  tot 
it  is  plain  by  the  laft  Definitiony  that  one  and  the  {zmA  Radius  (as 
C  B)  mull  needs  defcribe  equdl  Circles^  hoyi  many-foever  tbcf 
are. 


4.  The  Diameter  of  a  Circle^  is  iwia^ 
its  Radius  jyinod  into  one  Right  Line  i 
z$  JB  drawn  through  the   Center  C'« 
and  ending  a(  the  Periphery  on  6ach  Side* 

That  is,     the  Diameter  divides  the 
Circle  into  Two  equal  PartSi 


5.  A  Semicirde  (viz.  UalfdCirck)  hoi  Figure  indu^Jhctv^teA 
the  Diameter  f  and  Half  the  Periphery  ci*t  ojfhj  thfc  Diameter -,  as 
ADB. 

6.  A 
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6.  A  Quadrant  is  Half  a  Semicircle^  via.  odc  ^arUr  of  ai 
Circle ;  and  'tis  made  by  the  Radiu$ 
(as  D  C)  Jianiing  Perpendiciihr  Mpon 
the  Diameter  at  the  Center  C,  cutting  the 
Periphery  of  the  Semicircle  in  the  Af/W- 
&,  as  at  Z).  Therefore  a  ^adrant^ 
«r  ^0^  /;^^  Semicircle^  is  the  Meafure 
$f  a  JtUgbt  Angle. 

7.  A  Chord  |l.mE«  or  the  Suitenfe 
pf  an  j/rcb^  is  any  iJ'! A/  J^inf  that  cuts 

the  C/W/e  into  Twa  unequal Parts^  as  the  l^ine  SG\    and  i|  ali- 
ways  lefs  than  th«  Diameter. 

8.  A  Segment  of  a  C?n7ir»  is  a  /^]^»r^  included  betwixt  th^ 
/Ti&tfr//  and  that  ^trch  of  the  Periphery  which  is  f«/  ^^  by  the 
Chord:  And  it  niay  either  be  greater  or  /^  than  a  Semicircle  j  as 
the  Figtire  SDGy  or  5  ilf  G. 

9.  A  Sector  is  a  /V^«r^  included  between  Two  RaJius^i  of 
ihe  Circle^  and  that  ifrrA  of  its  Periphery 
which  they  cut  off,  as  the  Figure  ABC : 
And  the  Arch  AB  is  the  Meafure  of 
the  ^iifi>  at  C,  included  betwixt  the 
.J&zirWx  ACy  MdBC. 

Note,  ^J7  i/flTf/fx  of  Seniors  are  called 
Angles  at  fbe  Center  of  a  Circle. 

10.  An  Ancle  in  the  Segment  of  a  Circle  is  that  which  is  /». 
cbided  between  Two  Chords  that  fow  from  one  and  the  fame  Point 
in  the  Periphery^  as  at  Z>,  and  x»^^  with  the  Ends  of  another 
CitfT^/  Linoy  as  at  i^  and  G. 

That  is,  the  .^»f/^5  at  />,  at  /,  and  at  (7,  are  caHed  ^« 
gles  at  the .  Periphery  ^    or  j^^/f  j  Jlanding  on  the  Segment  of  4 

ffr^.  3*    Cy*  Triangles. 

nerearetwoSSnJtof.Tricuglesy  viz.  Phme  and  Spherical ;  hti 
IflksU  not  give  any  Defaution  cf  the  Spherical^  hecaufe  they  m9ro  im^ 
'  mediately  relate  to  Agronomy. 

T.  APlam  Triahglb  is  a  Figure  whofe  Area  is  eontmnei 
within  the  Linuts  of  Three  Right  Lines  called  Sides^  including 
Tl^ii  Angles:  And  it  may  be  divided^  and  takes  its  Name  either 
^ocordinft  to  its  Sides  or  i/n^/rj. 

I.  Bf 


J 
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X.  By  its  Sides. 

2.    An    E<^ILATERAL    TrIANGLE, 

is  that  which  hath  all  its  Thru  Sides  equal ; 

as  the  Figure  AB  C 

That  is,  JB=^BC  =  JC. 


3.  An  Isosceles  Triangle,  is  that  which 
hath  only  Two  of  its  Sides  equals  as  the  Fjgure 
P  DG:  Thztis^  BD  =  DGi  but  the  7*/rrf 
Side  B  G  may  be  either  greater  or  lefs^  as  Oc« 
cafion  requires. 


4.  A  Scalene  Triangle, 
is  diat  which  hath  all  its  Tbree 
Sides  unequal  I 
fuch  2s  the  Figure  H KM.  . 

By  its  Angles. 

5.  A  Right-Anoled  Triangky  is 
that  which  hath  one  Right  Angle  $ 
that  is,  when  Two  of  its  Sides  are 
Perpendicular  to  each  other,  ^  CA 
J}  fuppofed  to  be  to  B  if.  Therefore 
the  Angle  at  A,  is  a  Right  Angle^  per  » 
Defin.  8.  Sea.  1.  " 

rlote,  The  longejl  Side  of  every  Right-angled  Triangle  (as  B  C) 
is  called  the  Hypotbenufcy  and  the  long^  of  the  other  Two  Sides  which 
include  the  Right  Angle  (as  B  A)  is  called  the  Bafe  :  The  Third 
Side  (as  CA)  is  called  the  Cathetus  or  Perpendicular. 

6.  An  Obtuse-Angled  7r<^^i!f,  is  that  which  hathmifof 
its  Angles  Ohtufcy  and  it  is  called  an  Amblygonium  TriangU.  Such 
is  the  Third  Triangle  HKM. 

7.  An  Acute-Angled  Triangle,  is  that  which  hath  all 
its  Angles  Acute^  and  it  is  called  an  Oxygwium  Triangle  ;  fnch  are 
the  Firji  and  Second  Triangles  ABCj  ztiABDG. 

Note,  All  Triangles  that  have  not  a  Right  Anghy  wbiAer  they 
are  AcutCy  or  Obtufe^  arcy  in  general  Terms^  called  Oblique  Trian^ 
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gUs^  without  any  other  Dj/lin^ion^  as  he/ore.  And  the  Iwgeft  Side  rf 
every  Oblique  Triangle  is  ufualfy  caUedthe  Bafej  the  atber  two  are- 
anfy  called  Sided  or  l^p. 

8.  The  aitltllDe  or  Hjefffflt  of  anjr 
Plane  Triangle^  is  the  Length  of  a  Right 
Line  let  fall  perpendicular  from  any  of  its 
jfnglesj  upon  the  Side  oppofite  t6  that 
Jtngle  from  whence  it  falls  i  and  may  be 
cither  within,  or  without  the  Triangle^ 
39  Occafion  requires^  being  denoted  by  the 
Two  dotted  Lines^  in  the  annexed  Trian* 
gUs. 


Sca.4.  Of  jFoa>(iW5  irtffiirraf. 


I.  A  Square  is  a  plane  regular  Figure^ 
whole  Jrea  is  limited  by  Four  equal  Sides 
all  Perpendicular  one  to  another. 

That  is,  when  AB-  BC=CD=  DAy 
and  the  Angles  Ay  5,  C,  2>  are  all  equaly 
thru  iCs  ufuajly  called  a  Geomitrical  Square. 


S 


2-  A  Sl^Ombtlfi(,  or  Diamond'lUe 
Figure^  is  that  which  hath  Four  equal 
&^j,  but  no  Right^angle*  That  is, 
a  Rhombus  is  z  Square  mov'd  oxit  of  its 
rff^  Pojition^  as  the  annexed  Figure. 

3.  A  Heitaafflf ,  or  a  Right-angled  Parallelogram  (often  calfed 

an  Oblongs  or  long  Square)  is  a  //-      Jf^ C* 

/•r^  that  halh  four  Right-angles 
and  its  two  oppofite  Sides  equal,  t;/z. 
BC—HDy  zndBH-CD.  ^ 

4.  A  lEliomIlOnie0^  is  an  Oblique-angled  Parallehgram ;  that 
is,  it  is  a  Parallelogram  m^ved  out     V  V 

of  its  right  Pojitfcny  Kke  the  annex-      \  >         \ 

id  Figure. 

5.  The  Sllttttttie  or  Height  of  any  Oblique-an^M  P/imllfUgram^ 
viz.  either  of  the  Rhombus  or  Rhomboid 
desy  is  a  lijght-Une  let  fall  perpendicular 
from  any  ^n^/r  upon  the  5i^/  oppofite  to 
that  ^ir^// ;  and  may  either  be  within 
or  without  the  Figure :  As  the  dotted 
Li/tts  in  the  annexed  Figure* 

P  p  6.  Every 
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b.fLvtiy Fotir-fiiUd Figure^  di&- 
rent  from  thofe  t»fore-inentk>a^9  is 
called  a  ^tapejlttim 

That  18,  when  it  has  neitbet  pp^ 
foftte^iesy  i^r  oppofite  Angles  efu^ '% 
zst\ic  Figure  :X^ CD. 

7.  A  Right  Iwey  drawn  frdm  any  Jngle  in  a  Four-ftded  Figttre 
to  ixsoppojite  jMgie^  is  called  a  jDfajfOnal  i«^^j  and  will  //mi? 
the  Jrea  of  tlie  F/^g'wr^  into  tiuo  TriangUSy  being  denoted  by  the 
^<?/W  Im^  ^^  in  the  laft  Figure. 

i.  All  Rtgf)i'lin'd  Figures,  that  have  more  ihzn  four  Sides,  are 
caird  Polygons^  whether  ihcy  be  regular  or  irregular. 

9.  A  lleSHtor  iDolpffdn  is  that  which  hath  all  its  Sides  e^l, 
ftanding  at  equal  Angles,  and  Js  named  according  to  the  Number  oi 
its  Sides  {oi.JjagIes.)     That  h,  if  it  hzytfive  equal  Sides,  it  b  c^l- 

c^  a  pentagon  \  if /•*'  ^f«^/  SW^,  it  is  cailM  it  ^ej;aQ:en  j  if 

/even; 'tis  a  ^cptaffOI}  j  if  «]?*/,  'tis  an  ilDftdpOn,  &c. 

•  » 

Ndte,  y///'Reg!|lar  Polygons  may  be  infenbed in  a  Circle  i  fhatis^ 
ihefr  Angtrfsif^Points^  how  mafij  foever  they  have,  will  all  juji  touch 
tbejCircU^s  Periphery. 

10.  An  'IrreffUfar  ^Obgen  is  that  Figure  which  hath  many 
unequal  Sides  fiandine  at  unequdl  Angles  (like 
unto  the  annexed  Figure,  or-othierwife) ; 
smd  of  fuch  Kind  of  Polygohs  these  are  infi-- 
nite  Varieties^  but  they  may  all  ht  reduced 
to  reguTar  Figures  by  drawing  Diagonal'^ 
Lines  in  them ;  as  {hall  |>e  fhew'd  farther 
00*  •  -      ♦  —  »       .  . 

Thefe*are  the  mod  general  and  2{/{/i//  D^nitims  that  concern 
jp/jn^  ox  fuperfieittl  Geometry. 

As  for  thofe  which  relate  to  Solids^,  I  thoiight  it  convenient  to 
omit  givTng'any  Account  of  them  in  this  Place,  becaufc  they  would 
rathpr /.uzz/^  and  confufe  tfao  ^^r«^,  tbani/»^rw^;bim»  until  Jie 
has  gain'^-a-  competent  Knowledge  19  the  mod  ufeful  Tbcoremi  con-, 
cernin^  ^itperficies ;  fi>t  the^  thofe  Definitions  m^y  be  mor^  cafil/ 
undepooj,  and  ylll  help  him  to  form  ^clearer  Idea  of  their  r/« 
fpe^ve  Silids,  ^n  \i  p^JJihU  %p  cpnicpivc  of  ^bem  before ;  and 
thtrefcferlinrj^rricrvM  jtbQfe  Ddfir^pons  until  we  come  to  the 
Fifth  Part, 

Scdi 
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Sc6t  5,     Of  fucb  ClrttljS  <«^  afegeruralhf  ufed  in  Geomffry. 

Whatroev^  is  propoTed  in  Gesmctry  will  eichei  be  a  |^2^bldh 

Both  which  Euclid  includes  in  the  general  Term  df  Propojitionm 
A  l^jabUin  i»  that  vAAshfr^pefei  fomething  to  be  done\  and  re- 
lates iDore  immed  iately  to  pra^icafii^nJPeculative  Geometry ;  That 
is,  it's  generally  of  fuch  a  Nature^  as  to  be  perfor m'd  by  fom( 
known  or  Commonly-received  Ru\^  without  any  Regard  had  to 
their  Inventions  or  Dimonjlrations. 

A  ^^eO|Cin  is  when  any  Comm9nly-receiv'd  Rule^  or  any  New 
Prapofition  is  required  to  be  dem$nftrated^  that  fo  it  may  from.tbence- 
forward  become  a  certain  Rule,  to  be  rely'i  upon  in  Pradice  when 
OccaAon  requires  it.  And  therefore  feveral  Rules  are  often  call'd 
Theorems^  by  which  Operations  in  Jritbmeiiciy  and  Conclufiom  in 
Geometry^  ztt  pefform*d. 

Note^  By  3)1  tnanffcatfOtl  is  under/lood  tie  highefl  Decree  of 
Proof  thitt  human  Reafon  is  capable  of  attaining  to^  by  a  Train  of 
Arguments  deduced  or  drawn  from  fuch  plain  Axioms  ^  and  other  Self 
evident  Truths^  as  cannot  be  dmieihy  any  one  that  confides  them. 

A  COJoUarp)  or  Conff  tf arp»  is  feme  Confequent  Truth  dtsiwii 
or  gatn'd  from  any  Dtmonfration. 

A  ItiniUa  is  the  Demonjlration  of  fomt  Premifes  laid  down  or 
propoied  as  preparative  to  obviate  and  fliorten  the  rroof  of  the  The^ 
erem  under  Confideration.      " 

A  ^dtolfutn  is  a  brief  Commentary  or  Ohfervation  made  upon 
fome  precedent  Difcourfe. 

N.  B.  /  advife  the  young  Geometer  to  be  very  perfeB  in  the  De- 
finitions, v/z.  riottoreji  fattsfied  with  a  bare  Remembrance  of  them  % 
but^  that  he  endeavour  to  gain  a  clear  Idea  or  Underftanding  of  the 
Things  defined  \  and  for  that  Reafon  I  have  been  fuller  in  every  Defi* 
nJtioa  than  is  ufuaL 

Andy  that  he  may  know  from  whence  7noftofthefoU(nvingVxo\Aem% 
^^  Theorems  contain* d  in  the  two  next  Chapters  are  coUe^edy  I  have 
^11  along  cited  the  Propofition,.  afid  Book  of  £uclid*i  Element* 
Vihert  they  may  be  found. 

As  for  In/iance ;    at  Problem  I.  there  is  {%»  e.  i.)  which Jbews 
that  it  is  the  Third  Propofitiort  in  £uclid*x  Firft  Book.     The  Mig 
,  mujl  hi  underjlcod  in  the  Theorem^. 
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C  H  A  p.    IL 

The  Firft  Etttttlten^^   of  Leadtf^  and  Preparatory 
P^OWmtSt,  in  Plane  ^eOttiettp* 

JN  order  to  perform  the  following  Problems,  the  young  Geometer 
^  ought  to  be  provided  with  a  thhtjireight  Ruler,  made  either  of 
Brafs  or  Box^^wood,  and  two  Pair  of  very  good  CompitStSj  viz.  one 
Pair  called  Thrce-pointcd  Corapades,  being  very  ufcful  for  draw^ 
ing  of  Figures  or  Schemes,  either  with  Black  Lead  or  Ink\  and  one 
Pair  of  common  Compafies  with  very  fne  Points ^  to  meafure  and fet  of 
Difiarues  \  alfo  he  foould  have  a  very  good  Steel  Drawing  Pen :  And 
then  he  may  proceed  to  the  Work  with  this  Caution ;  that  he  ought  to 
maif  himfelf  Mafter  of  one  Problem  before  he  undertakes  the  next: 
That  isy  he  ought  to  underfland  the  Deftgn,  and^  asfaras  he  can^  the 
Reafon  of  every  Problem,  as  well  as  how  to  do  it ;  and  then  a  littk 
PraSfice  will  render  them  very  eajy^  they  being  allgrouTided  upon  thefe 
following  Poilulates.  » 

polfttlatesi  or  pertttonsf. 

1.  That  a  Right-line  may  be  drawn  from  any  one  given  Point 
to  another. 

2.  That  a  Right- line  m^Ly  he  produced^  encreafed^  or  xxixAe  longer 
from  either  of  its  Ends. 

3.  That  upon  any  given  Point  (or  Center)  and  with  any  girca 
Dijlance  (viz.  with  any  3&dtltUSl)  a  Circle  may  be  defciibcd. 

PROBLEM    I. 

Two  Right  lines  being  givetty   to  'find  their  Sum  and 
Difference.  (2.  e.  ij. 


Let  the  given  Lines  be    <  "^J 


'B 


,   Make  the  JborteftLim^  as  C  By 

Radius^  and  with  it  defcribe  a  Cir^  sS  \ 

de:  From  its  Center  C  fet  oiF  the  ^4\ — yO  ^ j^ 

\tAhcT  JLine  J  Cy  SLtid  Join  J  C B  i     ^\  j 

with  A  Right  line.     Then  will  J  ''  .^  y' 

Sz=:jiC  +  CBi  and  AD^A  " 

C~Ci(;  as  was  r^uiredt     .    .  PRO- 
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PROBLEM    IL 

To  h^eff^  or  divide  a  Right-line  given  (as  AB)  into  two 
equal  Parts.  {10.  e.  I.)    ' 

From  each  End  of  the  given  Line  (viz.  A  and  'B)  with  Wf 
Radius  greater  than  half  its  Lengthy 
difcribg  two  Arches  that  may  crofs 
each  other  in  two  Points^  as  at  i>  and 
Fi  tYi^n  join  thok  Points  D^  Fvfiih 
a  Right-line^  and  it  will  hife^  the  ^ 
Line  A  B  in  C\  viz.  it  will  make 
AC::zCB%  as  was  required. 


A 


PROBLEM    lit. 


To  hifeSt  or  divide  into  two  equal  Angles  a  Right-lined  Af^le  giveH* 

(9.  e.  I.) 

Upon  the  Angular  Pointy  as  at  C,  with  any  convenient  Radius^ 
defcribe  zn  Arch  ABi  and  from 
ihofe  Points  A  and  S,  defcribe  with 
the  fame  Radius  two  Arches  crojfmg 
eacD  other,  as  atjD;  then  join  the 
Points  C  and  D  with  a  Right-line^ 
and  it  will  bife^  the  Arch  AB^  and 
conrequently  the  Angle ;  as  was  re* 
quir'd. 

P  R  O  B  L  E  M    IV. 

At  a  Point  A^   in  a  Right-line  given  A  B,  to  make  a  Right-lirCA 
Angle  equal  to  a  Right-lirCd  Angle  given  C.  (23.  /.  i.) 

Upon  the  given  Angular  Point  C  de- 
fcribe an  Arch^  as  FDj  (making  C  D 
any  Radius  at  Pleafure)  and  with  the 
fame  Radius  defcribe  the  like  Arch  up- 
on the  given  Point  Ay  as  fd\  that  is, 
make  the  Arch  f  d  eqtra!  to  the  Arch 
FD ;  Then  join  the  Points  A  and  / 
with  a  Right-Line^  and  it  will  form  the 
A^!e  requii'd. 
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PROBLEM    V. 

TiJrato  a  Right-line^  as  FDy  parallel  to  a  given  Right-Rne  A  By 
'  that  Jhdl  pafs  thro*  any  aJfigiCd  Point,  as  at  Xy  viz.  at  any  Di* 
'     Jianu  ri^nir  d.    (ji.  t*  i.) 

Take  any  convenient  Pcint  m  the  given  Line,  as  at  C,  (the 

farther  off  x  the  better  j)  make       ^         /I/..- -,x  ^ 

C  X  Raiiuty  and  with  it  upon       ^  /  ^*=r         *^ 

the  Point  C,  defcribe  a  Semi-  \        ' 

circle,  z%HMxlT\  then  make      A -k -•: jr^ — B 

the  Jrcb'HM  equzl  to  the  tk  C  rs, 

Arch  X  N\  thro'  the  Points  M  aifd  jk*  df aw  the  Right-Um  PD, 
*  and  it  will  he  parallel  to  the  Line  AC,  9S  was  required. 

P  R  O  B  L  E  M    VI. 

Td  letfdl  a  Perpendicular,  as  Cx,   upon  a' given  Right-Une  AB, 
from  any  ajfigfCi  Point  outjf  that  Line,  as  from  C.  (r2.  e.  i.) 

Upon  the  given  Point  C  defcribe  Aich  an  Arch  of  a  Circle  as 
-will  crofs  the  given  Line  ^  A  in  tW9  ^ 

Points,  as  d  ztidf;  Then  bi/^^  df 
the  Dt/lance  between  thofc  two  Points 
(per  Probl.  2.)  as  at  x»  Drav)  the 
Right' line  C  x,    and  it  will  be  the         \j  [  f/^ 

Perpendicular  requir'd,  W      •,,..^^  i  '    "3*    * 


i 


p  R  o  B  L  E  M  yn. 

Ti  <?rf^  tfr  rj//i  a  Perpendicular  upon  the  End  of  any  given 
Right-Line,  as  at  B ',  or  upon  any  other  Point  offigrid  in  it. 
(I I-  ^.  I.) 

Upon  any  Point  C  taken  out  of  the  given  Line,  as  a  Center, 
iifcrlhe '  fuch   a  Circle  as   will  pafs  o»^*^****^ 

through    the    Point   frpm    whence  ^i<*''       ' 

the  Ptrfindicular  muft  be  r^zz/^d^  as  -^  ^•' 

at    5;    (viz.    w/7^  CJ5    Radius):  [  C..--'* 

And  from  the  P^iV/  where  the  Circle  \     ^^o**'*  *'••%,  • 

rr^  the  given  Line,  as  at  A,  draw  '•  »***  ": 

the  C/;^*j  Diameter  ACD;  then    ^         ^4\^  ^J* 

from  the  Point^  D  draw  \h€  Right-  '•"....•  •• 

im  DB,-9Mi  it  will  be  the  Perpendicular  required, 

PRO- 
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PROBLEM    VIII. 

T§  druidi  any  given  Right-line^  as  A  By  into  any  propojigd  Ntmbir 
of  equal  Parts.     (10.  e.  6.) 

At  the  extream  Points  (or  Ends)  /I  and  B  of  the  given  Line, 
make  two  .  equal  Jngles  (,by 
Preb*  4.)  continuing  their  Sides 
JD  znd  d&<?.to  any  fufEcient 
Length ;  then  upon  thofe  Sides, 
bcgiening  at  th^  Points  J  and 
5,  fctoff  the  p^opofed  Niim* 
ier  of  equal  Parts  (Juppofe  '*em 
5.)  If  Right'Hnes -it  drawn 
(cr»/s  the  given  Line)  from  one 
Point  to  the  other,  as  ia.th« 

annexed  Figure,  thofe  Lines  wilt  divide  the  given  Um  if  £  In* 
to  the  Nvmier  of  equal  Parts  required. 

PROS  LE  M    IX. 

TV  defcribe  a  Circle  that  ft>aU  pafs   (or  cut)  thro^  any  Tljree 
Points  given^    not  lying  in  a  Right-Uney  as  at  the  Points 

•>  jt^B.D. 

7fl/»  the  Points  jS  B  and  BD  with  Right-lines  \  then  bifcfl 

both  thofe  Lines  (per  Problem  2.)  the  y4..,v. .^ 

Point  where  the  biie£ting  Lines  meet, 
aa  at  C,  will  be  the  Center  of  the  Circle 
required. 

The  Wofk  of  this  Problem  being  well 
Bfideiftood,  'twill  be  eafy  to  perform  the 
two  foliowingy  without  any  Scheme ^  viz. 


'f^'://. 


-V*'   .'*r    O  ^ 


|j*'»»t.„ 


..*••' 


•  I.  To  find  the  Center  If  any  Circle  given,     (r.  e.  3.) 
By. the  kft  .Problem  'tis  plain,  that  if /i&r// Pointabe  any  wliei^ 
taken  in  the  given  Circlets  Periphery^  as  at  if,  j8,  D,  the  Center 
of  that  Circle  may.  be  found  as  before, 

2.  A  Segment  of  any-Circle  being given^  to  compleat  or  defiribe 
the  whole  Circle^ 

This  may  be  done  by  taking  zny jhree^  Points  in  the  given  Seg^ 
mtnf>  Aicb^  and  then  p{oce6d  as  before/  ;. 

PROt 
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PROBLEM    X. 

Upon  a  Right-line  ghetif  as  A  By   to  defcribe  an  Eqtdlaterid 
Triangle,    (i.  /.  j.) 

Make  the  given  Line  Radtusj  and 
with  it,  upon  each  of  its  extream  Potnts 
or  Endh^  as  at  A  and  i?,  defcribe  the 
Jrehes  AC  and  BC;  join  their  In- 
terftcJion  C  with  the  Points  A  and  5, 
then  will  ACS  be  ihc  Triangle  re- 
quired. 


PROBLEM    XI, 

To  form  a  Triangle  of  three  given  Right-lines^  (provided  any  tvo$ 
of  themy  taken  together y  he  longer  than  the  Third.)  (22.  t.  I.) 


Let  the  given  Lines  be 

Make  cither  of  the  Jhorter 
tines  (as  AC)  Radius^  and  up- 
on either  End  of  the  hngefi 
Line  (as  at  A)  defcribe  an 
Arch;  then  make  the  other  Line  CB  Radius^  and  upon  the 
other  End  of  the  longeji  Side  (as  at  B)  defcribe  another  Arch«  to 
crofs  the  Firft  Arch  (as  at  C):  Join  the  Points  PAznd  CB  with. 
Right'linesy  and  they  will  form  the  Triangle  required. 

PROBLEM'  XIL 

tifona  given  Right -line  y  as  A  By  to  defcribe  a  Square,  (46.  /.  I,) 

Upon  one  End  of  the  given  Liney  as  at  By  cred  the  Perpen-r 
dicular  B  Z>,  equal  in  Length  with  the 
given  Liney  viz.  make  BD=iAB\ 
that  being  done,  make  the  given  Line 
Radiusy  with  which  upon  the  Points  A 
and  D  defcribe  Arches  to  crofs  each 
other,  as  at  C;  then  join  the  Points  C,  A 
and  alfo  C,  D  with  Right-linesy  and  they 
will  form  the  Square  required* 
3 
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PROBLEM    XIII. 

Tw9  unequal  Right  Ums  being  ghen^  t$  form  or  make  $f  them  « 
Right-angled  ParallelograBi. 


A' 


Let  the  given  Lines  be 

Upon  the  End  of  the  Unge^ 
Une^  as  at  B,  ered  a  Perpendi^ 
€ular  of  the  fame  Length  with 
Htntjhortejl  Line  B  C ;  then  front 

the  Point  C  draw  a  Line  paral-  " "  " 

lei,  and  of  the  fame  Length,  to  JB;  viz.  make  DC:^  jfB: 
Join  D  A  with  a  Right-line^  and  it  will  form  the  Obhng  or  Pa- 
rclUlogram  required. 

As  for  RJxfmbus^sznA  Rbemboides%  to  wit,  OUique-angled^wnl'- 
lelograms,  they  are  made,  or  defcribed,  after  the  fame  Manner 
with  the  two  laft  Figures ;  only  inftead  of  erediing  the  Perpendi* 
cnlars,  you  mufl:  fet  off  their  given  Angles,  and  then  proceed  to 
draw  their  Sides  parallel,  i^c.  as  before. 

PROBLEM    XIV. 

In  any  given  Circle^  t$  infer i hi  or  mate  a  Triangle^  toho/e  Angles  Jhall 
be  equal  to  the  Angles  of  a  given  Triangle  i  as  the  Triangle  FD  G» 
(2.  e.  4.) 

Note,  Af^  Right-lined  Figure  is  faid  to  be  infariVd  in  a  Circle^ 
when  all  the  Angular  Points  of  that  Figure  dojujl  touch  the  Circle's 
Peripbary, 

Draw  any  Right-line  (as  // J()  fo  as  juft  to  touch  the  Circle, 
^  at  ^;  then  make  the  Angle 
tAC  equal  to  any  one  Angle 
if  the  given  Triangle,  as  DFG; 
ind  the  Angle  HAB  equal  to 
mother  Angle  of  the  Triangle, 
)»DGFi  then  will  the  Angle 

I//C  be  equal  to  the  Angle 

D  G.     Join  the  Points  B  and 

with  a  Right-line,  and  'twill 
Dmpleat  che  Triangle  required. 


PRO- 
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eHemenw  of  (gjeometrp* 
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P  R  O  B  L  E  M    XV. 

Jn  atif  ffvm  Triangle^  as  ABJ>^   to  defcrih  a  Circle  that  fiyaST 
Hucb  all  iu  Sides.     (4.  i.  4.} 

Bifcft  any  two  Angles  of  the  Tri- 
angle^ aa  JL  and  B^  and  where  the 
bifefting  Lines  meet  (aa  at  C)  will 
be  the  Center  of  the  Circle  'requU 
re<^;  and  its  RaMus  will  be  the 
Perpendicular  let  fall  fix>m  C,  upon 
citlier  Side  of  the  Triangle- 

PROBLEM    XVL 

7i  iefcribi  a  Circle  about  any  given  Triangle.     (5,  e.  4.) 

This  Problem  !s  perform'd  in  aJI  rcfpc£ls  like  the  Ninth,  wi- 
by  hiftSiog  any  Two  Sides  of  the  given  Triangle;  the  Point, 
where  ihofc  biic<aing  Lines  meet,  will  be  the  Center  of  the  Circle 
required. 

PROBLEM    XVII. 

To  defcribe  a  Square  a^ofit  any. given  Circle.    (7.  e.  4.) 

Draw  two  Diameters  in  the  given 
Circle  (as  D^  and  EB)  croffing  at 
Right-angles  in  the  Center  C;  and, 
with  ,the  Circle's  Radius  C  A^  defcribe 
trom  the  extream  Poirits  of  thofe  Dia- 
meters^ vi%.  As  By  Z>,  Ey  crofs  Arches, 
as  at  F,  G^  H,  K;  then  join  thofe 
Points  where  the  Arches  crofs  with 
Ri^l^t  Lines ^  and  they  will  hrm  the. 
Square  required'. 

PROBLEM    XVIII. 

In,  any  given  Circle^    to  df/cribe  a  S^ugre.     (6.  e^  4.) 

Having  drawn  ihe  Diameters^  z%  D  A  and  E  jB>  bifcdting  each 
other  at  Right-angles  in  the  Center  C,  (as  in  the  laft  Scheme}; 
then  j<?in  the  Points  A^  5,  />,  and  E^  with  RigU  Unes^  via. 
AB,  BDy  DE,  EA^  and  they  will  be  Sides  of  the  Square^  as 

rc(|uirpd. 
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PROBLEM    XIX. 

Up9H  atty  given  Right-liney  as  A  By  to  iefcrtht  a  regular  I^mtagolly 
or  rivi'Jkbd  Polygon. 

Make  iht  given  Line  Raiiusy  and  upon  tach  End  of  it  de« 
fcribe  a  Circle  ;  and  ttiroQgb  thofe 
Points  where  the  Cirehs  crofs  earth 
other  (as  'at  G  x)  draw  the  Right- 
line  Gex:  Up6n  the  Poiht  G  with 
the  fame  Radius  defcribe  the  Arch 
H  J  e  B  Dy  and  laying  a  Ruler  up*      / 
oh  the  Points  J!>,  e^  mark  wtsm     \ 
it  crojfes  the  other  Circle^  as  at  ./*•      \ 
Again^  lay  the  Ruler  upon  Hie  Point! 

i/.  r,  and  mark  where  U  jr^x  the         ^ ^.g ^.^^.^ 

other  Circle,  as  at  C:  Then  from  *^  ^  *' 

Che  Points  /"  and  C  (with  the  fimu  Radius  as  hefore)  defcribe 
croft  Arches,  as  at  K:  Join  the  Points  AFy  FK^  KC^  miCB^ 
#ith  Right-lines,  and  they  will  fbrm  the  Penfigifn  required,  vw. 
JF^  FKzzKC=CB:=L  ABi  and  the  Angles  at  wtf,  J9,  C, 
K^  P  will  be  equal. 

PROBLEM    XX. 

In  any  given  Circle^  U  drfcriii  m  r^ar  Pcfltajpa. 
(ll.#.  4.&  10.  i.  3.) 

Or^  in  general  Termsy  U  defcribe  attf  ireguhir  PolygDO  m  4 

dreU. 

Draw  the  Circle's  Diameter  D  A^  and  divide  it  jntoas  many 
equal  Parts  as  the  propoTed  Pelygan  hath  ...  ^  ^ 

Sides  I  then  make  the  whole  Diameter  J'^X 

%  Radius^  and  defcribe  the  two  Archte  \    \ 

CA  and  CD.  If  a  Right- line  be  drawn 
from  the  Point  C,  through  the  Second 
of  thofe  equal  Parts  in  the  Diameter,  as 
at  2,  it  will  affign  a  Point  in  the  oppo* 
lite  Semicircle's  Periphery^  as  at  B.  Join 
D  B  with  a  Right-line,  and  it  wiU  be 
the  Side  of  the  rentagon  required^ 


Q.<ia 


Tbefe 


I 
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Thefe  Twenty  Problems  arc  Aifficient  to  cxercife  the  young 
practitioner,  and  bring  his  Hand  to  the  right  Management  of  a 
Ruler  and  Compaffis^  wherein  Lwould  advife  him  to  fie  very  ready 
and  exaiE). 

As  to  the  Reafon  why  fuch  Lines  muft  be  fo  drawn  as  direded 
at  each  Problem^  that,  I  preiume,  will  fully  and  clearly  appear 
from  .the  following  Theorems  \  and  therefore  I  have  (for  Brmiys 
Sake)  omitted  giving  any  Demanftratiens  of  them  in  this  Chapter, 
defiring  the  Learner  to  be  fatisHed  with  the  bare  Knowledge  of  do- 
ing them  only,  until  he  hath  fully  confidered  the  Contents  of  the 
next  Chapter  \  and  then  I  doubt  not  but  all  will  appear  very  plaia 
and  eafy. 


C  H  A  P.    III. 
A  Colkam  cf  fnoji  ufeftd  %^W^tX(V&  in  plane  Geometrj 

.-Not!r»  In  order  to  Jhorten  feveral  of  the  following  Demon/lrattons^ 

^ •^    1   * .  • .    . ;i/  mW pe  nefeJ^x/Jo  fremifey  that 

I.  np  H  E  Periphery  (or  Circumference)  of  every  Circle  (tDbe- 
*    ther  great  orfindl)  p  fuf  pop'^to  be  divided  into  360  equal 
Parts,  called  Deg^es  \  and  every  one  of  thofe  Degrees  arc  divided 
into  60  ^lAgf  Paris  J  called  Minutes^  he, 

2.  All  Angles  are  meafured  by  the  Arch  of  a  Circle  defcrib'd 
up<*  ^ie^Jfygjikhr  Point  (SooDepi.  '9,  Pag£2Sy.)  arid  are  epecm'd 
greater  or  /^,  according  to  the  Number  of  Degrees  contained  in 
that  jfrch. 

\      -'     :  ^\  :'.     ".  ,      . 

3.  A  ^uadrant^  or  ^arter-part  of  any  Circle,  is  always  90 
Degrees,  being  the  Meafure  q(  z  Ri^^angU  ( Defin^  6,  P*  287.) 
and  a  Semicircle  is  180  Degrees,  being  the  Meiifure,^i  tW 
Right  engUu 


4,.  Equal  Arches  of  a  Cirde^  cat  of  equal  Circles,  meafuri  ei 
^^ks.  .,.       ^.  • 

To  thofe ^v^  general  Axioms  already  laid  down  in  Page  146, 
(which  I  here  fuppofe  the  Reader  to  he  very  well  acquainted  with)  it 
will  be  cpnvenialt  to  underAand  thefe  foUowipg>  which  begio 
their  dumber 'vibcrc  the  other  ended. 
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6.  Every  whole  Thing  is  (Breater  than  its  ^art* 
That  is,  the  whole  Line  JB  i%l  I  c 

ireattr  than  its  Part  Ac^  &c.      J  A J 


The  fame  is  to  be  underftood  of  Su^ficies^^  and  Solids. 

7.  Every  Whole  is  (Cquttl  to  all  its  fJattlS  taken  together. 
That  is,  the  whole  Line  ^  5  is  efual  \  c       d        e 
tolts  Parts  AC +cd  +  Je'\'eS.     J  ^_  |  _  |  o^  j  -.5 

8,  Thofe  Things  which,  being  laid  one  tipon  another,  do  agree 
or  meet  in  all  their  Parts,  are  equal  one  to  the  other. 

But  the  ConverTe  of  this  Axiemy  to  wit,  that  equal  Things  be. 
ing  laid  one  upon  the  other  will  meet,  is  only  true  in  Lifus  and 
Angles^  but  not  in  Superficies'Sy  unlefs  they  be  alike,  vi%,  of  the 
fame  Figure  or  Form :  As  for  Inftance,  a  Circle  may  be  efual  in 
Area  to  a  Square ;  but  if  they  arc  hid  one  upon  the  other,  'tis  plain 
they  cannot  meet  in  all  their  Parts,  becaufe  they  are  unliJU  Figuret. 
Alfo,  a  Paralkhgram  and  a  Triangle  may  be  eoual  in  their  ^r/^'a 
<)ne  to  another,  and  both  of  them  may  be  equal  to  a  Square ;  but 
if  they  are  laid  one  upon  the  other,  they  will  not  meet  in  all  their 
P^tsy  kc. 

Note,  Befides  the  CharaAcrs  already  explained  in  Part  I,  and  in 
ether  Places  $f  this  Tra£t^  thefe  following  are  added. 

Viz.  Z.  denotes  an  Angle  in  general,  and  /.Z.  fignlfies  An« 
glcs )  ^  fignifiea  a  Triangle ;  a  Agnifies  a  Square,  and  c=3  de- 
notes a  Parallelogram.  And  when  an  Angle  is  denoted  by  any* 
three  Letters  (as,  ABC)  the  middle  Letter  (as  B)  always  denotes 
the  Angular  Point  j  and  the  other  two  Letters  (as  AB^  and  B  C) 
denote  the  Lines  or  Sides  of  the  Triangle  which  iqdudes  that 
Angle. 

Thefe  Things  being  premi/ed,  the  young  Geometer  may  proceed 
to  the  Demonftrations  of  the  following  Theorems ;  wJicrcin  he  may 
perceive  an  abfolutc  Neccffity  of  being  well  verfed  in  feveral 
Things  that  have  been  already  deliver*d  :  And  alfo  it  will  be  very 
advantageous  to  ftorc  up  feveral  ufeful  Corollaries  and  Lemma's^  as 
they  become  difcover*d  Truths :  For  it  often  happens*  that  a  Pro^ 
pofition  cannot  be  clearly  demonftrated  a  prion\  or  of  itfclf,  with- , 
out  a  great  deal  of  Trouble  ;  therefore  it  will  be  ufeful  to  have 
Jieeourfe  to  thofe  Truths  that  may  be  aflifling  in  the  Demonjirotion ' 
tbco  in  Hand, 
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THEOREM    I. 

If  a  Right-line Jpand  upon  (or  meet  with)  mmtbir  Right-limj  M 
mah  jfngksioitb  it,  -thn  wiU  teitber  bi  ttxm  Rigbt'^niks^  «r  two 
JngUs  ifual  to  tWO  RigU-ut^Us.    (13.  #v  i.) 

abemonihratittn* 

Suppofe  thfe  Lines  to  be  yf  jBf  and  D  Cy  iheetfn^  in  the  PmW 
at  C :  tipon  C  aeifcribe  any  Circle  at 
pleafure;  then  will  the  AxchJD 
be  the  Meafun  of  the  Z.  b^  and  the 
Arch  D  B  the  Meafure  o(  JLe  i 
bat  the  Arches  ADJ^DBi:ri%Q^^ 
f^ns.  they  compleat  the  Semicirch. 
Confequently  iht  L,  b  ^  l^  t  aa  iZkP.    Which  wm  to  ho pr^% 

Corollaries. 

r.  Hence  it  follows,  that  if  the  ^  i  r:  ^o^%  Ithen  Z.  #  =:  90^; 
but  if  A  ^  be  obtufe^  then  the  jL  e  will  be  acute^  ice 

From  hence  it  will  be  eafy  to  conceive,  that  if  feveral  Right* 
Ihies  ftand  ppon,  or  meet  with  any  Right*Iine  at  one  and  the 
fame  Point,  and  on  the  fame  Side,  then  all  the  Angles  taken  toge- 
ther will  be:z  lic^f  viz.  Two  Right-angles. 

THEOREM    n. 

If  two  Angles  interfeff  (1.  e.  cut  or  ctofs)  fach  ^thorj  the  two  op- 
pofie  Angles  will  he  equal.    (iS^  ^  I.) 

iDtmimfttation^ 

'Let  the  two  Linos  he   AB  and 
jD  Ej   interfering  each  other  in  the 
Center  C, 
Then  Lb  +  JLe-  tSo^ K     ,  ^ 

Confcquently  Z.i+^/=r  Z.i  + 
Z.  J,  per  Axiom  5. 
Subtrad  JL  h  on    both    Sides   of 
the  JEquation^    and   it   will  leave 
JL  e  z=.  i^a. 

Again,  Z.  *  +  Z.  /  =:  i8oS  as  before ;  and  L.e^  LCzz 
1800,  confcquently  Z.  e  -(-  C  z=l  LbA-  ^e.  Subtraif  Z.  f,  and 
theaZ.C=Z.i.    Q^E,  D. 

I  Corob- 
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CorcUary. 

From  hence  it  is  evident,  that  if  two  Lines  inteiieAeach  other, 
they  will  make  four  Angles ;  which,  being  taketr  together,  will 
always  be  equal  to  Four  Right-angles. 

,      THEOREM    in. 

1/  a  Rigbt-litu  cut  (or  erofi)  two  frnmllsl  Linet^  it  will  make  the 
oppofite  Angles  equaHm  U  another.     {^9*  ^-  ^0 

Suppofe  the  two  Lines  AB  and  HK  to  be  parallel,  and  the 
Right-line  GD  to  cut  them  both  /q 

at  Cand  n:   Upon  the  Point  C i-.^ 

(with  any  Radius)  defcribe  a  Semi-  /'      i  /     '•-      |, 

circle  ;  and  with  the  fame  Radius^     ^ ^ -^/f ■■    " 

upon  the  Point  at  »,  defcribe  ano- 
ther Semicircle  oppofitc  to  the  firft,  "jj^ 
as  in  the  Fizure.  Then  *tis  plain, 
and  I  fuppote  very  eafy  to  conceive, 
that  if  the  Center  C  were  mov*d 
along  upon  the  Line  D  G,  until  it 
came  to  the  Center  at  xr,  the  two  Lines  AB  and  HK  would 
meet  and  concur,  viz,  become  one  Line  (for  parallel  Lines  are  as 
it  were  but  one  broad  Line.)  Confequently  the  two  Semicircles 
would  al(b  meet^  and  become  one  entire  Circle,  like  to  that  in  the 
laft  Demonjiration. 

And  therefore  x\\e£^yz=,/^xr=zL,azi^e^  7  as  before,  per 
And  Z./n=  L,n^L.b^L.c\  I lajl Theorem. 

Q.  E.  D. 

Corollary^ 


r 


-  Hence  it  follows,  that  if  three^  four^  or  ever  fo  many  Paral- 
lel-lines, are  cut  or  crofs'd  by  one  Right-line,  all  their  oppofitc 
Angles  will  be  equal. 

THEOREM    IV. 

The  three  Angles  of  every  pUme  Triangle  are  equal  to  two  Right-angles. 

(32.  e.  1.) 

Confequentfyy  any  two  Angles  of  any  plane  Triangle  mufl  evidently  be 

lefs  than  tW9  Right-angles*     (17.  e.  x.) 

SDnnon^ 
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SDemonSration^ 

Let  the  A  -^  B  C  be  propos'd  ;  draw  the  Right-line  HK  pa- 
rallel to  the  Side  J  By  juft  touching  ^.. 

the  Vertical  Angle  Cj  and  upon  the  /  -  ^  /\ 

fame  Angular  Point  C dcfcribc  any  Sc-     jflT :.,...?^<-.7?....;....-^ 

micircle,  and  produce  the  Sides  JC^ 

and  B  C  to  its  Perrpbfry.     Then  will 

l^h  -=,  i^  By    Z.  tf  =   Z.  ^,    and 

L.  V  :=:  L,Cy  per  laft  Theorem.     But 

Z.^+Z.tf+Z.Jr=    i8o%    or 

two  Right-angles  :  Confequently  Z-S+A-//-j-Z-C=r  i8o». 

per  Axiom  5.    Q.  E.  D. 

Hence  it  follows,  that  the  Sum  of  the  two  acute  hn^ts  of  a 
Ris:ht-angled  Triangle  is  equal  to  a  Right-angle,  or  90^. 

Confequently,  if  one  of  the  acute  Angles  be  given,  the  other 
i^  alfo  given,  viz.  90°  —  the  given  Z.  leaves  the  other  Z.. 

THEOREM    V. 

If  one  Side  of  any  plane  Triangle  be  continued  or  produced  beyond^  or 
out  of  the  TriangUy  the  outward  Angle  will  always  be  equal  to  the 
two  inward  oppoftte  Angles.     (32.  e.  r.) 

3Demonftrarion.' 

Let  the  Side  y^B  of  the  A  -/^B  C  be  produced  out  of  the  At 
fuppofe  to  JO,  &c.  as  in  the  Fi- 
gure.    Then  Z.  z  =  Z.  i/  + 
Z.  C,  for  the  Z.  B  +  ^  2  = 
180**  per  Tl)ecremi.   and  the 
Z.  b4  ^A+Z^C:=z  i8o% 
p^r  laft   Theorem.     Therefore 
jLB+/^z=:I^B'\'Z,  A+  Z.  Cy  per  Axiom  5.     SubtraSt 
Z-  B  on  both  Sides  the  Mquation^  and  it  will  leave  L-zziz  L,  A 
-j-  JLC  (per  Axiom  2.)  Q^  E.  D. 

Confequently,  the  outward  Angle  (at  %)  of  any  tlane  Triangky 
mtift  needs  he  greater  than  either  of  the  inward  oppofite  AngleSy  viz, 
greater  than  l^  Ay  or  l^  C,  {16.  e.  i.) 

Corollafy. 
Hence  it  follows,  that  if  one  Angle  of  any  plane  Triangle  be 
given,  the  Sum  of  the  other  two  Angles  is  a!fu  given  ;  for  1 80''— 


me  given  Z.  =  the  other  two  Z.  Z., 
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THEOREM    VL 

I*  every  plane  Triangle^  eqmLSida  fubtend  (viz.  are  eppofite  to) 

equal  Angles.    (5.  /.    I.) 
Cen/eqtuntfyy  equal  Jngles  are  fubt  ended  by  equal  Sides.     (6.  /.  I.) 

iDemonScatfon^ 

Suppore  i^t  ^BCDio  be  an  Ifofceks  A  ; 
that  is,  \ttBCz:zCD.  Bifed  the  Z.  C,  or 
(which  is  all  one)  make  C  A  perpendicular  to 
£  />  i  then  will  the  Z.  Z.  on  each  Side  of  it 
(vix.  Z-  BAC  and  Z.  Dif  C;  be  Right- 
angles. 


I 


Corollary. 

From  hence  it  follows,  that  the  Aree  Angles  of- an  Equilatiral 
Triangle  are  equal  one  to  another. 

THEOREM    VII. 

/jt.  every  plane  Triangle j  the  Imgeft  Side/ubtends  tbegreateft  Angle ^ 

(18.  e.  I.) 
Confequentiyy   the  greateft  Angle  of  any  plane  Triangle  isfubtended 

by  the  longejl  Side. 

This  Theorem  is  evident  by  InrpeAion:  For^  let  CB9  one  of 
the  Sides  of  any  plane  Triangle  C  B  D^  be 
produced,  fuppofe  to  E ;  join  D  E  with 
^  Right-line  i  then  'tis  evident,  that.be- 
caufe  C  E  is  now  made  longer  than  the 
Side  B  C,  therefore  the  l^ztD  is  become 
largtr  than  it  was  before  by  the  Z.  £  Z)  £  : 
And  it  is  plain,  the  longer  the  Side  C  E  i 

had  been  made,  the  Z.  at  i>  would  have        /, 
been  the  more  enlarged.  j^*** 

R  r  T  H  E  Q. 
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THEOREM    VIIL 

'  If  thi  Sides  rf  two  Triangles  are  equals  the  Angles  oppojite  to  tbofe 
equal  Sides  wiU  be  equal.     (8.  /•   i.) 

The  Truth  of  this  Theorem  is  evident  by  the  two  included  Tri- 
angles in  the  6th  Theorem^  for  they  have.their  rcfpcSivc  Sides  equal, 
viz.  BC^CDy  B  A^D  Ay  and  C  A  common  to  both  Tri- 
angles.  And  it  is  there  prov'd,  that  the  Z.  L  oppodte  to  thofe  equal 
Sides  are  equal,  l^c,  which  needs  no  further  Proof. 

Note,  The  Converfe  of  this  Theorem  holds  not  true  ;  for  the  An- 
'gles  of  two  Triangles  may  be  equals  and  their  oppofite  or  fubtendin^ 
Sides  unequal ;  as  wiU  appear  at  Theorem  XIL 

CoroUary. 

Hence  it  follows,  that  Triangles  mutually  equilateral  2jt  alfowa- 
dually  equiangular ;  and  likewife  equal  to  one  another. 

THEOREM    IX, 

An  Angle  at  the  Center  of  a  Circle  is  always  double  to  the  Angle 
.     at  the  Periphery  J   when  both  the  Angles  fi and  upon  the  fame 

Arch,     (20.  /•    3.)     This  Theorem  hath  three  Varieties  or 

Cafes. 

.     SDemonffratfon. 

Cafe  I,  Let  the  Diameter  D  Ay  and 
the  Line  D  J?,  be  the  two  Lines  which 
form  the  L  D  zt  the  Periphery ;  draw 
the  Radius  B  C,  then  Z^  B  C  A  \%  \ht 
Z.  at  the  Center.  But  2L  B  CA  =  Z. 
D  +  Z-  B,  per  Iheor.  5.  and  becaufe 
D  C^B  C,  therefore  l^  D  :^  L  B^ 
per  Theorem  6,    confequently  Z.  B  CA 

Caf/ji.  Suppofe  the  Z.  B  C  F  sit 
the  Ceh^^jto  be  within  the  Z.  BDF 
at  the  Periphery^  (as  in  the  annexed 
.Figure^)  draw  the  Diameter  D  A\ 
thmihtjLBCAzzzZ^BDAl  _^  ^ 
and  the  Z.  FCAzz 2  Z.  FT>A S  P^'  ^''^  ^• 
add  ihefe  two  ^Equations  together. 


'--. 


^..••••••, 


''•»#••••••**' 


Then 
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Then  will  L  BCA-\-  L.  FCA  =  2  i-  B  D  A  -if  1.  L, 
FDA,  pn  A*.i.  Bat  /^  BCA+ LFCA=  Z.BCF, 
»nd2^BDA-\-2L.  FD  Az=.x  l-BD  F.     Coniequcntly 

lbcf—%lbdf. 

G»/i  3.  Again,  fuppofe  the  Z.  BC^  , _ 

at  the  Center  10  be  but  of  the  Z.  5  /)  ^ 
at  the  Periphery.  From  the  Angular 
Point  D  at  the  Periphery  diaw  the 
Diameter  DA. 


Then  L.  FCArz  2  L  FDA  7  „„p,fi. , 

and   ^BCA^^i.BDAi'^''^*^^^' 

Sultraa   this  laft  Mquatim  from  the 

other,   and  it  will  leave  £.  FCA—  4  BCA=i  %  L.  FDA 

—  2  LBDA,   per  Axiom  2.    Bnx.  I,.  F  C  A  —  ^  BC  A  ^ 

L  FCBy  and  2  A  FDA—2LBDA=  2  L  FD^: 

Co^iss^ncady  ^FCB  =  2LFDE.    QjE.  D. 

Cirellarj. 
Hence  'tis  evident,  that  all  Angles  at  the  Periphery,  which 
ftand  in  the  fame  Segment  and  upon  the  fame  Arch  of  a  Circle, 
or  upQn  equal  Aich^s,  arc  equal  one  to  another.     (2|..  e.  3.) 

T  H  E  O  R  E  M    X. 

An  Angk  in  a  Semtiirfle  is  a  Right-angle.     l$l-J.',3),    T^at  is, 
if  the  Diameter  of  any  Circle  be  the  Side  0/  "Triangle,   and  the  ^ 
Angle  oppofite  to  that  Side  be  any  where  in  the  Circk  s  Periphery^ 
it  wU  be  a  Right-an^le. 

SDemBntttratiottt 

I>et  JD  i/  be  the  Diameter,  ani  DBA 
the  Triangle,  then  4^=  900.  Draw 
the  Radius  B  C,  then  is  the  V  DBA 
:=Z.D  +  /LA.  For  L.CBD  = 
LD,  and  Z.  CBA=.i-A^  pcrTbet- 
rtmb.  Therefore  L.DBA—^CB 
D  +  ^C  BA,  pet  Axiom  5.  Agaia 
J.DBA  +l.D-\-  i.A=ai^\  - 

per  theorem  A,     ConfequenUy,   /-  DBA^^9^«  9.  Right- 
logic.    Q.  E.  D.        ,  ^       ■ 


J\ 


3o8  Cteraentjs  of  ^tpmetrif^        i^^  in. 


Corollaries.  ^ 

'  T.  ttcnce  It  will  be  eafy  to  conceive,  that  an  Angle  made  in 
any  Segment  lefs  than  a  Semicircle  will  be  obtufe^  or  greater  than 
a  Right-angle. 

2.  And  an  Angle,  made  in  any  Segment  greater  than  a  Semi* 
circle,  muft  confequently  b^  acuu. 

T  H  E  O  R  E  M    XI. 

Jn  any  Righuangkd  TrlangU^  the  Square  which  is  made  of  the 
Hypothenufe^  or  Side  fubtending  the  Right^nghj  is  equal  to 
both  the  Squares  which  are  made  of  the  Sides  including  the 
Right-angle.     (47.  e.  i.j 

There  arc  ieveral  Ways  of  demonftrating  this  noble  and  ufeful 
Theorem^  but,  I  prefume,  none  more  eafy  to  be  underflood  by  a 
Learner  than  that  which  I  fhall  here  propofe :  And,  in  order 
thereto,  'twill  be  neceflkry  to  premife  the  following  Lemma* s. 

A  Right-line  is  faid  to  be  multiplfd  with  a  Ri^ht-tine^  when 
Cither  a  Square^  or  other  Right-angled  Parallelogram^  is  made 
of  the  two  Lives. 

That  is,  the  jfrea  of  any  Right-angled  Parallelogram  is  equal 
to  the  ProduH  of  thofe  Numbers  which  cxprefs  the  Meafwre 
of  its  Sides. 

Thus,   \i  A  B  ^sz  6  Inches,  and      •  -  |> 

jf  C=  t  Inches:    Then  A  B  x        f"  ^  *^ 

^Crr6x3r=i8  fqpare  Inches ; 
vrhich  is  the  Area  of  the  Parallelo-       " 
pzmABCD. 


\  1 

1  1 

1  \ 

1 

If  a  Right'line  be  any  way  cut  into  two  Parts^  Ac  Square  of 
the  whole  Line  will  be  equal  to  the  Squares  o{t7^h  Part,  and  a  dou- 
ble Re^angle  or  Parallelogram  made  of  both  the  Parts,  (4.  e.  2.) 
that  is,   if  the  Line  S  be  cut  into  the  5 

two  Parts  BoLtidC',  then  i9S=zS  ^C:     S  \  C" 

But  if  both  the  Sides  of  the  Mquatio»  be 
im'olv'd,  it  will  ht  SSz::  BM^^BC +  Ca 

Htmma 
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TTie  jfr/a  of  every  Right-angled  Triangle  is  half  the  ParalkU* 
gram  made  of  ks  Bafe  and  Perpendicular. 

For  fi  X  C  =z  the  ^^r^/a  of  the  whole  Pa- 
raUebgramy  by  the  firft  Lemma.  And  A 
BCH+  j^bcH  the  Parallelogram',  but 
i = *,  and  Cur ^.  Therefore,  i  BxCzz: 
the  y/r^tf  of  each  A,  v/z.  i  fi  x  C+  i^  x  c  =  S  x  C. 

Thefc  Things  being  prcmifed,  let  us  fuppofe  the  Triangle  B  C 
tf  to  be  a  Right-angled  Triangle j  viz,  the  Side  C  perpendicular  ta 
ihc  Side  55  then  will  jB5  +  CC  =  HH. 

SDempnttratton. 

Make  a  Square  whofe  Side  is      , v- •:^-"•  •-•••* 

=  fi  +  C,  and  draw  the  inclu-      \c  *  ...••'•*'     \        I 
dcd  5^«flr^  whofe  Side  is  =  Hy      \  ...»••**'  \    i? 

as  in  the  Scheme :  Then  will 
the  Area  of  the  great  Square  be  e* 
qual  to  the  Jrea  of  the  four  Trian- 
gles -f-  HHy  but  the  Area  of 
«ch  A  =  4  i?C,  or  BxC, 
per  Lemma  3.  Therefore  the 
4A'a=  i  5Cx  4=:2£Ct 
conlcquently»  the  Area  of  the 
great  Square  is  ^if  +  2  5  C. 
hvdve  5  +  C,   and  it  will  be 

BB^^BC+CC=2  the  ^-  i_^ ._^^^ 

^^tf  of  the  great  Square  \    per 

Lemma ^.  Confcqucntly,  i/H  +25C  =  J8iB  +  25C-|- CC, 
per  J/47W  5*  Subtrad  2  B  C  from  boih  Sides  of  the  Mquatim^ 
and  there  will  remain  H  // =  5  5  4^  C  C. 

To  illuftrate  this  Theorem  by  Numbers,  let  us 
Suppofc    C=3.     J?'=4.  aad      H  zz    5. 
Then  will  CC  =  9.  J?S  =  i6.  and //// =  25.      . 
Cqpfcquently,  jB  5  +  CC  =  Hi/  =  j6  +  9  =  25. 

Confe£fary. 

From  this  admirable  Theorem  (faid  to  be  firft  imented  by  Pytha- 
goras) is  deduced  the  Metiod  of  adding  and  fubuaaing  Squares^ 
rarallelojrams,  Qrdcs,  tS'f. 

TH  E  O. 
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THEOREM    XIL 

In  any  Right  >  angkd  Triangle^  a  Perpendicular  being  let  fall  from 
the  Rfght-angle  upon  the  Hypothenufe  will  divide  the  Triangle 
into  two  Right-angled  Triangles^  which  will  he  both  finular  (or 
aliki)  to  thefirjl  Triangle^  and  to  each  other.     (8.  e.  6.) 

Note,  All  plane  Triangles  are  faid  to  he  fimilar  (viz.  alike)  when 
each  fingle  Angle  in  one  of  the  Triangles  is  equal  to  each- 
ftngle  Angle  of  the  other  ;  but  if  any  two  faigle  Angles  of 
one  Triangle  are  equal  to  two  fingle  Angles  of  the  other^ 
the  third  Angle  will  be  equal.     Per  Thco.  4. 


I.  In  the  Right-angled  tsBAC^ 
let  A  P  he  fuppofed  perpendicular  to 
the  Hypothenufe  B  C;  then  L  BA 
P'zzJLC.  For  21  BAP+  L.B 
=  90%  and  Z-  B  +  Z.  C  =  90^ 
per  Corollary  to  Theorem  4.  Therefore 
the  Z^  BAP  =  A,  Cy  per  Axiom 5. 
Again,  Z.  PAC  +  ^C  =  90%  and  A  -B  +  Z.  C  =  90<>. 
Therefore  L  PAC  =1  L.Bj  &c.  Confcquently  the  A  BAP 
,  is  alike  to  the  A  AC  Pi  and  each  is  alike  to  the  whole  A  BJC. 

2.. If  a  Right-line  he  drawn  parallel  to  one  of  the  Sides  of 
zny  plane  Triangle^  (viz,  within  it) 
it  will  cut  off  a  l>i angle  fipiilar 
or  alike  to  the  whole  Triangle. 
Thus  : 

In  the  AASD  draw  the  Right- 
line  ab  parallel  to  the  Side  A B\        . 
then  will  the  included  A  a  D bhe      ^^ 
like  the  A  ^  ^  ^  •   For  Z-  tf  n  Z.  >/,   and  Z.  ^  =  Z.  5,   per 
Theorem  35  and  A  JD  is  common  to  both  the  Triangles  5  ErgOj  &c. 

THEOREM    Xm. 
If  two  Triangles  are  alike^  their  Sides  will  be  proportional.  • 

That  is,  thofe  Sides  which  fubtend  the  equal  Angles,  as  alfo 
thofe  Sides  which  are  about  the  equal  Angles,  will  he  pr^ortionfl 
to  each  other  j  and  confequcntly,  if  any  two  Angles  have  their 
Sides  proportional,  their  Aiigles  are  equal.     (4.,  5,  6,  7,  /.  6.) 
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SDnnonttration^ 

Let  the  ftmhr  Triangles  in  the  Schtmi  of  the  laft  Theorem  be 
here  propos'd  again.  .    ^ 

Then  it  will  be  BP \A P  i.  A P  :  CP^  according  to  this 
Theorem.     Ergo  BP  xCP  =  JPx  A  P.  / 

Firji. 

Let  us  fuppofe  the  aforefoid  Right-angled  ^  BAC  cut  through 
the    Perpendicular   J  P,    and  » 

ther^  open'd  until  the  Sides  BA       ^. •'"•'• • -^C 

and  C^  become  one  iJ/]g^A/-//»^.  y^ 

Let  the  Sides  BP  and  CP  be 

continued  until  they  meet  in  E ; 

then  compleat  the  Parallelograms 

by  drawing  the  parallel  Lines 

GLC,  HAP,  GHBy  and  LAP^ 

as  in  the  Figure.  '  JT  T 

Then  it  is  evident,  that  the  A  BHA^  f^BP  A,  and  the 
t^CP  A-  ti  CLA\  alfo  that  the  t:^BECz=.  t^B  G  C^ 
becaufe  all  their  refpedives  Sides  are  equaU 

.  Bat  the  A  6  HA  +  ACLA  +  aiHGLA:=^  A  BPAs 
+  ACPA+nAPEP.  Now,  if  from  both  Sides  of  this 
Mquation  there  be  fubtrafled  the  equal  Triangles,  there  will  remain 
c=jHGLA=  u^PEP.  But  c=i  HG  L  a  zz  B  P  X  C  P, 
and  a  AP  £P  =  AP  X  A  P.  Confcquently  BP  :  AP  :; 
J  p. :  CP.    Which  was  to  be  proved. 

Orotherwife,  thus: 

Suppofe  the  A  5 ^C  to  be  ^.. ...^ 

Right-angled  at  A:   Upon  the  ..  *  \  « 

Z-   Point  C,  with   the  Radius  f  ^    ... 

C  A  defcribe  a  Circle,  and  con- 
thiuc  the  Hypothenufe  B  C  to  ' 
Z;   join  ZA  and   AD  with 
Right-lines;    then  will  the  A      p^ 
BAD  be  like  to  the  A   5  Z     **  A 

A.     For  L.DABJ^Z^DAC-  90^,   by  ConJIruaion.     And ' 
l^   ZAC  '\-  L,  DAC  zz  90^    by  Theorem  X.      Therefore' 
/,  DAB  +  ^DACzz  AZAC  +  /LDAC,   hy  Axiom  s. 
SubtraSf  L  DAC  from  both  Sides  of  the  Equation,   and  thete 
wHi  remain  Z,  DABzz  2.  ZAC.     But  Z.  ZACzz  /LCZA^ 

by 
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hf  TbtoriM  6.  And  LB\%  common  to  both  Triangles.  There- 
lore  JL  B  DA  =z  /^  B  i/Z,  by  Tbeonm  6.  confequently  ^BA 
Dislikcto  A  ^Z>f. 

f  BA:nb  1  f  Then  W  +  ^ f  =  bb^  by  Tbeornn  ii. 
Let  the  Stdis<  BC=zb  >  <  Confequently  A*  =  M  -^  cc. 

I  CA^cJ  L  Which  gives  the  following  Analogf, 
Viz.  i:b  +  c::b^c:il  that  is,  BA:BZ::BD:BA 

Q.  E.  D. 

C^rclLtriis. 

X.  Hence  it  is  evident,  that  in  any  Rigbt-angUd  Triangky  a 
PiTpiiuliculary  being  let  fall  from  the  Rigbt-angU  upon  the  Hyp^- 
tbtnufe^  will  be  a  Mean  proportional  between  the  Segments  of  the 
Hypotbenufe:  That  is,  BP  :  PA\ :  PA\PC. 

2.  The  Bafe   (B  A)   is  a  Mean  j^ 

proportional    between    the    Hypctbe*          ..•''"' 
nuji  (BC)  and  that  Segment  of  the        /      -^ 
itfp^tbenufe  next  to  the  Bafe,  fv/z.               y^ 
BP}tb^ti$j  BC:BA::BA:BP.     \y^  

B  PC 

3.  The  Catbetus  {AC)  is  a  A/#tf« 

proportional  between  the  Hyp$tbenufe  (B  C)  and  that  Segment  of  the 
Hjpetbenufe  next  to  the  Catbetus  ^  {y\t.  P  C) ;  That  iSjBCiAC:: 
AC.PQ. 

ScboUum. 

I  have  been  more  laVge  upon  this  moft  excellent  Tbemrem^  in 
giving  a  double  Demonfirathnof  it,  becaufe  it  is  fo  unherfaliy  ufe* 
fulin  all  Parts  of  the  Matbematicks  :  For  the  Buftnefs  f^Trtganome- 
try  (htb  Plane  and  Spberical)  wholly  depends  upon  it  i  and  there- 
fore one  may  truly  fay,  that  AJlremmy^  Diallings  Navigation^ 
Surveyings  Opticks^  &c.  depend  upon  a  due  Applioationof  it. 

And  of  its  Ufe  in  Geometry^  Des-Cartes  takes  particular  Notice ; 
as  you  may  find*  in  Dr.  f/ZTs  Algebra,  Page  65,  whofe  Words 
are  thefe : 

Des-Cartes^  in  a  Letter  not  yet  printed,  writes  thus;^  ^<  In 
^  fearching  the  Solution  of  Geemetrical  ^wflions^  I  always  make 
*<  ufe  of  Lines  parallel  and  perpendicular,  as  much  as  is  poflible, 
<^  [be  means  as  many  Lines  as  are  ujiful]  and  I  confider  no  o* 
•*  ther  Theorems  but  thefe  two,  [tie  Sides  ef  like  Triangles  bave 
*•  Uke  Prepertien'],    And  [in  ReHangle  Triangles  the  Square  ef  th$ 

"  gnqttfi 

\ 
\ 
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J*  grfat^  Side  is  squat  to  the  Squ^ef  ^f  tU  two  9tbtr  Sides.]  And 
*«  I  am  not  afraid  to  foppoft  nia«y  unknown  Quantiti^s^  that  I 
«  nay  reduce  the  propoj'd  Qyeftion  tofuch  Terms,  as  to  depend 
♦*  on  00  other  Tbeorenia  but  *efe  Two/'. 

This  I  thought  convenient  to  inferi,  that  the  foung  Uanur 
may  fee  how  the  great  Des  Cartes  efteem'd  thcfc  two  Theorems, 
TOz.  the  laft,  and  Theorem  11  j  for,  in  truth,  all  the  precedent 
Theorems  are  oaly  (as  it  were)  Preparatives  to  thcfc  Two. 

This  laft  Theorem  demonftrates  the  Reafin  of  the  Method  ufci 
in  finding  oiK  Proportional  Lines  -,  as  in  the  Three  following  Fro^ 
UenUm 

PROBLEM!. 

Two  Right-Lines  being  given^  io  find  a  Tiird  Propmional. 
(li.  *.6.) 

Let  thefe  two  Lines  be     J^^ 

Set  the  two  giyea  Lines  at 
any  Angle  in  the  Point  A^  and 
produce  the  Line/^S  to  C^ 
making  SCzz  4D^;  join  the 
Points  B9  D  wjth  a  Right- line^ 
and  draw  €P  parallel  to  fi  Z) ;  ' 
then  will  the  A  yf  j?2>  be  like  the  A  JCF.  Therefore  JB: 
BC  (=zAD)  ::  JDiDF^  which  is  the  third  Proportional 
required.  « 

PROBLEM    n. 

Two  Rigbt-Jines  heinggiven^Jofinda  Mean  proportional  Line  ietwei^ 
them.     (13.  e.  6.) 


Let  the  0^nZines  be     "S  j 


^C 


Join  the  two  given  Lines  into  one,  /        ..•'*** 

uz.  make  5 U  =  S P ^- P C,  and  /  ...''*' 

upon£C,  zs  Diameter^  dcfcribe  a        B"^ r— 

Smidrde ;  then  upon  the  Point  P, 
where  the  two  Lines  meet,  ered  a  Perpendicular  to  meet  the 
Circle'u  P/rr^i^ry,  as  P^,  ^nd  it  wiW  be  the  Mean  proportional 
eeqair'd,  viz.  AP  x  A  P  z::  B  P  x  P  C. 

Sr  '  By 


3^4 


^  element  of  ©cemcttp^        i'art  iii. 


By  this  Problem  'tis  eafy  to  conceive  how  to  make  a  Square 
equal  to  any  given  Parallelogram,     (14.  e.  6.) 
'    For  if  5  P  be  the  Lengthy  and  P  C  be  the  Breadth  of  the  given 
Parallelogram^  then  will  i/P  be  the  Side  of  the  Squar^y  equal  in 
Area  to  that  Parallelogram. 

P  R  O  B  L  E  M    HI. 

^Aree  Right-lines  being  given,  to  find  a  fourth  Proportional  Line. 

(i2,  e.  6.) 


Suppofe  the  three  Lines 

Upon  the  longeft  Line  AB  f^cS 

the  next  longeft  Line  JD  i^  viz* 

make  DBz=:A  P  —  AD  jthen 

upon  the  Poi  n  t  D  fet  the  other  Line 

i>  C  at  an  A^gl^t  cither  right  or  oblique,  and  draw  the  Right-line  AC, 

continuing  it  a  fufEcient  Length ;  make  B  F  parallel  to  D  C,  and  it 

will  be  the  fourth  Proportionalrequii'd  \  that  is,  AD :  DC  ::AB:BF. 

THEOREM    XIV. 

If  any  Angle  of  a  plane  Triangle  be  bifeSfed  (viz.  divided  into  two 
equal  Angles)  with  a  Right-line,  (viz.  as  C  A  is  fvppos^d  to  do  the 
Angle  B  C  D)  it  will  <ut  the  oppoftte  Side  (viz.  B  D)  in  Propor- 
tion  to  the  other  two  Sides  of  the  Triangle.  (3.  e.  6.)  i.  c 
BA'.BC::  AD  :CD. 

9Dtmonffration«: 

Produce  the  Side  D  C,  until  C  Z       z/ 
s^CB:  join  thePoirtts  Z,  B  with       . /^x:-.,^ 
a  Right-line,  and  draw  the  Line 
PC  parallel  to  P£>;  whence  the 
Z.  Z  =z  ^ CP Z  per Theoremb.  and 
L.Z'^rl.CBZ,  or  2  ilCfiZ=^ 
BCD  per  Theorem  5 ;  or,  dividing 
both  SiHes  of  the  u^quation  by  2, 
/^CBZ=zi/^  BCD.  But4/L 
BCD  =  Z.  ACB  zz  ACD  by  the  Hypothefn,   therefore  L 
ACBzz  ^CBZ  per  Axiom  5  :  Whence  AC  is  parallel  to  fiZ 
per  Theorem  3,  and  the  Triangles  BDZ,  ADC,  and  PC  Z  arc 
fimilai^    by  the  fecond  Figure  to  Theorem  12.  confequently  B  d 


{^FUJ:BCi=.ZC)::AD:CD.   Xl^E.D. 


T  H  E  0- 
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THEOREM    XV. 

If  two  Rigbt'Unes  (bcwfoever  drawn)  within  a  Circle  do  cut  each 
other,  the  Ri£f angle  made  of  the  Segments  (or  Parts)  of  the  one 
Line,  will  be  equal  to  the  Rectangle  made  of  the  Segments  (or 
Parts)  of  the  other  Line.     (35.  e.  3.) 
That  IS,   if  two  Lines  (as  AB  and  CD)  do  cut  each  other  in 

any  Point,  as  at  x,  then  will  JxxBx=:^DxxCx,  ' 

' «         9DemonSratfoit^ 

Join  the  Points  A^  C  and  B,  D  with 
Right' lines,  then  will  ihe  A  CxJhc 
like  to  /^  B  X  D  :  Tot  Z.  B—  jL  C 
^nA  jL  A  z=2  ^  D,  by  Corollary  to 
Theorem 9.    znA  ^  A xC  -  L^B  x D.  •.., 

by  Thiorem  2.  Therefore  it  will  be  Ax :  

Dx::  Cx  :  B X.  by  Theorem  1 3.    Confequently  A x 
DxxC  X.      Q,  E.  D. 

THEOREM    XVI. 

,  If  two  Right-lines  are  fo  drawn  within  a  Circle,  as,  being  conti^ 
mud,  they  will  meet  tn  a  Point  out  of  the  Circle*!  Periphery,  the 
ReSangle  made  of  the  one  whole  Line,  and  its  Part  out  of  the 
Circle,  will  he  equal  to  the  ReSiangle  of  the  other  whole  Line,' 
and  its  Part  out  of  the  CmXt.     (36,  37.  e.  3.) 

That  is,  if  the  Lines  AC  and  

A  5  be  continued  unto  the 
Point  Z ;  then  will  if  Z  X  C  Z 
-DZxBZ. 


SDemonffratfon*  \ 

;    Draw  the  Lines  AB  and  CD, 

then  will  A  C  Z  D  be  like  to  the 

A  BZ  A',  for  jL  A zz.  L.  Dj  and  Z.  Z  is  common  to  boih  7r/- 

f^ilfs;  confequently,  Z^  A  B  Z  =  A.  D  CZ,  by  Theorem  4,. 

Aerefore  AZ  :  BZ  :  :  DZ  :  C Z.      Ergo,   AZxCZ  zz 

t>2  X  BZ. 

THEOREM    XVII. 
^frem  any  Angle  of  a  plane  Triangle  infcriVd  in  a  Circle  there 
ic  Ift  fall  a  Perpendicular  upon  the  oppoftte  Side^    as  D  P -, 

b  f  2  As 


3i6 


elements  of  ^eometrp^ 


Part  111. 


As  that  Perpendicular  is  in  Proportion  to  one  of  the  Sidei  indu^ 
ding  the  Angle^  fo  is  the  other  Side  including  the  JfJgte  to  the  Di- 
ameter of  the  Circle. 

^emonSratfon. 

Let  BCD  be  the  propofed  Triangle^ 
From  the  Z.  at  Z)  draw  the  Diameter 
DA;  then  will  L  A^  LB^  becaufe 
they  both  ftand  upon  the  fame  Arch  D  C, 
s^nd  Z.  DC Ar=zK^CP^  by  Theorem  lo. 
confcquently  the  Z.  AD  C^l^BDP^ 
by  Theorem  4.  Therefore  A  D  C  A  is 
like  to  the  A  DPB\  and  therefore 
DPtDB  ::  DC:  DAi  or,  DP: 
DC  ::  DB  :  DA.      Q,  E.  D. 

THEOREM    XVIII. 

If  any  ^adrangle  (that  isy    a  Trapceium)  be  injirih^d  within  a 
Circle,  the  two  oppojite  Angles,  taken  together^  are  eqtuJ  to  two 
Right-angles,  viz.   180^.     (22.  /.  3.) 
That  is,  in  iht S^adrangk  AB  CD  iht  ^  A  +  ^C=  i8o». 

And  the  /L  B  +  Z.  D  5=  180^. 


•»t«.«««''Vx 


SDemonffratton. 

Draw  the  two  Diagonals  AC,  and  BD\ 
then  will  the  Z.  BDA  =  L.  B  C  A, 
and  the  Z.  BDC=  L.BAC.  by  Co- 
roJIary  to  Tlnorem  9.  But  Z.  AB  C-f- 
/L  BCA  +  L  BAC  =  I8o^  by 
Theorem  4.  and  the  Z.  i?  D^  +  Z.  J?  Z>  C 
=  Z.  ADC.  Therefore  the  Z.  A  BC  Ar  L.  ADC  z:'I8o^ 
and  by  the  fame  Way  of  arguing  it  may  be  prov'd,  that  the  L 
BAD  +  Z,BCDz=.  180'.      Q.  £•  D. 

THEOREM    XIX. 

^  tn  any  ^adrangle  infcriFd  within  a  Circle  there  be  drawn  two 
Dit^gonah^  as  AC  and  B  Z),  the  Rectangle  made  of  the  two  Di- 
agonals will  he  equal  to  both  the  Reifangles  made  of  the  oppojbe 
Sides  of  the  ^tfadrargle. 

That  i$,  AC  xBDr=:ABxCD  +  AD^  BC. 

SDanoti< 


Chap,  3. 
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SDemonttratfon* 

Make  the  Arch  D  G  :=  Arch  BC^ 
and  from  the  Points  J,  G  draw  the' Line 
-^yi  'and  it  will  form  the  ^  AfD^  like 
to  the  A  ABC :  For  the  Z.  fAD  := 
l^B  AC^  becaufe  the  Arches  DG  zxA 
B  C  are  equal. 

Again,  the  Z./D  A  =.  L.  BCA,  be- 

caufe  they  both  ttand  upon  the  Arch  AB: 

Cmifequently,  x\it i^  Af  Dzz  /L  ABC^ 

by  Theorem  4.     Therefore  it  will  be  AC  \ 

<ru            ^       I?       BC<AD 
Theorem  13,     Ergo  — _ _.  2>y: 

Again,  the  A  BAf  and  a  ^CZ>  are  alike:  For  Z.  ^JS/ 
=  iL  ^C  £>,  and  2L  B  Af=.  iL  C^  A  becaufe  the  /^/AD 
=  ^  BACy  and  the  ^  C-^/  is  common  to  both  Triangles. 
Confcqucnily,  the  L.  A/ B:=  ^  A  DC.     Therefore  ACiCD 


BC::AD:Dfy  by 


AB  :  Bfi  by  Theorem  13,     £r^^ 


AC 


Bf.    But 


Df^Bf-BD.     Confequently,  ^Cx^/JJ-CDx^S 
=  B  L>  X  Afl.      Q,  E.  D. 

THEOREM    XX. 

AU  Parallelograms  (whether  Right  or  ObUque-anghd)  thatjhtnd  upon 
the  fame  Bafe,  or  upon  equal  Bales,  and  betwixt  the  fame  ParaU 
lels,  are  equal  to  one  another.     (35.  &  36.  e.  r.) 
That  is,  f=}ABC D  =  cDabC  D. 

SDtmonttratfon. 

Becaufe  AB=sC  Drzabjhj  Suppofition,  therefore  Aa=z  Bb; 
for  Ba  IS  common  to  both.  And  be- 
caufe ^  C  ==  S  i>,  and  the  l^A=iZ^ 
5,  therefore  the  A  ^C^zz  A  5  //  b: 
And  if  frorn^  both  Triangles  there  be 
taken  the  ^  B  x  a  common  to  both, 
there  will  remain  the  Trapezium  ABxC 
ssiai  X  D,  per  Axiom  5. 


But 


3i8 eigmetitg  of  (geometrp.         Part  iii. 

But  the  Trapevuum  J  B  x  C  -{-  A|C  *  £>  =  a  -^  JS  C  D,  and 
the  Trfipmum  a  h  x  D  -{^  /^  CxD  =  cDabCD.  coniequently, 
ajt BCDz=zc=sabCD.      Q^  E.  D. 

Corollary. 

Hence  it  will  be  eafy  to  conceive,  that  all  Triangles  which  ftand 
upon  the  fame  Bafe,  or  upon  equal  Bafes,  and  between  the,  fame 
Parallels,  (viz.  having  the  Jame  Height)  are  equal  one  to  another. 
(37.  &  38.  e.  I.) 

For  all  Triangles  arc  the  Halfs  of  their  circumfcribins  Parallel 
lograms ;  and  therefore,  if  the  Wholes  be  equal,  their  Halis  will 
alfo  be  equah 

THEOREM    XXI. 

Parallelograms  (and  confequently  Triangles)  which  have  the  fanu 
Height  y  have  the  fame  Proportion  one  to  another  as  their  Bafes  have, 
(i.  i.  6.) 

SDemonSratfon^ 

Draw  AF  parallel  to  5G,  and  draw 
JB^CD^FG  Perpendiculars  to  them. 
Then  will  S  Z>  X  ^5  =  cdJBCD. 
And  becaufe  C  D  zz  jf  Bj  therefore 
DGxJB  IZC2CDFG,  hutBD 
:DG  ::  BD  X  AB  :  DG  x  A  B. 
And  confequently  l^  ABD  \  tsCDG 
;;BD:DG,  &c.      Q.  E.  D. 

THEOREM    XXII. 

Similar  or  like  Triangles  are  in  a  duplicate  Ratio  to  that  of  their 
homologous  Sides.     (19.  ^.  6.) 

That  is,  the  Area*s  of  fimilar  Triangles  are  in  Proportion  one 
to  another  as  are  the  Squares  of  their  like  Sides. 

SDeinontttatfon. 

Suppofe  the  A  BCD  and 
A  ^  r  ^  to  be  alike,  and  their 
like  Sides  to  be  thofe  mark*d 
with  the  fame  Letters. 


Let 


Chap.  3. 


Of  ctieoiemjaL 


3»9 


Let  A  and  a  be  Perpendiculars  to  the  two  Bafes  X>  and  i. 
Then  i  D  ^= the  Area  of  A  jB  CD  I    p„  r^,„^  ,    P«.  ,«, 
And  i^/  «  ==  the  Area  olt^hcdl^^  ^-"^  3,  P'g'  303. 


But 
And 
Confeq. 

3  •• 

A^iDd 

c  Hence 


\l\\T\i\^^  Byn.^13. 


2? 

Da  zidA 

iDDda  =  iD  ddA.    By  Axim  3. 
DD:dd::iDA:ida.  And  fo  for  other  Sides. 
Q.  E.  D. 


THEOREM    XXIir. 

7»  everf  Obtufe-angled Triangle  (as  BCD)  the  Square  ef  the  Side 
fubttnding  the  obtufe  Angle  (as  D)  is  greater  than  the  Squares  of 
the  other  two  Sides  (B  and  C)  hf  a  double  ReHangle  made  out  of 
am  of  the  Sides  (as  B)  and  the  Segment  or  Part  of  thai  Sidepro^ 
ducedj  (as  a)  until  it  meet  with  the  Perpendicular  (P)  let  fall  upon 
it.     (12.  e.  2.)  *      . 

That  i$,  i)i>=sjBB  +  CC+2Btf. 


Firft 

And 

1-^2 

i  +  CC 


SDemonSratfon. 

D  D—P  P-\^aa^^Ba^BB 
CC^PP+aa 
DD—CC  =1 2  BaJ^SB 
DDzzBBJ^CCJ{^2Ba 


Corollary. 

Hence  'tis  evident,  that,  if  the  Sides  of  any  Obtufe-angled  Tri- 
angle  are  given,  the  Segment  (a)  of  the  Side  produced  (or  the  Per^ 
pendicular,  P)  may  he  eaiily  found. 

THEOREM    XXIV. 

If  a  Perpendicular  (as  P)  be  let  fall  in  any  Acute-angled  Triangle 
(as  B  C  D)y  the  Square  of  either  of  tht  Two  Sides  (as  D)  is  lefs 
than  the  Squares  of  the  other  Side^  and  that  Side  upon  which  the 
Perpcndiculzi  falls  (viz.  C  and  B)  by  a  double  ReStangle  made  of 
the  Side  By  and  that  Segment  or  Part  of  it  (viz.  a)  which  lies 
next  to  the  Side  C.     (13.  e.  2.) 

Thacis,  DD +  ^  Ba::^  BB +  CC. 

I  SDcmon* 
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Firft 
And 
But 

I  —  2 

5.       6 

7± 


SDettottlteation* 

B — az=iy  by  Figure, 
BB  —  iBaJ^-aa^ef. 
BB — iBa::^  ee — a  a. 

DD^C€±BB^%Ba 


Q.  E.  D. 


Corvttary^ 

Hence  it  follows,  that«  if  >tlie  JSides  of  any  Actae-an^td  Triaagh 
be  known,  the  Perpendicular  f^  aiid  the  Segments  of  the  Side 
whereon  it  falls  (vi%.  a,  e)  may  be  eafily  found. 


CHAP.    IV. 

^be  dOltttUm  off  ever dl  Eafy  l^itA!it\Xl$  in  Plane  Geometry, 
whereby  the  Learner  msy  (in  Fart)  perceive  the  Jpflica- 
Hon  orUfeof  the  foregoing  Theorems. 

.  7^0T->E,  Vihin  a  Liniy  ^r  the  Side  cf  ay  plane  ^riangle^  is  an} 
-*-^  /^>  cUt  info  two  or  moreJPattSy  sither  by  a  PerpensHiular 
Line  let  fall  up^  it,  ^r  otherwifey  thofe  Parts  are  ufualfy  r^^rf  Seg- 
ments ;  andfo  much  as  one  of  thofe  Parts  is  longer  than  the  other,  is 
^tf/T^Z-rt/OifFerence  of  the  Segments.  '     ^ 

jfnd  when  any  Side  of  a  Triangle^  or  any  Segment  of  its  Side  is 
.  ;mm,  *tis  sifualfy  murk'd  with  afmaU  Line  ^ofs  it,  thus :  — .  \  _— 
and  thofe  Sides,  or  Parts  of  Sides,  that  are  fought,  are  mari^d  with 
four  Points,  thus:  — H 

PROBLEM    I. 

To  cut. or  divide  a  given  Rsght-line  (.as  S)  into  Extream  and 
Mean  Proportion,     (ii.  e,  2.) 

That  IS,  to  divide  a  Line  fo,  that  the  Square  of  ih^  greater 
-Segment  (or  Part)  a^  may  be  equal  to  the  Rc^angle  made  of  the 
whole  Line  Sy  and  the  lefs  Segment  e,  g 

Viz,  I  I  \Se:=^aa,  bythc  Prohlem.  ■■      ■    .'-^ 

And  [-2  I  5  —  0  =  /,  for  5  =<7  +  /.  ^      M 


Chap.  4. 


Of  i^aiHifns  IP  joMemg. 


^21 


1  ^  5 

3 

5 

a  and  3 

4 

if=5  — «.    ByAxim$^ 

4.  X  8 
5  +  5- 
6,  ibived 

1 

7 

aa=S  S  —  $0 
««  +  5«  =  S5 
«=  V*5  +  T**  =  i5  5'    See  Ptf/«  195,  196. 

NotC9  7Z<  Iq/l  Problem  cannot  be  truly  anfwer* d  by  Numbgrs^  but 
Geomitriadly  it  may  h^  ferf^rvfudy  thus  : 

I.  Make  a  Square,  whore  Side  hzzS  the  given  Line,  and  bifeA 
one  of  its  Sides  in  the  Point  C;  .^::::.v;.V. 

from  the  Point  C  defcribc  fuch  a  Se-*  y  *  5 

micircle  as    will   pals   through  the         /      :.,.••''' 
remoteft  Points  of  the  Square,  and       /    ,..•:'  . 
mnpleat  ite  Diameter.  i.';:.'.'^...i  -  ,  ■ 


2.  Then  will  either  Part  of  the  Diameter,  on  each  End  of  the 
I    Sidef^  be  =  a^  the  greater  Segment  fought. 
!  Buttf+ 5:5:  :  5:  tf.     By  Theorem  i^. 

\'  Erg9y  aa  +  Sa:=:SS.    Which  was  to  be  d«M. 

PROBLEM    n. 

The  Bafe  cf  any  Right-angled  Triangle^  and  the  Diffarmoi  hefween 
the  Hypothenufe  and  Cathetus  Am^fffCMr  U  fiid  the  Catbt* 

lus,  (^c. 


And 

Then 

4— #« 


Or, 
8v 


i  —  72 
arf=3» 
2^a^s.  CtthAut  fought 


c 


J* 

8 


%d 


X"^ 


By  Thmtm  xxv, 

kiz:z4d+id0     .  \^' 

xDm^H^dd  ^'^  ..a       -' 


* :  «F  +  «» :  rrf :  I.    By  Theorem  13. 
H^dd-^-o,  da.    As  before  at  the  gth  Step. 


xmU^ 


Tt 


Here 


^2.Z 


1 ^ 5 

€imem  of  ©comettp*       Part  iii. 


Here  you  fee  that  either  Way  raifes  the  (zm^Mquation  ;  neither 
is  there  any  conflant  Method  or  Road  to  be  obferv'd  in  fol ving  G/- 
ometrical  Problems^  but  every  one  makes  Ufc  of  fuch  Waj^  aod 
Theorems  as  Happen  to  come  firft  into  their  Mind,  the  Refidt 
being  every  Way  the  fame, 

PROBLEM    IIL 

The  Difference  between  the  Bafe  and  Hypothenufe  of  any  Right  angled 
Trianzky  and  the  Difference  between  the  Cathetus  tfwiHypodie- 
nufc  being  both  given^  to  find  the  Triangle. 


Lct{ 

And 
Then 


{ 


6+7 


^=32 

d-^-x+arziheHjpot, 
''J::fZ^?bythcPr««/. 


dd'\-2da'\'aa'=:yy 

XX  '\'  ixa-^-a.azz.ee 

dd-^-  2dx 4* 2da  -|-  ixa'^xx +aazzO  Hypothenufe^ 

ddr^ldaA-'Zxa+xX'^^iaa^syy^ee. 

ThQ'jttn6  lad  Siepa  9re  equal,  by  Theorem  11.  C<^fe4uently,  if 
thofe  Things  that  are  equal  in  both  be  taken  away,  the  Remain- 
ders will  be  equal.  *  By  Axioms. 


That  is 
JOiw* 


*  •  1  H- ii»*  xz 


2  +  II 

.1+2+11 


10 
II 


^3 


aarzz  T.dx'n  i6cO 

azz  ^Otdx^  \o 

d^4  9r^2  :sy  The  Bafe. 

x^a  sso^zz.  e  The  Cathetus. 

i  +  ^  +  ^  ^  97  ^^  Hypothenufe. 


PROBLEM    IV. 

7i#  Hypothenufe,  and  the^upt  of  the  other  two  Sides^  of  any  Rights 
.  • .    angled  Triangle^  being  given^  thence  to  find  the  Side:  • 


And 

I 

B^Fig. 

2&^ 

4--3 
-3 — f- 

3: 

4 

7 

I X 

e    \ 

'   -a-*!. 

tt—tz=.y/zHIi—SS 


«  +  7 


tfaap.  4.     ofmmmpmfm0. 
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a  4.  71  81  ^a-S-^-y/tHH—  SS  =  144. 

sr-i =72  Ti&^BaTer/fKtrA/. 


8  +  2 


2  —  9 


9 


io 


a  rr 


'  =  ■' =  65  Tkt  Cathetu*. 


P  R  O  B  L  E  M    V. 
thf  Htpothenafe,  end  the  Difertnce  »/  the  ether  two  Sidts  of  any 
Rsgbl-CMgUi  rrlangU  hetng  glvtn^  to  find  tbt  Sides. 


Let 
And 

^7  Fig. 

3  —  4 
3  +  5 

6  itti* 

a  +  7 
7  —  2 


A  sr  97        As  before 
tf  —  /  =  J=7  Qiicrea 


aa^ee  —  hh 
^ae=zhbr^4d 

la::zd+^2bb—dd=  144 


2/ =:  y/aM—^:— rfs 
.  =  65 


•130 


P  R  O  B  L  E  M    VI. 

A  w  Righi-angled  TriangU^  either  the  Bafc,  cr  Cathctos,  and 
the  abernstf  Segmm  ef  the  Hjf^beDufe  made  iy  a  Perpendi- 
odor  let  fall  frm  the  Right-angle^  being  given^  to  find  the  other 
Segment. 


45  The  Cathctus 
b=z  48  The  Ornate  Segm. 


10 


»»»»»IM.|^ 


ba  t;z  i§ 

cc—aasssee  By  Tbeer,  11, 
ba  ^icc-m^aa 
aa  +  ba:=z  ec 

aa  +  ba+^bb  ==  ec  +  jbb 
9\d  +  ib  =  y/,cc  +  bb 
f^\/j^+i  bb  :—ib zs  27  Arid  fo  on  for  e^&c. 

I'        N'  I  J  Jl      ill      J,  I      II  I— ■■■       m      * 


3H 


€lement!g  of  ^eomettp*    ,     Part  iir. 


I  fliall  now  jihcw  the  Geometrical  Canjfruifhn  (or  Solution)  of  the 
three  Cafes  of f^^uadratici  Equations  promised  in  P^e  202.  Let 
thtf  firft  Ea^mple  be  that  above,  viz,  aa  +lazz  cc.    Cafe  r. 

Make  Ac  Co-efficient  ^,-  and -the  Root  of  the  Refihend  (which 

is  here)  <^' int(>  i,  Right-angUd-Pa^  .  

raUelogram,     And  upon  the  middle  ^ 

Pbint  of  the  Side  =  b  dcfcribe  fuch  /'? 

a  Semicircle,  as  will  pafs  thro*  the  /  j 
remoteft  Points  or  Angle*  of  the  /  ^\ 
Parallelogramy  compleating'its  Di-  ii::',R.s 
ameter,   sis  iiT  the  annex'd  Scheme. 

Then  will  either  Part  of  the  Diameter,  oi)  each  End,  be  equal  to 
the  other  Part  will  be  0  ^^  ^9  and  the  Side  c  will  be  a  Mtem 


^.. 


proportional hetV9tcn  them :  That  is,  a-^b  :  c  ::  c  :  a^  by  Tbm* 
rem  13.  confequcntly  tfir  +  ^tf  ^  ec.    Which  was  to  be  done. 

PROBLEM    Vn. 

The  Differ enci  between  the  Bafe  and  Cathetiia  tf  any  Right  emghi 
Triangle^  and  the  Perpendicular  let  fuU  from  the  Ri^-angU 
ufnn  the  Hypothenuft,*  being  given  j  thence  to  find  the  Hypothc* 
nufe,  lic^ 

Let 

And 
Querevi 


By  Fig, 

4'.' 
Agaia 

5x2 

6-7 

1.0  +  ^ 


ili=  15  The  Difference  of  the&des 


aU  =  36 

3  «  =r  Hie  Hypothwoft. 


d  -^^  e\p\a\  e 

de-^-ee  zz  pa 

dd-]- 7.deJ^  leent  era.    By  Theorem  n. 

dde+  2  ee-zz  2pa 
i\dd'=:aa^-2pa.    Caie2* 

a—  2p a  +  pp7=:dd ^ppzz  i^XU 
a—pzz^,dj  +  pizzi9 
=  p\\'s/dd'^ppi=iis^Ve.hre.'^Stepi. 


•C' 


«•  t«t  ••••■|(t««aJ^ 


^  The  Geometrieel  ConJiruSiion  of  this  Cafe  2,  viy.  a  a  —  %pa  s:  dd 
inay  be  performed  in  the  xery 
fame  Mani>pr  as  the  TaJI  Cafe 
was ;  that  is,  by  making  a  Rieht- 
angled  Parallelogram  of  the  Co- 
efficient 2p  and  the  \/  dd^  vis. 
d^  &c.  As  in  tl\e  annexed  Fi- 
gure. 


ap 

—?♦— 


.*r4P 


Then 
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3.25 


Then  will  the  greater  Part  of  the  Diameter  to  one  Ead  of  ihc 
ParalUlogram  be  =  tf,  and  the  lejpr  Part  will  be  <? —  2 p.   For  a : 
diidia — 2 p  by  Theorem  12'    Confcquently,  tfu— .2^.^?  =  4^/.  . 
Which  was  to  be  done. 


PROBLEM    Vni.  '  ' 

7k Hypothenufe  o/any  Rigbt-angledTrhmgley  emdthe Perpendicu- 
lar UtfaUfr^m  the  Right-angle  upon  the  Hypothenufe,  beinggiven^ 
ufimtht  grMter^Segment  of  the  Hypothenufe^  i^c. 

4  =  75  The  HypothcnuCs 
^  =  36    ,' 


Let 

I 

And 

2 

Then 

3 

fa  Fig. 

4 

4V 

5 

3  — « 

6 

5»6 

7 

7  x« 

8 

8  + 

9 

10 

aP-Ci 

10  Wl* 

II 

II+J* 

12 

p::f:i 


b-a=PI 


ba 
aa 

a 
a 


-pj 

a 

~-aa=sfp  Cafe  3. 
— ha=z—pp 


h 


h^jhh. 


•PP  =  tJ0,2S 


—  i  A  =  y/±hb- 


=  ib±y/ibb. 


-PP  =  10,5 

•PP  =48.  .Or,  «ss27. 


The  Geometrical  CopfirufUoa  of  Cafe  3,  viz.  Ad — aa^pp, 
maj  be  thus  pcrform'd  :  Drzw  a.  Rigkt- 
Snt  (of  any  convenient  Length  at  Pica-  y'' 

fure)  and  near  its  Middle  ere<^  a  Per-       / 


pendicular  =  py    viz.    of  the  feme      /  .  .• 

Length  with  the  Root  of  the  Refolyend.      -'/  ^'-y'^ 


f  looi  the  top  Point  or  upper  End  of 
that  Perpendicular^   fet  o(F  Half  the 

Length  of  the  Co-eiEcient,  vt% — ,  and  upon  the  Point  where  *— 

2  ,  a 

juft  touches  the  firft  Line  (with  the  fame  Diftance}  defciibe  a 
Semicircle ;  then  will  its  Diameter  h  be  cut  by  rhd-Perpendicvlar 
p  into  two  Segments,  which  are  the  two  Values  of  the  Root  a^  viz. 
the  greater  and  Mi  Roots^  both  taken  together  being  always 
«qual  to  the  Co*cmcient :  (vidt  Page  201.)  J^or  b  —  a:  p:  :p:a 
ky  Theorem  1 3.    Jprgo,  ba  —  aa  =  pp.     Which  was  to  be  done. 

3  PRO- 


3^6 


Cimem  of  ^eottiettp*      p^  Jti. 


P  R  O  B  L  E  M    IX. 

TJrPtrimeter,/.'.  the  Sum  of  all  the  three  Sides  of  at^  RigU-mgpi 

Triangle,  anditsAitZy  leing  given,  tleiue  to  find  each  Std*. 

fl4.#4._y  =  *sr234    The  S««  of  the  5/if». 
I  i««=if  The  ^rw  =  2340 


Fi&Let 
And 


Again; 
2x4 

3  +  4 
I— :>• 

9^2. 

6,  10 
3  —  4 

12  uv^ 

JI  +  13 

IJ-r-2 
11  —  15 


3 

4 

5 
6 

9 

10 


ir 
12 
13 

IS 

16 


aa+ee^yy  By  Figure 

2«^3=4if 

2jyz:w— 4>f=:45396 

5x1^4^,.  ^^_2j/^       TJ^IfypothcnufeJ 

SLS  S  . 

f— ^=v/49=7 
2^=137+7  =  144 

^•^137 — 72=365   Tht  Cathctus. 


P  RO  B  LE  M    X. 

In  any  Ri^-an^  Trismgli  n  Pcrfcndiculaj:  Uing  Ja/allfrimthe 
Right-angli  upon  tbi  Hjpotbenufe ;  if  fhg  Sum  of  each  Sigmfut^ 
whin  added  to  its  at^unt  or  nuct  Side^  .iggkfi$,  tbmceto/nd 
each  Sidif  and  the  Signunts. 


And 
To  find 

I 
2 

3 
4 
5 

«4-K=l  =  I08 

^4.jr='*==72 

3©. 
4  —  *' 

«y=|i — 2x^4"^  ' 
mu^^Mzziss^-zsa^pp 

2  —  * 
6©» 

9yF,g. 
10  V 

6 

1 

9 

10 

Ji 

%-i^y  - 
««~2a^+##:=j7 

5,  Ii|l2ltf#=:«~2ii? 


|2-T-# 
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i^7 


12  -f-tf 

9+14 

15  X  tf 

16    ± 

17  -f-  2J 

Subflitute 

Then 

20  C  D 

21  tw* 

22  —4f 

1    23 

2  —  25 
^3  +  as 


i3Uz:ff:=±f 


14 

15 

16 
^7 
18 

19 

20 
21 

22 

23 
24 


t%e 


_  2a:n — 4«i» 


gg— Jf— 2fg+ 


2zss^^zsa 


26 

27 


tftf  +  —  +  2S-->|jtfsssr 
2/. 

2jifz: — +2»— if— 114. 
2/ 

iitf+^''=*'— 777^ 
aa4-2J{«+A«r^;2/-f-jrtrrr  r  1625 

ass^zs'\'xx  !  —  AT  =:  48 
<rzz6o=:^^  Bafe« 

#=  - — zsssiiy 
tf+te=75=:  tbe  Hypoth«nufe. 


P  R  O  B  L  E  M    XL 

The  E^erenci  of  tbe  Sides  of  any  OHiqueangledpIaneTriangk^  the 
Difference  of  tbe  Segments  of  tbe  Bafc,  and  the  Difference  between 
tbe  greater  Side  and  the  Bafe,  bang  given^  to  find  the  Ba/c,  l^c. 
f  I  ilrf  =  the  Difference  of  the  Sides  =  405 
Let  1  I  Jib  =  the  Difference  of  the  Segments  ==  495 


And 
TbQi 

And 

6v 

7± 

%^2d^ 


65  the  Diier.  of  tbe  greater  Side  and  Bafe 
tf  =  tbe  leaft  Side 
^  i^tf  +  «  =s  theBafe  ^ 


By  Theorem  16. 

8  ido'^'^ba^db+bx^^  . 
^]^^db+b^^^d_nSi7s^ 


2d — b  315 

I  +    9,iol^/+ifr=:78d=:r*/  greatcft  Side» 
3  4*  io|iii/4-<i4-;r:s:945a:iArBafe. 


375 


PR  O. 


y 


3*8 


^mm»  of  ^eomettp^ 


Part  II L 


PROBLEM    XII. 

7J*  Dtffertmt  of  tbt  Sides  of  arfj/  plane  Triangle^  the  Differemee  tf 
the  Segments  of  the  Bafe,  and  the  Perpendicular  UtfaUframtba 
yertical  AngUy  being  grueuy  thence  to  find  all  the  Sides. 

*=495  * 

^=300 

a=thtf  lefler  Segment 


Let| 

And 
^uere 


Then 

5  * 

6— >W 
SubRitute 

7.8 

But 
10  &■ 
II,  12 


bb—dd'\-  2ba=c  %de 
2Jf=AA— ^(rf=8lOOO 

pp+aa-ziee  By  Tljeonm  11. 


13  X  i/rfi4 

8,  IS 
l6-r-2;ir 


17  CD 


IS 


i9~ii 

20  X  2 

2  +  21 

JO,  ^f/m. 

»  +23 


;ir*'4-  2  Jfi^+  bbaa 


te 


pp^aa 


xx^2xba^bbaazzppdd'{-ddam . 
bbaa — fUaa-^-ixba  -zzppdd-' 
%xaa+2Kba:=ippdd^^x 

aa-^-basx^ ^x 

2x        * 

aa+ba+ibb:::=lbb+^ 


ppdd 


.ix:-i*=:2is 


2tf=45o  ♦ 
A«|- 2^19945  the  Bafe. 
^=375=  ^^^  lefler  Side. 
rf+'=:78o=  /Zrr  greater  Side. 


PROBLEM    XHL 

7hi  Sum  tfibe  tiv§  Sides  •f  mn  plm  TirimtgU^  thi  Diffemut  $f 
the  Segments  rf  the  BaTe^  and  thi  Perpendicular  Utfaupm  she 


Virticat 


gap,  4.       Of  K<Mi>fag  iPyMniwf. 
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aadtbeStdti. 

t  f  =  I155  the  Sum  of  the  SiJes. 

d  =:  +9  J  the  Difennct  of  the  Sigmims. 
J  ^  =  300  the  PerptndkulKr. 
4|«  =  the  letft  SegmM. 

It  =  the  leaft  &V/^ 
^+us:tfatifa^. 
^ i  -<-  2^^  the  D^€rtnci  o!  the  J/^x, 


Let 


1 


Puti 

Then 
And 


I 


8v 

ii± 

Sufpofe 
Then 


H-^^jUs 


8 

9 

10 

II 

12 

^3 
14 


10,  15 

i8  ^ 

i3»  19 
ao-T-2;r 


21,  hence 

22  X  2 
24.23 

1-25 


16 

17 

18 
'9 

21 


d+2a  :s ::  S'^znd 

.y/aa-^fp-t 
dd+adazzts-^ZSi 

Zsez=,s$^^M-^%da 
zx^ss^dd 

2sizs2x-^2da 

X — da 


» 


=  «4-/ij» 


22 
24 

«5 


'MW  —  iriM^.  2Mb  =  x^»  — »«^ 

a  =  22J 

2«=450 

«  +  2«  =  945  the  Baft. 

*  =  375  the  lefier  Side. 


26|  i  —  /  =  y8o  the  yeater  Side. 


PROBLEM    XIV. 
?Wr|W  #/  «9,  Obliju^anikd  flan,  Tri«llg^  /i&r  D/;f,r/i»r,  ^ 
'*r  Stdis,  md  the  Btffmr,ntt  ^  tkt  Segnunts  of  th,  Bafe,  W 

C  I  I  I  ^=  '41750  aji  the  i#rM. 
Let  j  I2I  ^=;405- 
M3l*  =  49S 

U  u  Pat 


33^ 


€\mtm  of  ^tamettn* 


Part  HI. 


Put  I 

Then 

VtxFig. 

9®-' 
?ti  Fig 

II  ©• 
6x2 
i3-T-« 

J4©-* 

Per  Fig. 

SO -rrJ^dd 

l8  X  aa 

jg  X  4<ilrf 

20  ± 

21  -^ 

22  C  C 

25  ttt/ 


jr  =  the  Perpti$duular. 
a  ==  the  £<2^. 


7  <» :  </>^.2<: :  i/:  * 

8  itf^  ^/^.^.sufr        ■».!'       ■  i  ..iW'u 

Qia  •—  dd  =  24/tf  ^ 

hbM  —  iddha-{-dddd^^Jdie 

"•^^  ^  »  the  leflcr  Segtnent  of  the  B^. 


a<2— 2^<f4-M 


4 

14^  =  — 

4//yf 


SB»tf 


15 
16 

'7 
18 

19 


aa  4 

♦— —  =  ee 


M 
25 


^d 


ihati—xddia.-\-.d* i.AA  ,  aa  —  iha-\-hi 

aa  4 

a^ — 2^aT+^A<I■ 


4<W 
bia*—iddiai+d*aa 


4dd 


:S:4>/^  + 


f  i^ —  2/i/*(»3  +  d*aa  =  16  -//i/<i/  +  dda* 
I—: 


2ddbai  +  ddUa* 
bba*  —  dda^  Jif.  d*a^  —  ddhbd''  =  1 6  A  Add 

22  aaaa  —  ddaa  -   ^^^^^ 
bb—dd 


aaaa— ddaa  +lddJd=:2^'i£P  +  id* 
"        r  ib—dd        ' 

-idd^JlHE^^Li^ 


*6U=^:..^  +  y^^  +  ^rf4=;:945 


FRO- 
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PROBLEM    XV; 

Tbefft  i>  dk  QUiqui'Xmgkd  plane  TriangU^  wherein  a  Perpendicular 
is  let  fall  from  the  Vertical  Angle  upon  the  Bafe  ;  the  leaji  Side 
emd  tba  hdSt^augiveni  and  the  Re^angte of  the  Difference  of  the 
Steles  into  the  leq/l  Side  is  equal  to  the  Square  of  the  Difference  of 
the  Segments  of  the  Bafe :  'Tu  required  te  find  the  Segments  of 
the  Bafe,  »c. 


Let 

And 

Put 

Then 

7-8 
5©^ 


10 


*  Ci 


9,  II 

12  X  a 

13-^ 

14  +  licca 


4f 


f  =:  56  as  the  leaft  Side. 
fi  =  92  =  the  Bafe. 
tf+a^  — -B 

=  the  Dtflei^nct  of  the  Sides, 
eyss  am  by  the  Qoeflion. 


65:  2r4-y  :  \j\a^  for^sa-}-  2# 

i  icy  ^  aa 

9  Ba —  2ifti  =/f 

lOfgy 


iijys: 


iOaaa 
aaaa 


>sn 


aaaa 


n        ^  aaaa 

cc 
ijccBa^^  2ccaa9ffaaaa 

14  ccB  —  2cca  ss  aaa 

15  aaa  4-  '2cea  ^.ecB 

16  aaa  -|-  6272^1  =:  288512 


The  Faltie  of  a^  in  this  Mquation^  may  be  found  at  in  the  Ex^ 
amples  Page  238,  vi%.  by  putting  r  <-}-  ^  =:  «,  &c,  as  in  thofe  £x«> 
amplea  you  wtii  find  it  =  37>55502,  &c. 

PROBLEM    XVI. 

The  three  Chords  or  Suhtenfes  of  three  Arches  comfleating  a  Semi- 
circle heing  each  given^  thence  to  find  the  Diameter  of  that  Clr- 
de.    That  is,  . 

A;  Trapezium  heing  infcriVd  *in  4  Semicircle,  if  0ie  of  its  Sides 
he  the  Diameter ^  and  the  other  three  Sides  hegiven^  thenc:  te^find 
the  Diameter  or  fourth  Side»^ 

Uua  Lit 


33* 


(Gm9IIM$  q^  ^ttmtttf* 


tarcUl. 


1 


Let 


Then 
And  I 

6X7 

8,  =  9 

10  -r- tf 
II  —  €Ca 


2  ^  =  4  >  die  3  Sides, 
as  the  Dum.  fought. 


5 

6 

9 
10 
n 
12 
'3 


Draw  the  two  Di^iuJs 

izpAf 
ca-^idzz  ij.    By  TLhi9rim  19* 

aaaa'^.ih0  -^dJm  «  ami  -4  ftM^« 

tfAi — ^<tf-  ■rfrfff  — ffg:s2iiic 
4W«-^$Ot5S;  Uo 


This  SfUMttM  being  folvM,  as  in  S^ample  2,  Pi^f  24O1  von 
will  find  41  :s  89O5581,  &c. 

PROBLEM    XVII. 

A  ARf  Jbfjfr-iiPig^rrmyij^i^,  /J^  Area  «iii  #fi#  &ar  ^  t&^Hjppo- 
thenufe,  whn  added  to  iitber  Side^  kdnggiveni  thtnci  ufind 
iht  Sides. 


Suppofe 


1 


1X2 

Per  Fig, 
a  —  / 

5.7 
8  0^* 

10  -f-00 


2hr  +  /  ==  /  =  110  die  Avjn,  8s<. 
Quaere  tf,  /,  a|id/ 


4  4ir:::=a^ 

00  + M: 


M 


71/  =  '  — < 

« 


8 
9»' 


10  4» 


II 


^st-'^^idl 


^.  9>  21 
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l2,Tliatis 
15,  Num. 


12 


ssa  -^  tf^a  =:  4s  jI 


1 6  l^4fOQA -»- i»i»<::4|JBopci 


The  ;fUii#  cf  d^  in  this  Mquafimii  m^  bo  fouiid  jas  in  the 
tMrtf  Example,  ft^^  241 ;  that  is,  by  mjAiug  v  *{ '  #  1^  #»>  fc»- 
it  will  be  found  that  tf  sb  6oi 

PROBLEM    XVin.    , 

Thgrt  is  an  OUifue-^oi^elid  fiafu  TiUtfigle,  whertin  4  Perpen^cu« 

.  lax  i$  UtfM.fr^m  sbt  Vertical  Ai^le  itpcm  the  Bafe ;  th  Sum 

•/  each  Sepniftt  rf  d^  Bale,  whin  addid  ta  ks  adjaccttt  or  mxt 

Side^  and  the  Area  of  the  Triangle,  an  givniy  to  findthi  ^ci^ 

ftndicvil^i  and  eac^  Sidf.      *      ' 


Ut 


I 


And 
Then 

%  —  * 
^©■» 

8,  12 

13  ± 

15  •*-2« 
16-5-  2/ 

17  -i-  18 


i/=  the  ifr«i  =141750 
tf  .=  the  Perpendicular  fimgfit. 


7 
8 

9 

i6{ 
II 
lit 


17 


19 


;  +  /=  - 
*     a 
yy^aaizhb 
ee^aa-rz  uu 
=  z  — 7 

««»«  — 2«jF+)y. 

13|1EZ^:^  22y  ±=  aa      

I4ftf  <4~  2//  =;  oil 

2z— tftf  =  oxy  • 

11~  "*!  ^  ^\  r     ^^^^'^g  f^'*'*^  *«  Vjiliie  of  « 

**~  ^'^=  y     \  from  the  14th  Step,  e  and  j  will 

I  f'k-    cafily"  found    by    th^fe    two 


2Z 


2f 

az— 17^ 


I  rbc  ,  _ 

i  Steps,  and  j,   «,  by  the  gtk  and 
/  loth  Step. 


2S 


,  ss^^aa>        , 

2X 


6,  19 


J 
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detnetitfit  of  tf eommp.        Pmiii- 


zg  —  gg  _i^  /I  —  gtf  _  a^ 
2%  zs  a 

+  %ss  —  zim Aza 

a   - 

pOOOOOtf  -— -  initf  =:  243000000 

Here  a  as  joo  foand  as  iii  the  laft  Pr§Uim. 


6,19 

lox  22 

21  XX 

22  X  tf 
23,  ^<MK 


20 

21 

22 
23 


PROBLEM    Xrx. 

Thers  it  a  Right-anghd  Triangle^  wherein  a  Right-Um  is  draum 
'  parallel  to  the  Cathetuj ;    there  is  given  the  Cathetus^  that  S^— 
'  ment  of  the  Hypotheniire  next  to  the  Cathetus,  and  tbf  akit^seate 
*  Segment  of  the  Bafe  i  thence  to  find  the  Bafc,  4*c. 


Tiz.  Let 
Then, 

Here 
And 

3  •• 

6,7 

8x 

9± 
That  ist 


I 

2 

3 

4 

5 

6 

7 

8 

9 
10 
It 


A  =  20  .  f  =  24  .  a^d  ^.s  15 
^  4^  a  =:  the  5^.. .  Quasre  « 


h^ai^waxe^tx  Figure, 
aa^eezs^bh^  Figure* 
ca 


ecaa  ^ 


hb'^7ia  +  aa 

bb  —  aa  zz,  ee 

ecaa. 


:sef 


-C 


ihb  —  aa 


bb  +  2ba  -f  aa 
ccaa  =  hhbb  ~  bbaa-J^zhlAa'^Tkn  4-  U>aa^  «# 
<}♦  +  2^tftfa  4-  ^ctfiT + ^Atftf  —  hhaa^^zhbbaz:!  Mb 
aaaa  +  40i»itf  -f^  751^^-— 90ootfasy)ooo 


aaaa 


Then 


For  a  Solution  of  this  MfuMon^  let  it  te  made 

..      ■ » 
+  itfi35<»  +  r<2/i-— rffls?(?    r,v(*  =  40    .    '  =  75^^ 
Putr-fx=:tf  '    •  trf=:9Qoa  tCsgboc 

r  r^  4"  4  ^''^  +  6rree^  tf*  1 

1  ^r  rr  +  3^rrf  +  3^w  =  ^00   is  G  =s 
I  ^rr  4*  2Vr/  +  cee  rr  ffltf  •    f  "* 

'  t  — 1  ^r  -«  rfr  s=  —  rf<{i  J 


96oo« 


:  90000 ' 


Let  r  =:  xo 


Th^ 
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Then 


{+  1 0000  +    4000^  +    600^^1 
+  40000  + 12000^  4- 1200/^  (    /- 
+  75100 +•  15020/ +   751// (=^  =  90000 
—  90000  -j-    gocoe J 

That  is,  35100  +  22020/  +  2551//  ^  90000 


Hence  it  will  be  22020/  4-  255 1//  =  54900 
Confcqucnily,  8,63/  +  //  —  21^52  =  D 

.     .      M3-+-<? 
OpiratioHj  8,63)  21,52   (2,1  =/ 
+  /  =  2,1       20 

i.DiviJirss  10        1,52  Firft  r  =  10 

2.  Z)/v//ir  =5 10,7     1,07.  +/=    2,1 

45  &c.     r  4.  /  =  12,1  =:  r  for  a  fecond 
Operation,  which  being  involv*d,  and  mukiply'd  into  the  C^-effici-' 
nas^  as  before,  will  produce  thcfe  Numbers : 
+    21435,8881 -f    7086,24/+    878,46//-] 
4-    70862,4400  4-  i7S69>20/  +  1452,00//  V  ^  p 
H"  '09953j9'oo  -j-  18174,20/  +    751,00//  f  —  ^ 
—  108900,0000  —   9000,00/ J  ^ 

^^«-  93352,238«  +3383t9>64^  4-  3081,46//  =  90000 
Here,    becaufe  93352,2381  -7   90000  therefore   12,1   y  m^ 
and  therefore  it  muft  be  made  r  —  i  zz  a^   which  will  produce 
the  fartie  Numbers^  only  all  the  fecond  Signs  muft  be  changed. 

Thus,    93352,2381  —  33829,64/  +  3081,46//  =  90000 
from  whence  will  arife  this  Mquathn  : 
^    ,    +  33829,64/  —  3081,46//  =  3352*238 1 
U>nfequcntly,  10,9784/— /^ir  1,08787332  =  i> 
Operation    10,9784)       1,08787332(0,0999  =  / 
— ^=^0999  9792        . 

1.  DhiifirioM  108673  Laft  r  =  I2,f 

2.  Divifir  10.879  9791 1  — /  =  0,0999 

3.  Dwi>- 10,8785       .    1076232  r  — /=  J2,ocoi  =# 

97906s 
&c. 

PROBLEM    XX. 
In  the  ObUqui-angled  Triangle  CAD^  there  is  given  the  Side  AD^ 
and  the  Sum  of  the  Sides  AC^CD\   alfo  within  the  Trianglof 
is  given  the  Line  AB  perpendieular  to  the  Side  CA^   thence  /# 
find  the  Side  C  A,  &c. 

I  .  Let 


\ 
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(SlottttMi!  of  ^^eometcp^ 


Part  lU- 


Let 


1 


And 
Then 


Suppbfe 

Then 
And 

But 
6,7 
8v 

■   s®-* 

Per  />>. 

li  —  aa 

But 

12—  13 

17  +  tf 
18  ®» 


«4 

16 


17 
18 

*9 

2d 

21 


C^=3  0roaght 


the  lineDF      ^  « 

paraUel  \0  AB;  CA  being  produced  to  F 
A  Cy/£,  and  A  CFD  will  be  alike. 
BC :  CA-.'.DC:  CF 

BC=_s/hb  +  aa.     Let ^iS"  =  *,  and  FD 
^  bo  •\-  ea  :  a  % '.  t  —  a\a-\-  « 


fa  —  aa 


=  «  +  * 


^.ibb  -\-  aa 

it — 2itf+^«=:  aCD 

sS'^2sa^aa::zaaJ^7Me^ee^jj:=i  D  CF-{-  U  FD 

13  dd±iii+yy^oAF^O  FD 

2jr=:xi— ^J 
X — sazzae 
sa 


X  —  sa  "^aa 


=  tf  4"^ 


ssaa" 


-2fi?«<y-JHf* 


D  a  +  e 


bb-'\-aa 
XX — 2x$a^7jcaaA~ssaa — 2sa^+a4-      _  ■      '  ^ 


aa 

r  s^aa  —  isaoa  +  **  _^ 
1       ,    bh^aa  " 

I  ^"^ — ^^^^  't-  ^^tftf  4-  ^^<yg— ■  ijg3  4- 


tf4 


This  /Equation  being  brought  out  of  the  FraQiom^  and  into  Num* 
brrs^  win  become — 2018^*4-  125409^3  —  2464230,25^*  4- 
35468307^=274183922,25;  which -being  divided  by  2018, 
the  CV  efficient  of  the  hrgheft  Power  of  ^.  will  be  — a^  4-  62,145 
6tf^  —  i2Zi,i25«*+i7575,9697«=  135869,138875  &c. 


And 


chap>  4>        oi  KelKiitttg  iftyWewgr  y?y 

And  from  hence  t)i€  f^aiui  •£  #  majp  be  feuod,  a»  m  the  /^  ^^ 
Ai^  due  Regard  bekig  had  ta  the  Sigm  of  eveiy  Tlnir. 

This  Work  of  reduangy  or  preptring  Mftuamu^  fi>r  *  5aAr<i>«  bjr 
Divijhmj  hath  al wjy  hecn  tioght  both  by  mtdinr^tiim^dern  Wri«, 
terf  ^J(g0h^  as  a  Work  fo  necefiiy  to  be  it>fle|  that  they  do^ 
not  fo  much  as  g^fe  a  Hint  at  theftMMH  of  wsf  adfhOed  4iqna*' 
fxfji  without  it. 

Now  it  very  often  happens,,  that^  in  JivUbig  ^1  the  Term  of  an 
JEfwUmj  fome  of  their  ^$tiemU^  will  not  only  run  into  a  long 
SeriiSj  but  alio  into  impeifaEk  frw^iffU  (as  in thii  4lfpmtimiin9^ 
which  rendfrs  the  Sdutitn  both  tedioua  and  imfuft^ 

To  lemedy  that  ImpirftOim^  I  fliali  here  |hew  how  this 
fiqmatfM  (and  C9i«leqiieiitl]t  any  other)  ouy  be  ntfik/d  wkhow 
fvch  Divifim^  or  M^iM. 

iMk^  loif .    <  =  125409-  '  ==  2464230,25 

/  =  35468307.  And  G  =  a74i»392*'^S 

Then  vbLtfr0Cideta  Mftt0ii$H  will  fland  thus ; 

Pitt  r  *|-  #  s  ir  at  before. 

••+A+A =+/«  J 

This  is  pfann  and  eafily  conceived.  The  next  Thing  will  be, 
how  to  eftimate  the  iirft  Faluf  of  r ;  and  to  perform  that,  let  G 
be  diviJUi  by  ^,  only  lb  far  as  to  determine  how  many  PUus  ct 
whole  UunAtrs  there  will  be  in  the  ^Hhnt ;  con6quently,  how. 
many  PMnti  there  muft  be  (auordiwg  u  tb$  Hiigbt  rfm$  Mf$atm^) 

Thus  b  =  aoi8)  G  c  274tS392a»35  (13090a 
aoi8 


7238,  *c. 


Now  frooi  hence  one  ma]f  as  eafilygpiefs  at  the  Vabu  of  r»  as  If 
all  the  T^rifif  had  been  midid.  Tliat  is,  I  fuppofe  r  s  io» 
which  being  invphfd,  tec.  as  the  Litttrs  aUvi  dtrUt^  will  be 

X  3(  f-p  20|8od09 


}-" 


33^       ^&emtm  of  ^tmaxttj^*  Pan  III. 

.~  2o88ooooy— .  8072000^-^1210800^ 
4-  11^409900  +  37622700*  +  376:>270f^ 
—  246423025  —  49284605/  —  2464230,25// 
+  354683070  +  3S+*8307#  ... 
■■     ' .  '   . '  ' '.        "    '.*'.''' 
Fiz.  21348904s  +  i57344oa#  +  87»39,75#*=274f  839  t/^,  ^ 

Hence  1 5734402'*  8.7239'7S»':=»  ^P^94877»«5 
Ceit/e^iuiUlft    i8o,3«  4*'' =  ^S)72*B-D 

•■   And       -P ' .     =« 
180,3 +# 

Optrgtiaa    i?6,3)     695,71     (3,78=* 

'  II  in  I. ■  I  ■■■  • 

+  /  =    3.7    549 
sj^iii^sziSj       1*6,7^  .     Firftm  to' 

a-Divj/irs:  184,0    12^,50  ••      +^=S»7 

•        f^-  '    f:  +  ^=?  13'?-  =  ^  %  1^ 

fecond  Operatlotty  witH  which. you  laay  proo^,  as  in  the  laft  Pro^ 
blemj  and  fe  on^^to  a  third  Op/nuhi^  if  Qccafion  require  Aich  Ex- 
aSnefs.  But  this  qiay  be  fui|^iQQt  to  (hew  theMethodof  refolv- 
ing  any  adfeRed  Mquationy  without  reducing  it  \  which  is  not  on- 
ly very  exad,  ^^t-s^Ub  very  ready  in  Pi:aAice>  as  will  fully  appear 
in  the  laft  Cha'ptir  of  this  Party  concerning  the  Perifmery  and  4^fa 
of  the  dhrcU^  Ice.  wherein  you  vi^ill  find  a  farther  Improvement  in 
the  NumericatSoiuUQff  of  High  Mquations  than  hathlutherto  been 
publifh'd. 

■  ii       I   ■■    III!  r  M  ■!-■  1 1  •         ;        ^  '  I  •  ■  •     II        J* 

CHAP.    y. 

CflttteittjJ,  or  atCa*lJ  ^f  Rigbt'hn'd  Figurej. 

jDEfore  I  Rfoc^eed  to  the  folldMriog  Prd^teiffSyM  may  be  oonve- 
"^  nienc  to  acquaint  the  Learnfr^  that  the  Superficies  or  Area  of 
any  Figure^  whether  it  be  RightUfCd  or  Circular^  is  eompofid  or 
made  up  of  Squares^  either^/^l/r  or  lefs^  according  to  th6dtflferent 
Meafures  by  which  the  Dinunfaiu  of  the  Figure  are' taken  or  m/tf- 

That  is,  if  the  Dtmenfioip  are  taken  in  Jn^ifff  0ie  Jrea  wiP 
be  cmpofed  of  fqua(e  Incbesi\  \i  xht  Dimenjions  arc  tiken  in  Feei^ 
the  i/r/tf  will  be  compifed  of  y^*'^''^  ^^*/ ;  if  in  Tarhy  the  A/a 
yrjpl  be  fyuare  Yards  \  and  if  thf,  I^menjiom  are  taken  by  Piles 
ct  Perchesy  (as  in  Surveying  ef  Landj  ice.)  then  the  Area  will 
be  fquan  Ptntes^  &c    Tbcfc  Things  being  uaderftood>  tnd 
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A. 

^ 

B 

.•^ 

1 

? 

c 

• 

^ 

2> 

the  Dtfimtiem  in  the  283  and  284  Pages  well  co^der'd,  will  help 
to  render  the  following  iUi!f/- very  cafy.       ;   ^' 

PRO  RLE  M    I, 

ITofini  the  Superficial  ConiiBty  jot  Jt^ea  of  a  %^^SXZ  \  or  of 
anf  Rigbhangled  J^JBralWOffCanU 

Sjilt    i  Multiph  thiLengtb  iitt^  its  Bnsultb^  and  tie  ProduSf  mil 
■^**^*  \  hi  the  Ana  refmnJ.    (Sa  Lemma  1.  Page  302-) 

Example.  Suppore  the  Line  AB  r=  6 
Tardsj  and  the  Breadtlf  AC  w  BD 
SS3  3  raris^  then  AB  x  AC  n  6 
k  3  s  i9  will  be  the  Number  of 
ffuari  Yards  contained  in  the  Aria  of 
the  ParaUihgram  ABCD.  This 
^  fo  evident  by  the  i¥^arr#  only,  that 
It  needs  ao  Demenflratien. 

P  R  O  B  L  E  M    n.        * 

To  find  the  Area  of  My  OMique-afigled  ParaUebgramt  vizi 
€iii^ofaKblO^^ 

itttU    \Mubiph  thi  LengA  isae  its  ferp^ndicuJar  Hsigbt  (or 
■^""^  I  Breadth)  and  the  Predua  will  he  the  Area  required. 

That  is,  the  Side  if  £  X  £P  =  the  Area  of  the  Rhomhs 
ABCD.  For  if  BP  be  drawn. >#r* 
fendicidar  to  CD^  and  AG  be  made  ^- 
toMtoBP,  thenwillCCir  Pi>iuMi 
GPmCD.  ConfirqiieatlyAi/GC  s 
liBPDy  wdaABGPzt  Rh$mhm 


A B 


ABCD.  ButABK9P»oABGP.      ii  ' '%     p     > 
ThtTtfmABx  BP,  otCDxBP^ 
^Areaofth^RbmhnsABCD. 

Example.  Suj^P^fe  die  Side  AB  s  23  tmhes,  and  the  PerpenH^ 
cularB  P  as  17,5  Inches^  Using  Aejborteft  or  near^  t^aissi  *f- 
tweentbetwoSidesyAB^andCD,)  ^oeaA B^BPssaix  17,5 
^  AOl^Sfpf^e  htbes^  bring  the  ^r^  of  the  Rhosnius  etqeittA. 

The  like  maiy  be  done  for  any  jRbemhoides  whoft  Length  uxipiT'^ 
psndicular  Breadth  is  given. 

X  X  2  PRO- 


•    •  ^ 

.  I  I  11——^  1—^—     III   I  I   l^      I    ■  I 

iio  ^QKmentSlof  €>COIII^*         Pan  in. 

I^ROBLEMin. 

Tc^ttd  she  Siiperfieidl  Omfenti  er  Area  tfrnitf  fUme  CtintglC; 

'    Every  flam  Triangle  is  entalu  half  its  arcumfiriUMg  FetrsUeb^ 
grossly  (41.  It.  I.)  %vhicb  aff9rdx  thefilhwing RiJe. 

r  Mubtpfy  the  Bare  9/  the  given  Triangle  inte  halfHspirfm- 
JSlttIt*  i  £cuiar  Height^  or  ial/tbe  Bzk  inte  tbewboU  PerpemS^ 
L  cklar,  and  the  Proiu^  wU  he  the  Area. 

That  18,  «l>x^<;P,or  JiJDx  CP  -  Areacf  ^BCD. 
V<^  AC  :z  BPy /B^CP^wA       ji  c        F 

BC\h  comtnontoi^oth.A  A  %  there-        •"'"• v"^j;«^ ^ 

,forcA^^C=AiBCP,  andfor       5        ..y^''^  W   I 

the  like  Reafons  t:^CFT>^t^        \^^^ ^ L_    \J 

C/^D.    Therefore  A  JJCP  4.       tf  p T> 

£i,CPDzzic3ABFD.    Con- 

fequently  |  £  Z>  x  £P>  or  £2>  x  i  CP  will  be  the  >m  of  A 

BCD. 

Example.  .Suppofe  the  Safe  A  D  :;=  3a  Inches^  and  Atfesfme^' 
cutarJSeight  Cr  =;  14  7«wf. 

Then  i  Bl>«  C?  =  16  x.i4=:ai4.     OtBDxiCP 
===  J2  X  7  =  224.    Or  thus,  32  X  14  ==  448*    Then  2)  448 
"(223|.  =  the  Areat^&it  Triangfe  BCD  xnfqnare  hcbes. 

PROBLEM    IV. 

Tp  find  tbe  Siipaficiei^  pr  Area  of  My  CraptJffttItU 

Firft,  £vUe  f\it  given  W^^itdiim  inm-HO^TriangteSf  by  draw- 
inflf^a  'DiagMaltiom  one  of  itaicufee  Angles  to  the  ofifiAvt  Angle \ 
%M  let  fall  t*o  PerpetMeulmrs  (frim  the  eiher  Hue  AngUi)  upon  the 
^ifiagei^t^^'mf^kiXtPiek^Vigitn.    Then 

r  Multiply  half  the  Di^oned  inte  the  Sum  ef  iheHm  Perpen- 
IGlttle*  <  Jieulars^   or  half  the  Sum  of  the  Perpendiculars  into  thi 

L  l>il03miil;  oM  the  ProJuB  will  he  the  Area. 

Ttatt  i$,4j/Cic  A/>-f-£D.    OvACxi^BP^  \£D^ 
cAi^a  of  -ihe  Trac^ium  AB  CIX 

For  fke  /^  ABC'h  Half  its  circumfcribing  Patallelogrmn -,  and 
'ik%  ^AGD^'n  aHb  Hal/ot  ks  dreumfcribing  Parallelogram^  as 
hath  been  prov'd  at  the  laft  Problm^ 
-'-•   -^    -  -  Conjequentlf^ 
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CmfiqusMyyBF  +  EDx\ACy  or i  B i'  +  ^BDx  JQ 
will  be  the  Jna  of  the  Trapizium^  A 

as  above* 

Exempli,  Sui>pofe  die  Diagonal  x/!f.^  ■             /^>s;  A 

i#C  =  33  Fieij   the  PirpemUcu-      A<^'\\i^^ •J.i:?':^ 

iar  BP=ii  FiHy  and  the  P^- 

pin£cular  BDssL  nFiet.    Then  •-..— ^-..— *...mu  > 

B^Pjh^/>  =  29  />^,    and  / 

BP  4-  EDx^JCzz  29  X  16^ 

=478,5.  Or^Cxi5P  +  i£i>  =  33x,V  =478tS-  Qr 
tbua,  ng  x  33=  957.  Then  2)  957  (+78>5  any  of  thcic  Pr#- 
itf^i  are  the  Jna  01  the  Trapezitm  AoCD. 

PROBLEM    V. 

7«  /W  /Af  Std^rfidd  ConUut  #r  ^r^tf  ^  awf  irrtgular  F^gmt 
#r  numy-Jidii  figun^    which  by  form  ^  i 

Authors  u  <aWi  a  Triangulate^  becaufe  ^ 

(^\I Afpofi)  it  ms/HnHvideJ inta 
TrianglgSy  as  in  the  annexed  Figure 
ABCDFG\  by  which  it  is  evident, 
that  the  Sum  of  the  Area's  of  all  diofe 
Tria^gUsj  found  as  in  the  laft  Fro^ 
Ufmy  iic  will  be  the  Area  <£  their 
drcumfarihing  Faljgou. 

PROBX  E  M    VT: 
Tofiedtbe  Super/Ides^  cr  Area  ef  any  regular  Polygon^  viz^  rfanj 

regular^xit^LVin^  Ijejrtiffon,  l^tptajon^iDttaffdn,  ^c 

f  Multiply  half  the  Sum  ef  its  Sidesinto  the  Radius 
of  the  injartb^d  Circle^  or  half  the /aid  Radius  into 
the  Sum  of  tU  Sides,  and  the  Frodua  will  he  the 
Area  required. 

That  is  ^^+gg+/>g+^P4-/g+gH+fly+yiy.  ^  ^p 

2 

=s  the  Area  of  the  annexed  OBagon  \  wherein  it  is  evident^  that  its 
Are£(  is  composed  of  fo  many  equaUfofceles  Triangles  fis  there  ure 
tfumber  of  Sides  in  the  Polygon^  viz.  of  eight  I/ofteles  Triangles^ 
whofe  Bafes  are  the  Sides  of  the  O^agon^  vix.  ABzzBDz^DB, 
&c.  And  the  Sides  of  thofe  TriangUsy  CA^  CB,  CDy  ice*  are 
the  Radiuses  of  the  eiramfcribing  Circle  \  and  their  perpendieHhur 
Hey^hts,  viz.  PC,  is  the  Radius  of  the  injiribed  Cirde. 

"*  But 


34* 


ClntKtttjS  of  ^mtnctepi 


Part  tir 


•      But  the  Ana  of  any  one  of  thofc  Triangles  is  i  AB  :<CP  hf 
Pr^Uitn  3*     Confeqiicntiy  the 
Sum  of  all  their  Ana's  will  ^ 
C  P  into  Mf  the  Sum  of  all 
their  £i^i,  as  above. 

This,  being  i§uaO)  evident 
in  all  npdar  Pdfygons  whatfo* 
ever,  makes  the  Rsdi  general 
for  finding  their  Area^s* 

Now,  l^aufe  it  is  required  to 
h^ve  the  Radius  of  the  propos'd 
Pelfg^ft  infiriFd  Circle^  I  (hall 
here  infert  (anddemmftrate)  the 
Prd^^^iu  that  are  between  the 

Sides  of  feveral  regular  Pefygms^  and  the  Radiuses  both  of  their  in- 
fcriVd  and  dramfcribing  Circles ;  the  one  will  help  to  deUneate  or 
prafeff  the  Pefygou  (ifOccafion  require  it)  and  the  Other  will  help  to 
find  its  Area. 

And  Firji,  Of  an  etwdatcral  Cttengfe^ 

The  Side  of  any  Equilateral  plane  Triangle  is  in  Pr9p9riien  to  the 
Radius  of 
{Cin 
'mi  Ml 
iPer 

{AB 

le.<AB 

Lab 


CD 

CG 
AG 


^  lo»5773Soa7««^- 
As  I :  ToS  0,28867513  &C. 

C  0,86602540  &c. 

027     :  ^ 


I  '  o»S77B05t 
I  :  0,28867513 
I  :  0,86602540 


fiDemonScatfon^ 

Let  ABtiBD-  I,  then  will  BG 
ss  GD  s  0,5  ;  but  a  AB^UBG 
=s  n  AGhyTheerem  11.    That  is,  i 

-^  0,25  =- 0,75  =   U  AGy   confc-  .  ''••V:;v;..,o'*** 

gjj^n^y»  \/o»7S=o,866o254o =>/(?.•  H 

Then  AGiAB::  AB:  AH^  by  Theorem  13,  that  is,  0,8660254 : 
I  :  :  1  :  1,15470054  &c.  =  ^//,  then  4^/^=0,57735027  = 
AC.  Again,  AG:DG::DG:  CG,  that  is,  0,8660254 :  0,5 : : 
0,5  :  0,28867512  =  CG.    Q,  E.  D. 

Now,  by  the  Help  of  the  Fir/  of  thefc  Preportiens,  it  will  be 


«afy  to  refilve  the  following  Prehlem. 
3 


P  R  O- 
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P  R  O  B  L  E  M    VII. 

1%€  Sidit  rf  awf  EfuHatfral  plam  TriangU  being  gheftf  Ufini  its 

Area. 

ExampU.  Suppofe  the  Side  of  the  proposM  TriangU  ABC  t^ 
be  as  jHdi0s\  \i».  JB  zz  BC^CJ=2$ 
Firft  I  :  0,866254  :  :  -^fi  =  25  :  21,650635 
^BP\qThc9rm  13.  Thcnj/P  {=  iC 
J)  X  BP  =^tke  Area  of  A  ABC  by  RuU 
to  Problem  3,  ihat  i3,  12,5  X  a i, 65^635  =» 
270,6329  the  Area  infquare  Inches. 

Or  this  Problem  may  be  otherwife  refiMd^ 
thus  :    Let  «  =  i/P  =s  AC.    Then  2*  == 
i/A     But  D  Ali—  UAP^U  BP^  by  tbevremw.   That 
^  4«  -:.  W  =  3**  =  D  ^  P.  Cpnfequently,  v^  3<*  =  B  P.'* 
Then  b  x/  2ikb^  Be<iAf^  vi*.  v^  3W**  x  V  3  ^  <!»« 
ifr/tf  of  the  Triemgle. 


Stconifyj  For  a  petttajpf^tU 


rf«. 


1 


A  BxAC  III 

AB :  Cff : :  i :  0,6^819996 

ABiAHxi  X  :  1,53884176 


0,85065080 
D,688i<      ' 


3>tmonSratfon« 


Let  AB  ^  I.  And  draw  the 
piogonals  AD^  AF,  and  i)6,  which 
will  be^f  ntf/toone  another.  Then  will 
JGxDF  +  ADxGF=:A{;)^DG 
by  Tbeorem  19.  Confequently,  AG  x 
DFz=zAF  X  DG  :  -^^Z)  xGP,  that  is,  Q  AB-szU  ADi^ 
JDxGF^i  (becaufe  AB-AG=DF,  and  ADzzAF±DG) 
hcpcc  it  will  bcJ/i>,=  1*61803398,  then  D  AD  —  Q  Z)Hps 
□i^//by  TJi^^r.  1 1 .  But  DH^AB^  therefore  /  D  AD—^UAB 
=:  .///=  1,53884176.  Again,  AH:  AD : :  AD  :  AXs  2AC. 
X^xLAHQ  and  A  i/Z)Jrarc  alike. 
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Ergo  %^=  a^C=  1,70130161.   Hcnce^zz  0,85065080 

Buta/fH— v/C:=Cff=o»688i90Q6,  &c.  CL  E.  D. 

FtoA  hence  it  will  be  0aji(  to  r//^ivr  the  following  PrtbUm. 

PROBLEM    Vni. 

Tbi  Stie  of  any  regular  Piiaagm  being  ghen^  U  foul  Its  ArH^ 

ExampU.  Suppore  the  given  Side  to  be  15  ImcbeSj  then  it  will 
be,  as  I  :  1,53884176  :  :  15  :  22,0826264  the  perperuUcmlear 
Height  \  atid  by  the  general  Rule  22,0826264  x  V  =  165,619698 
the  ifmirequiry. 

Thirdly^  For  an  2)(t^Qpp(l» 

the  Side  of  ^nj  regular  Oefagdn  it  in  Propmim  ie  the  RtuUea  ef 
"   •.  f  Qirgimfcrihing  Circle^  At  i  :  to  1,30656296  tf  r. 

,    ^^^llnfcrib'dCircU^  As  i  :  to  1,20710678  Ssfr. 

ij^^  cSif:Ci/::  1:1,30656296 
'^'*l5>/;(;P:ji:  1,20710678 

Draw  the  Rigbt-linf  D  B^  an4 
from  the  Peint  B  let  fall  the  Per- 
penAcukur  B  x  upon  the  Diameter 

Then  wUl  A  JJ2>^and  A -D'fl 
be  alike,  bj  Tbeerem  10  and  \%l 

X 


Then 
I  ••• 

»©■♦ 

But 
^batit 

Again  I 


I  M  :  A  : :  *  :^  viB.  1>J:  BJ:  .PBiSn 
lf22!  =  «  =  D  i)  5 


UDA—nI>B^UBJ.     By  Tbtorm  11' 
^baa  -"  ^yj  =  bbbb 
t^aa^jy.    fotCxzzBx 
t  and  O  C;r  +  D  5*  =  D  CB=r«» 


s.6 
7  —  2 

HCa 

7 
8 

9 

Then 

10 

II 

12 

•3 

i3««"V 

»4 
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^bbaa  —  2a*  =  A*.     Or  2fl4  —  4/^7^  ^  —  ^* 

aazzih  +  y/ib* 

a  =  V  =**-t-VT*^=  1,30656296,  &c.  =  CJ 

oa —jbt—  acp,yiz.ocH^aHp  —  acp 

y/aa  —  ^bbzz  1,20710678  &c.  =  CP, 
From  hence  'twill  be  cafy  to  find  the  Ana  of  any  O^fagan. 

PROBLEM    IX. 

The  Sidi  of  any  ngtdar  Odagon  being  given^  to  find  its  Area. 

Example,  Suppofe  the  Side  given  to  be  12  Inches  long;  Fir/}],  as 
1 : 1,20710678 : :  12  :  14,48528136  n  the  Radius  of  its  infcriby 
Circle  ;  then  12  x  4  =  48  is  half  the  Sum  of  its  Sides,  and  48  x 
14,48528136  =  695,2935  the  Area  required. 

Fowrtblu  for  a  DecagOTt 
The  Sidi  rf^nfj  regular  Decagon  (viz.  a  Polygon  of  ten  equal 
Sides)  is  in  Proportion  to  the  Radius  of    - 

•  J  CircnmfcribingCirile^  as  i  :  to  I,6i8o7?q8  &c. 

^'' I  InferihV  Circle,  as  i  :  ^^""^ 

y.     J  BA: CAiii:  1,61803398 
^'"^  I  i»^:CP::i:  1,53884176 

i]DemonSration« 

tbziBA—  I  .  azzCA 
\e  :=:  D  Bj   znd  yzrBx 


\ 


to  1,53884176  &c 


Ut 


Then 
ThatU, 


But 


2a: i: : *  :y 
DA'.hAr.DB'.Bx 
iayzibt 

and  2jr  =  _ 
a 


\ 

iy 


f.'.i:  1,61803398.    See  Pentagon, 

''  =2,=  ^  =  !' 

a       a 


*     i,6i8oj398 

5  ,  1,61803398  =  «=:C^ 

"*  I  (  y\z.oCF—aP  P=aCP.  Byneortm  1 1. 


3-* 

4"+'  u 

Again 

That  is, 'l    7]  ^2,61803398— o,2^j=:I,53884^y6=6y 

Y  y  PRO- 


34^ 
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PROBLEM    X. 

The  Side  of  any  regular  Dectgon  keiHg  ghen^  tefmdHs  Arc^. 

Example,  Let  the  given  Side  be  14  Incjics  long ;  then  at 
I  :  I153884176  :  :  14  :  21,543784  =  the  it^ir'tfi  of  the  infcrib'd 
Ciicle ;  and  14  x  5  =  70  is  half  the  Sum  of  its  Sides.  LafUy, 
21,543784  X  70  t=  1508,06488  the  Jrea  required. 

Fifiblj,  For  a  •DOHecaSWU 

Tlje  Side  of  .any  regular  Dodecagon  (viz.  a  Polygon  ofiwehe  ei 
Sides)  is  in  Proportion  to  the  Radius  oj 


.    C  Circumfcribing  Cirxlty  as  t 
'"  I  /nfirih'd  Circle^  as  I 


CP 


to  t,93t85i65  &c. 

to  1,86632012  &€• 
1*93185165 
1,86632012 


SDemonttrfltion^ 

Let  ^=5//=  I  .  azzCjAs  before 
And  e  =  x/f;  theii  ^  —  e  :=z  Cx 


Firfl 

But 

2  ©• 

♦  "?* 

Agairi 


5  X  !l/7 

4- 
7 

9  + 

10  G-* 

it± 

12CD 

13 
X4  +  2t*^ 

I  (J    !UJ 

Again!  I 
ly.ncnceli 


I     By  Pigore. 

3|a  Bx=:iaa 
—  [aa^=ee 


v/^^— i  iw  =r  /r 

jw— i  aa^^aa  —  2<r^  +  ^ 

O  CB-^OBx  —  QCx 

;<?  ^  bb^f^^  aa  zz  2ae 

^bb 


aa- 


y  aa. —  2a  y/ bb  —  ^ aa-ziee^^ lai 
iaa=:  aa  +  M—  ^  Jfl  —  2«  y/W  *—  i  «<? 

zayy  bb  —  ^aasssbb 

^bbaa  — -  47^ <7a  rz  M 

4/>*mf  =B :—  *♦ 

/7<jtftf — 4^^40<7  4"  4**  ==  3^  ^  3 

aa —  2M  =  ^  3  =.  1,7310508075 

<7tf  =  2^^  +  \/  3  =  3-7320508075 

^  =  \/  3^7320508075=  1,93*85*65  =C^ 

^^— i^^=;G  c/>.  viz.  a  CF-^  aPP=^ocp 

CP=^ati  —  lbbzz  1,86632012.     Q.  E.  D. 


10 
II 
ITXa^aa 

'3 

14 


On- 
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— ^— ^^— ^— ^— ^^— ^— i^—  I  III  ■ ■  ■■^■1        *' 

CofifeSary. 

Hence,  if  the  Side  of  any  ngular  Dodeeagw  be  given,  the  Urf- 
£us  of  it's  infcriVd  Circle  may  be  eafily  obtaia'd,  and  thence  the 
Area  found ;  as  in  the  laft  Problem. 

The  Work  of  the  'foregoing  Polygons^  being  w^I  eonfider'd, 
wiR  help  the  young  Geometer  to  raife  the  like  Profx>rtions  forothers^ 
if  his  Curiofity  requires  them  :  And  not  only  fo,  but  they  will  al- 
fo  help  to  form  a  true  Idea  of  a  Circie^s  Perifhery  and  Area^  ac- 
cording to  the  Method  which  I  (hall  lay  down  in  the  next  Chap- 
ter for  finding  them  both. 


CHAP.    VI. 

A  new  and  iafy  Method  of  finding  Phi  C(tXle'SE(  J^ttip^erp 

^»^  dtC&  to  any  affignd  Exacinefi  (or  Number  of  tigures) 
by  one  jEqufttion  only.     Alfo  a  new  and  faale  fVay  of 
making  Natural  %^t»  and  CanffOltfi. 

T    ET  us  fuppofc  (what  is  very  eajy  to  conceive)  the  Circle's ^r/tf  '' 

to  be  composed  or  made  up  of  a  vaft  Nutnber  of  plant  Ifofceles 
Triangles^  having  their  acuteji  Angles  all  meeting  in  the  Circle's 
Center.  And  let  us  imagine  the  B^/Ji  of  thofe  Triangles  fo  very 
fmall,  that  their  Sides  and  their  Perpendicular  Heights,  vi%,  the 
Radiums  of  their  circumfcrib'd  and  Infcrib'd  Circles  (^v/W/  Problem 
6.)  may  become  fo  very  near  in  Length  to  each  other,  as  that  they 
may  be  taken  one  for  another  without  any  fenfiblc  Error :  Then 
^ill  the  Peripheries  of  their  circumforibing  and  infcribed  Circles 
become  (atlho*  not  co-incident^  yet)  (6  very  near  to  each  other,  m 
that  either  of  them  may  be  indifFerently  taken  for  one  and  the 
fame  Circle. 

But  how  to  iSnd  out  the  Sides  of  a  Polygon  (viz.  the  Safes  ofthofi 
ffifceles  Triangles)  to  fuch  a  convenient  Smallnel's  as  may  be  n^cf» 
fafy  to  determine  and  fettle  the  Proportion  betwixt  a  Circle's  Eiar 
nuter  and  its  Periphery  (to  any  affgrfd  ExaBnefs)  hath  hitherto  been 
•  Work  which  rcquir'd  great  CWr/ and  much  7i;«^  in  its  Perform- 
ance ;  as  may  eafily  be  conceiv'd  from  the  Nature  of  the  Method 
us'd  by  all  thofe  who  have  made  any  confiderable  Piogrcfs  in 
'%  viz.  Archimedes^  Sneliius^  Hugcnius^  Moftius^  Van  Cttlen^  &c. 
Thcfe  proceeded  with  the  bifcfiingof  an  Arch^  and  found  the  Value 
•f  its  Chord  to  a  convenient  Number  of  Figures  at  every  fingle 

Y  y  2  Bifcaion, 


348  €\tmtm  of  ®COmett^  Part  III. 

fiifedion,  repeating  their  Operations  until  they  had  approach*d  to 
the  Chord  defi^n'd. 

And  this  Method  is  made  choice  of  by  the  learned  Dr  Wallis  in 
his  Treatife  of  Algebra ;  wherein,  after  he  hath  given  us  a  Targe 
Account  of  the  diflFerent  Enquiries  made  by  feveral  (very  eminent 
in  Mathematical  Sciences)  in  order  to  Hnd  out  fome  eafier  and  more 
expeditious  Way  of  approaching  to  the  Circlets  Periphery^  as  in 
Chap.  82,  84,  85,  86,  and  feveral  other  Places,  he  comes  to  this 
Refult,  (Page  221.) 

^^  'Tis  true,  faith  he^  we  might  in  like  Maimer  proceed  by^oon* 
<(  tinual  Trifedion,  Quinqutf<^ion,  or  other  Sefiion,  if  we  had 
<<  for  thefe  as  convenient  Methods  of  Operation  as  we  have  for 
«  Hifedion :  But  becaufe  Euclid  (hews  how  to  bifeA  an  Arch 
f«  Geometrically,  but  not  to  trifed,  isfc,  and  the  one  may  be 
^*  done  (Algebraically)  by  refolving  a  Quadratick  ^Equation,  but 
'  ^'  not  thofe  other,  without  .Equations  of  a  higher  Compofition,  I 
**  therefore  make  Choice  of  a  continual  Bifeaion,  fcTf ." 
And  then  he  lays  down  thefe  following  Canons. 

The  Subtenfe  of  ^  iiinto  6 

of  4-  \/'  ^ — ^jintoii 

oF,'^  ^  X  7.—^ :  2+ ^^kc.ii, 

of^T  ^  :  2~^  :  2+v/:  2+%/3      48 

&c,       v'  •  ^— V  •  ^H-\/'  i+/  ••  2+\/  •  i+v^3  19^ 

V : 2— a/  :  2+ V  '  ^+v/  ••  2+%/  :  2+%^  :  2+ v^3  384 

V:2— v':2t+v'-2+^/:a+V  :2-l-v/;2+/;2+/3l  768 

&c.  &c. 

How  tedious  and  trouhlefime  the  Jf^ork  of  theft  complicated  ExtnC" 
tions  /V,  I  leave  to  the  Confideration  ofthofe^  who  either  lurue  had  Er* 
perience  therein^  or  out  of  Curioftty  will  give  ihemfelves  the  Trouble  of 
making  Trial. 

Again,   in  Page  3^7,  the  DoSlor  inferts  a  particular  Method 
.  propos'd  by  Libnitius,  publifli'd  in  the  A&a  Eruditorum  9XLcipfic^% 
for  the  Month  oi February  1682,  in  order  to  find  the  Circle's  Area^ 
and  confequently  its  Periphery^  which  is  Am : 

As  I  :toi~^4-;— .J  +  ^—  .V  +  iT— iV+-fV— tV^*^'^' 
infinitely  :  :  fo  is  the  Square  of  the  Diameter  to  the  Circle's  Area, 
But  this  convergeth  (o  very  flowly,  that  it  is  not  worth  the  Tune 
f  to  pnrtue  it. 

'  7.  -'^  I  I  fhall  here  propofe  a  new  Method  of  my  own,  whereby  the 
V  "  j  Circle's  Periphery^  and  Conicqucntly  its  Jrea^  may  be  obt-iin'J 
/\tvr        •  inhiiacly 


i  t. 


'* 


f 
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infinitely  near  the  Truth,  with  much  greater  Eafe  and  Expedition 
than  either  that  of  BifiSfion^  or  thzt  otLihiitiuSj  as  above^  or  any 
other  Method  that  I  have  yet  feen  i  it  being  performed  by  refolving 
only  one  jEfuatUny  deduced  by  an  eafy  Procels  from  the  Property 
of  a  Circle,  (known  t9  every  Cooper)  which  Is  this : 

The  Radius  tf  every  Circle  is  equal  to  the  Chord  of  one  firth  Part  of 
its  Periphery.    That  is,  JD  :szDHzz  HG^  the  Chords  of  one 
third  Part  of  the  Semicircle^  are  each  equal  to  if  /*  its  Radius.  Then, 
if  the  Arch  jfD  be  trireded,  it 
wUI  be  ABznBZ  =  ZD.  o^ -^i/ 

Ijtt^c^jIDzzi  ^ 

tass AB.    Qpxre a.  p//  ' •..  \         /        X'' 


Then 

I 

And 

a 

That  i«. 
For 

3 

2  ••• 

4 

4X&C. 

5 

R:aiia:f!^zzBe 
R 

n  r»      aa 

R:a:  :R ^ic—ia 

FBiBZ  ::Fe:ex=:  AD-^ia  ^ 
A  AFB^  and  /^  BJe^  are  alike,  f  Bccaufcthe  ^  at  5 
And  jtB=^Je=s  Dx^  &c.         J  »  common  to  both  ^v  "^t. r'/ 
J,         ^        aaa  |  A$,  andalfotqual  ^      / 

3  iJ'tf  --aaar^RRc.     That  is,  ^^—aaa  =  i .       -^  ^^  ^^  '^ 


/^^^ 


Here  a  z=  the  Chord  of  Vt  Part  of  the  Circle 
For|ofi  =  Vr. 


-TT 


Let 
3  —  2 


Next,  r(?  trifeathe  Arch  if  5.  ^^^\/  o^^a  / ^i^^^^ 
i2y—yz  =  a  the  laft  Chord.  ^^^  ^^    ^  ^^^^' 

9;^74.jO  =  3^7  — J>=  t 


27y3  — 27y5  4-9^7 
9y  — 30J^^  +  27/ 


Here  j^  =  the  Chord  of  -^-r  Part  of  the  Circle. 


Again,  To  trife^  the  Arch  whereof  y  is  the  Chord 
Let 


I  ©-5 


243^5— 405fl7+270«'^—90tf"^^i5tf''—^^=r' 

X  fi^7 


1 


35^ CitmcatK  of  geomettg*        fart  m. 

{zi8ja7  +  5i03(^  +  5103a"  —  2835<f'J  + 
945««5  =  ^7 

f  i9683«9  —  59049*"  +  7873««"  — 
C6i236a<5  :=y9 

2ja  —  9411  =  9)f 

SioflS— -Sioai  +  ajo*? — 30fl9  =  30j^ 

^  656 1«5  — 1093507  +  72904?  —  2430***  + 

4O50<S  +  27*'*  =:  27/' 


I  ©-7 

1x9 

2  X30 

4x9 
6  —  77 

+  53 


10 


2SSi5ii«»+850Sfl'5z=9r'  ^  ^ 
;  27^  — 8i9«'  +^737  w5  —  3o888a7  + 
:o74o6fl'*-" 
i04652fl»3  — 69768ir'5 


f  27^  — 8i9«'  +^737  w5  —  3o888a7  +  7 
7   72930^9 —  107406^'*  4*  I  *^  ' 

L    i04652fl»3 — 6qj(Aa*i  J 

Here  a  =  the  C^^r^  of  J^  Part  of  the  Cirde. 


Proceeding  on  in  this  Mettiod  of  continually  trifeding  the  Arch 
of  every  aew  Chord  and  ftill  conneding  the  produce4  Mquativms 
into  one,  as  in  the  two  laji  Trife&iens^  'twill  not  be  difficult  to  ob- 
tain the  Chord  of  any  affign'd  Arch,  how  Xmall  foever  it  he. 

Now,  in  order  to  facilitate  the  Work  of  raifmg  tbefe  Mquatiam 
to  any  confiderable  Height,  'twill  be  .convenient  to  add  a  few  ufe* 
ful  Obfervations  concerning  their  Nature,  and  of  f^ch  Contracti- 
ons as  may  be  fafely  made  in  them  ;  wbich^  being  well  underlloody 
will  render  the  Work  very  mfy, 

1.  /  have  ohfeiMdy  that  every  Trifeftlon  will  gain  oradvana  9m 
Figure  in  the  Circlets  Periphery,  but  no  more.  Therefore  Jo  many 
places  of  Figures  as  are  atfirjl  defigrCd  to  be  perfect  in  the  Periphery, 

fo  many  TrifeSions  mujl  be  repeated  to  raife  an  Equation  that  wiU 

produce  a  Chord  anfwerable  to  that  Defign. 

■» 

2.  /  han)e  alfo  founds  that  all  tbefuferior  Powers  (0/9)  whofe  In^ 
dices  are  greater  than  the  Number  ^Trifedions,  (vi%.  wbofe  Indices 
are  greater  than  the  Number  ofdefignd  Figures)  may  be  wholly  rege^- 
ed  as  infsgnificant. 

3.  If^en  once  the  Number  of  TrifciElions  and  thence  the  higheft 
Povjer  (of  2,)  is  determind^  the  third  Procc/s  (vi%,  the  third 
Trifc(5lion)  may  be  made  a  fix* d  or  conjlant  Canon  ;.  for  by  ity  and 
Multiplication  only^  all  the  fucceeding  Trifeftions  {how  many  [oever 
they  are)  may  be  corrfpleated  vuithout  repeating  the  feverai  hvoluti^ 
fns. 

I  4.  /« 
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4*  In  raUing  and  coUiifing  tin  Co-tffidints  $f  thefeveral  Powers 
(of  a)  'twill  he  fuffident  to  retain  only  jo  numj  jignificant  Figures  (at 
m^)  at  tbero  it  iefigtfd  to  he  Plates  of  Figures  in  the  Peripheiy  (or  at 
mojl  hut  two  more)  and  every  fucceedingfuperior  Power  may  hi  allowed 
to  dicreafe  two  Places  of  Jlgnifoant  Figures  :  But  herein  great  Car§ 
mujl  he  taken  tojupply  the  Places  ofthofe  Figures  that  are  omitted^  with 
Cyphers  y  that  fr  the  whole  4»id  ewsit  l^umher  of  PlacH  may  he  truly 
adju/ied ;  otbirwijo  all  the  ff^crk  will  he  erroneists. 

Now  the  Numher  ofthofe fispplpng  Cyphers  may  he  very  eonvenient/f 
denottd  hy  Figures  placed  within  a  Parenth^fts,  thus:  576  (8)  «', 
^Vfip^  576odOOOcoo<a'N  as  in  the  following  Mquations.  The 
like  may  he  doni  with  Decimsil  Parts,  thus :  (,7)658  mayfigmjy 
10000000658  &c.  which  will  be  found  ver^  ufefulin  the  Solution  of 
thefe  and  the  tike  Mquations^ 

The  aforefaid  Contraflions  may  be  faFely  made,  becaufe  both  the 
foperior  Powers  of  ^y  which  are  rejefied ;  as  ahb  thofe  Numbers 
that  are  omitted  in  the  O^oficients  (and  ftipply'd  with  Cyphers) 
#ottld  p^odp^e  Figures  fo  v#ry  remote  from  Unity,,  as  that  they 
would  jiot  z&St  the  C hor diefign'd ;  that  is,  *  they  would  not  affeA 
the  Chord  in  that  Place  wherein  the  deCigni  Periphery  is  Concern- 
ed; as  will  in  Part  appear  in  the  following  Example. 

If  thc£i  Diredions  be  carefully  minded,  'twill  be  eafy  to  raife  an 
JEquation  that  will  produce  the  Side  of  a  regular  Polygon^  whofii 
Number  of  Sides  (haU  be  vaftly  nmriefous,  confequently  infinitely 
fmall :  £ut,  I  prefumc,  'twill  be  fufficient  for  an  Example  to  find 
the  Side  of  a  Polygon  confifting  of  2582803^6  equal  Sides ;  that  is, 
if  I  find  the  Chord  of  ^^^^^^  Part  of  the  Circlets  Periphery, 
and  that  requires  hut  JixteenTri/e^ions^  which  bciiig  order'd,  as  be- 
fore directed,  will  produce  this  Mquation. 

r     43046721^ — 332360179486968612(4)^1  1 

J  +7M376S3'997i4(2o)^i^— 849»2'853284i(35W   l_  . 
+5463333"43(5o)^^— 23<5o83348(66>»»  f  "^ 


1 


+683O988(79)tf".^j5072C94}<i»5 


Here  the  Value  of  a  will  have  23  Places  of  Figures  true ;  that 
is,  the  Sides  of  the  infcrih'd  and  circum/crih*d  Polygons  will  be  cxaflly 
the  fame  to  23  Places  of  Decimal  Parts^  but  no  farther ;  all  which 
may  be  eafily-obtain'd  at  two  Operations.  And  for  the  firft,  'twill 
be  fuiBcient  to  take  only  three  Terms  of  the  Mquation^  which  will 
admit  of  being  yet  farther  contra^ed,  thus : 

Let 


] 


35^ '  eiemetitg  of  4geometcg^       Pan  m- 

^^  I  +76983765(27)^5  f  -  ' 

And  let  r  4-  ^  s  tf ;  then  rejeding  all  the  Pawtn  of  ij  that  arife 
by  Involution  above  m» 

it  will  be  r3  -4-  Jrr/+  3r*<  +  '^'  =  ^^^ 

And  r5  +  S'^  +  lOr^ee  ^-  lornee  =  tfS 
Then  the  firft  Angle  Value  of  r  may  be  thus  found  : 
43046721)  1,00000000  (,00000002  =  f 
This  ^00000002  =  r  being  duly  iiivolv*d|  and  its  Powers  mul- 
tipl/d  into  their  refpct9ive  Ct-efficients^  will  produce 
4-^8609344 1 +430467  2 1<  7 

-—,02658881—  3988322*-ri994i6(9V'— 33H(i8)w>=  i 
+,00024635+      61587^+    6159(9)^/+  308(18)^/^3 

viz.  ,83459196+391 19986^— 193257(9)//— 30!6(i8)/f/   =  1 
Hpnce39xi9986/— 193257(9)//— 3016  (18)^/ =  0,16540804 

All  the  Terms  of  this  laft  Mquaiion  being  divided  by  193257  (9) 
the  C^'ffiiunt  of  //,  it  will  then  become    : 
I  ^ooooo2024/-//-X56(5)///=,ooooooooooooooo8558968  =rD 

^ ,0000002024 / 

Operation.  .    • 

,0000002024)     ,0000000000000008558968       (,000000004:2;/ 
^/  ,0000000043: +,0000000000000000009984       =S  156  (5)  «w 

1  Di.  ,000000198)      ,0000000000000008568952      (,000000004327 

2  Di*  ,000000 1981  792 


6489 

5943 

Pirlt  f  =  ,oooooooe 

5465 
3962 

+  /  n:  ,000000004327 

= 

A. 

i^c. 

r  +  /  m:  ,000000024327 

Or  rather  new  r  for  a  fccond 
Operation. 

Now^  tfihiifirfl  Value  ofazsi  ,000000024327  were  not  conthm^ 
ed  to  more  Places  of  Figures  by  a  fecond  Operation^  but  only  multiplfd 
into  the  Number  of  Chords,  viz.  ,000000c 24327  x  258280326 
rr  6,83 1 8539,  occ.  the  Pfrlphery  of  that  Circle  whofe  Diameter  is 
2^  nearer  than  cither  Archimedes,  or  MoetiusV  Proportion  :   For 

Ar- 
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Archimedes  maies  it  6,285714  Sec.  viz.    As  7  U  22.    jfnJMcc^ 
tius  makes  it  6,28318584  &c.  viz.  As  113  to  355. 

But  if  the  whole  AEjuatifin  before  proposM  be  now  taken,  smd 
we  proceed  to  a  fecond  Operation^  the  Value  of  a  may  be  encreas'd 
with  twelve  Places  of  Pigurgs  more,  and  thofe  may  be  obtain'd  by 
plain  Divijion  only.   . 

Thus,  Ietr-|-  /  =  a^  as  before^  and  let  all  tljie Powers  of  rbc 
now  rejeded  as  infignificant  i 


Tlioi  will 


r5.+  5H#  «=  tfS    f  ""^  1  r«3  +  I3ri»/  =  «»> 
r7  -j-  7r«#  =  tf7  J         lr'5  4-  I5ru# n  «f $ 

The  ftverad  Powers  of  r  =  ,000000024327  being  raif  d,  and 
multiply'^  into  tl^ir  refpedive  Co-efficifntSy  will  produce  chefe  ipU 
lowing  Namber#. 

+ 1,047197581767  +  43046721^  |> 

—  ,6+7849196598394865  —  5900751' 

+  ,00065590648459^355  +  134810/ 

•—  ,00000428  I4404i3?75  —  1232/ 

+  ,000000016302517563  -{-  be 

•—,000000000040631167—  '    oe 

+  ,000000000000071388-!-  oe 

— '  ,000000000000000093  —  oeJ 

Fix.      1,000000026474745106  -I-  37^79554^  =  ' 
Hence  37279554/=: — ,0000000*6474745*06=:  D;  Of 
mber —  3727955^  =     ,000000026474745106  =  -D 

Confequenthy  \ =  —  i 

£37279554 

'  Operation. 
37279554)  1000000026474745  io6(  <,i5)7'ioi67967  =  — r 
260956878 

^  3790573^ 

37279554 


62617660 
37279554 

&c! 

Z  z  Laft 


354 


eiement{!  of  ^eotnetrp. 


Fart  III. 


Laft  r  =  ,000000024327 
—  r  St  ,«edooooooooooooo7 10167967 

r  —  i  zz  ,000000024326999289832033  =  tf  the  Chrd  or 
Side  of  the  Polygon  required. 

The  next  Work  will  be  to  examine  how  many  Placet  of  thefe 
Figures  will  hold  true  to  the  Circle' s  Periphery :  In  order  to  that, 
let  a  be  reprefented  by  the  Chord  B  ^,  in  the  annexed  Scheme ; 
and  let  Bx:^^*.  Th^n  wHI  Bx^i 
a  =  (,7)  121634996449160165  and 
OBC-^aBxzzaCx.  'Let 
the  RaJiut  BCsej  u%  before.    Then 

will  the  ^  Q  BC—  aBx=:Cx=z 
,9999499999999999,  fcc. 
B\xtCx:xB::Cji:  ^I>l^rP1^ 
or  Cx:Bh::  CJiDdi^'^'^' 
Ergo  Dd-zi  (»7)H32699928983*o3S4 
theSideoftheC/Vri/m/cr/^/ff^  Polygon. 
Then  will  a  x  258280326  be  the  P^- 
rimeter  of  the  Iyirih*d  Polygon.  And  ■ 
Drf  X  258280326  will  be  the  Perimeter  of  the  Ci^mfcribing  Po- 
lygon. That  is,  6,2831853071795859  =  the  Perimeter  of  the 
InfcriVd  Polygon.  And,  6,2831 85307 1 795865  =  the  Perimeter 
of  the  Circumfcrib*d  Polygon, 

Hence  'tis  evident,  that  the  Circle* s  Periphery^  whofe  Diameter 
is  2,  may  be  concluded,  6,2831853071795864  true,  becaufe  the 
Perimeters  of  the  infcrib'd  and  circumfcrib'd  Polygons,  are  to  far 
very  near  being  Co-incident^  or  the  fame. 

*Ti9  poffible  there  may  be  fome  who  wril  think  this  is  tedious 
and  troublefome  Work ;  but  if  thofe  pleafe  to  confider,  that,  if 
this  Periphery  were  to  be  found  by  the  aforefaid  Method  of  Bije^iem^ 
it  would  require  thefe  following  Extra£Hom» 


Viz. 


1 


plyd  into  402809984. 


Here  the  firft  Root  (viz.  ij  3)  mud.  be  extraSfed  at  leaft  to 
one  hundred   and  two  Places  of  Figures.     The  lecond  Root 

(viz. 
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fwjB.  y  :  2  +  V'  3)  ™wft  have  99  Places  of  Figures  in  it.  The 
third  Koot  (viz.  v/:2  +  v/:2+^3)  ro"ft  have  96  Places  in 
it,  feftf.  every  ExtraSiion  being  allowM  to  itcreafe  three  PJaceSy  that 
fe  the  U&Ro^t  (viz.  /i^  Otord fought)  may  confifl  of  24  Places  qf 
FigurtSy  as  above. 

I  faV)  whoever  duly  confiders  the  Trouble  of  theft  fo  often  re- 
peated ExtraeHons  i^ill»  I  prefume,  be  pleafed  with  what  I  have 
I  done.  For  truly,  when  I  confider  the  great  Time  and  Care  re^ 
quired  in  them,  I  cannot  but  admire  at  the  Patience  of  the  labo- 
rious Van  Culen^  who  proceeded  that  Way  until  he  had  found 
the  Circle's  Periphery  to  Thirty-fix  Places  of  Figures^  to  wit, 
6,28318530717955647692528676655900576.  Thefe  Numbers 
mr^faid  to  be  engraven  upon  his  Tomb  Stone  in  St.  Peter'j  Church  in 
Leyden,  /or  a  Memorial  of  fo  great  a  IVork. 

Having  thus  obtained  the  Circlets  Periphery^  its  Area  may  eafily 
be  found  (to  the  fame  Number  of  Figures)  by  Probfem  6.  That  is, 
if  Half  the  Periphery  of  any  Circle  he- mult  iply^dltiio  Half  its  Did^ 
metoTy  the  Frodu^  will  be  that  Circles  Areoy  as  will  appear  farther 
on.  Therefore  3>I4T  592^535^9793  will  be  the  Area  of  the  C/r- 
df  whofe  Diameter  is  2. 

Thus  1  have  fliew'd  the  young  Geometer  how  to  find  the  Circlets 
Periphery  and  AreaXo  what  Exadinefs  he  pleafes  to  approach ;  for 
precifely  true  it  cannot  be  found,  notwithftanding  the  Pretenftons 
of  a  certain  Frenchman^  who  hath  publi(h'd  to  the  World  (in  the 
Works  of  the  Learned)  that  after  twenty-five  Years  Study  he  had  ^ 
found  the  ^adrature  of  the  Circle :  But  if  he  had  perus*J  th« 
83d  Chapter  of  Dr.  fVal'is*s  Algebra^  he  might  there  have  feen  his 
£rrory  viz.  the  ImpoJJlbility  of  what  he  pretended  to ;  for  ft  is  as 
unpoffible  toTquare  the  Grcle  (that  is^  to  find  its  true  Area)  as  it 
if  to  find  the  Root  of  a  Surd  Number. 

Nottj  What  I  have  here  proposed  and  done  by  the  Tri(e£tion  of 
an  Arch,  may  as  eafily  and  much  more  fpeedily  be  perform'd  by 
Quinquifedtion  or  Septifedion,  bfc.  But  becaufe  the  Scheme  for 
Trifedion  is  more  fimple,  and  may  be  eafier  underfipod  by  a 
Learner  than  thofe  of  the  other  Se£|ions  (of  which  fee  my  Com^ 
fendium  of  Algebra^  Pages  76  and  79}  I  have  for  that  ^eafon 
made  Choice  of  TrifcAlon. 

As  to  the  Proportion  of  one  Circle  to  another,  and  of  the  Circle 
to  the  Ellipfisy  &c.  thofe  ftall  be  fully  lhew*d  when  we  come  to 
the  fifth  Part. 

Z  z  2  Before 
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Before  I  conclude  this  Part,  I  (hall  make  fome  Vfi  or  AppUcaiim 
of  the  above- found  Peripheryy  in  finduig  xh^  ^aatiiy  of  AngUs^ 
which  is  done  by  the'  Help  of  Right4iniSf  call'd  Sims  and  Ttfir^/A^, 
the  Length  whereof  are  calculated  to  every  Degree  and  Minute  oJF 
a  ^adrauty  by  much  Labour.  But  I  ihsdl  here  fhew  bow  to  find 
the  natural  Sine  (and  confequently  the  natural  TangiHt)  of  any  pro- 
pos'd  Arch  or  Ar^U^  by  two  Mquatiom^  without  the  Help  of  any 
pncedent  Sim^  as  ufual ;  which  I  communicated  to  the  ingenious 
Mr.  Jofiph  Ralpbfin^  and  he  fo  well  approved  of  them  as  to  make 
them  the  20th  and  2ifl:  ProbUms  in  the  f^$ni  Edition  of  his 
Amdyfu  Mifuationum  Univerfalis.   . 

And  becaufe,  in  finding  the  Quantity  of  AngUs^  every  CircU  is 
fuppos'd  to  be  divided  into  360  #;»/}/  Parti^  called  Degrui ;  every 
Degru  IS  fuUivi Jed  into  60  Parts  y  call'd  Minutes  i  ukI  every  A^* 
nute  into  60  Seconds^  &c.  (See  Page  204.} 

Therefore  360),  6,2831853  Uc.  (0,0174532925  &c.  is  an 
Arch  of  the  abo ve-fpund  Periphery^  eqi4al  to  the  Arch  of  qne  Degretu 

And  60)  0,0174532925  &c.  (9,00029088^2  &c.  =  the 
Arch  of  one  Minute. 

Then  if  the  jiven  Arch  (or  Angle)  be  lefij  than  45  Degrees^  re- 
duce it  into  MnttteSy  and  multiply  thofe  Minutes  into  this  conffant 
MuitiplicatPTy  viz.  0^0002908882  calling  the  PrM/«4?^.  And  for 
the  5i//4r  fought  put  a.  Then  it  will  be  •—  OMa  -f- 1  ipaaa — J  95 
aa  —  i(>pp^a  +  240^4  ==  j^spp. 

^xawp(e^ 

Let  it  be  required  to  find  the  Sine  of  1 9^  •  1 3'  r:  1 1 53' .     Heif 
0,0002908882  X  1153^=  0*3353940946  =  p.     And  —  tf4  + 
4,024729^3  —  199,04961  itftf  +  80,49458^1=:  5,06201394. 
Let  r  4-  '  =  tf 
f  rr  r4-  2re  '^  eez:z  aa 
Then  <  rrr  +  yre  -{-  ^/  =  ^^^^ 

t  rrrr  -|-  4rrr#  -f-  6rree  =  tftf/7tf 
Note,  -•••--■-- 

Figure  in  i 
as  its  Pome 
CQ-'efficients  of  the  JEquatian  ;  //  will  be 

{+24,1483+    8o,49#  1 

—  17,9144-"  ii9»43'—  i99»05''  J"~c  0620120X 
+  0,1086+  1,08/ +  i,b%ee  f~S>oe)20i394 
—   0,0081 —     0,11^—     o,54##    J 

f''*.  6,334^—   37>97^T'95>W^'      ^5>o620i 

'  '  ^  Hcupc 


Chap,  6.     Of  the  CfcCfe^s  Pgrfpftttp^  &c.  357 

Hence  37,97^  +  I95,97<^  =  1,27239 
And      0,123^  +  '*  =  0,006492  =  D 

^^io^mi — ^ —  =  i 

^       .        ^^93  +  ' 
Upiratt9H.     0,193)  0,006492  (0,0:^9  =  # 
+  #  =    ,029  42 

1.  Dixfifor     ,21  2292 

2.  Divifor    ,222  '99^ 
F5rft''  =  o,3                              ''"'"" 

+  <  =  0,029  * 

r  +  ^  =  0,329  =  r  for  9  fccond  Opiration. 
Which  being  /w^/wV  and  multipfy'd^  &c.  as  before,  will  pre. 
duce  thefe  Ntmbirs.  ^ 

+  26,48271781  +    80,49458^ 

—  ii>54S3^894—  130,97464^-^- 199*0496^^ 

+      0,143325784.        1,30692/+        3^J2iS4 

—  0,01171611—     0,14244/—     0,6494// 


*!»•  5,06899854—   49,'3i558/  —  195,7266//  =  5,06201394 

Hence  49,31558/  +  195,7266//  =s  ,0069846}  which  being 
divided  by  195,7266  the  Co-efficiint  of  //,  wiU  become  ,25196/ 
-Yff^  ^0000356854  =  /) 


Then  {  _4_ 
*  .25196+/ 


=  / 


Operation.    0,25196)  ,0000356854  (0,0001415  ^  # 

+  /  =  0,00014  2520 

I.  Divifrr  0,2520  104854 

%»  Divifor  0,25210         '     100840 

40146 
25210 
I^aft  r  =  0,329  &c. 

+  /  =  0,0091415 

^  +  ^=:  '^  =  0,3291415  being  the  natural  &ine  of  19^  .  13'  ^ 
As  was  required. 
Thus  you  may  find  the  Right  Sjn^  of  any  j/rth  or  Jnik  Icf^  tha« 

But, 
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But,  if  the  given  Arch  be  greater  than  45  DegreeSy  you  muft 
take  its  CompTement  to  90^.  vi%.  fiibtrad  it  fr»m  90  Digrees^ 
and  reduce  the  Remainder  into  MinuteSy  as  before.  Then  mUtiphf 
the  S^an  of  thefe  MinuUSy  into  this  conftant  MuUipUaan-y 
0,000000084616  calling  their  Produ£f  p^  and  putting  tf  =:  the 
Sim  fought,  as  before.  Then  willii4  -}^  *i^a}  -f-  195^04-  36 /^ 
+  108/^—284=196— 8i^. 

Exampk. 

Suppofe  it  were  required  to  find  the  Sim  of  75^.  32'^*  or  (which 
is  the  fame  Thing)  to  find  the  Co-Jim  of  i4*>.  2^' .  =  868',  wbofe 

avare  753424  x  0,000000084616  ==  0,06375172518  -=  p. 
snce  the  /Equation  in  Numbers  will  be  aaaa  -f-  TZaaa  -^  197, 
295062441  —  21,1148144=  190,8361102588, 

Let  r  —  /  =:  4  And  r  ir:  i 

f  rr  -f"  2r/  -f"  ^/  =  44 
Then  ^  rrr  —  yro  +  yu  n  444 

t  rrrr-^^A^n  4-  6rrf/  z:  4444 

JTotc,  /  hen  take  r  zz  \  lecaufe  the  Jrcb  is  fi  mar  U  90*.  and 
therefore  I  make  it  r^^^e  zz  a. 


Then 


{-^   21,1148 -f-    2i»ii/4-  1     ' 

+  197^^956  -  394.59'  +  I97»^'   i_  100.8^61 
+    28,0000—   84,oo#4-    i^ooee  /- *90>»3«>i 
•+     1,0000—     4,00^4-     6,oo/#  J 
J     ■  ■    ■    ■  t 

^/«.  205,1808  —461,48^  +  287,29^^  =:  i90,836i. 
Hence  461,48/  —  287,29//  =  14,3447 
And  1 ,606/  —  //  s=s  >049930  =:  D 

,         ^  *- 1,606-^/ 

Operation.     1,606)  ,049930  (9,031  =  / 

—  #  =  0,031       471 
l.  Divi/or  1,57  2830  Firftr=  i,ooa 

>•  Divifor  1,575  ^575  — '  =  0,031 

&c.  r—/— 0,969=4 

pr  r  for  a  fecond  Operation ;  which,  being  invofv*d  as  before,  will 
produce  thefe  foUowio^  N^mbpr^. 
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—   20^4.602547664-  21,114^1* 
+  185,252368710  —  382,35783*  4-  i97,295i« 
4-    a5»4758898sa  —   7^^7*7^ -i-   81,5960** 
+      0,881647759—     3,6394»'4-     5.^37« 


Fix.    191,149651515  —  443»755i5»  +  284,5248** 

=  190,830110259 
Hence  it  wUl  be  443,75515*  —  284,5*48**  =  0,313541256 
And  1,55963*  —  **  =  }Ooiioi982i  =s  D 


Thcnf ? = 


Op^ratioft.     1,559*3)  0,0011019821    (0,0007068  zz  g 

—  €  =  0*00070 

1.  Dixrijbr   1,5589 

2.  Divi/ar    1,55893 


109123 
1075210 
935358 
1398520 
1247144  &c. 


Laft  r  =  0,969 
—  /  =:  0,0007068 

fw^=tf  130,9682932  the  Sim  of  750  •  32' .  as  Was  required. 

Having  found  the  Situ  and  Ca-Jim  of  any  Jrcb,  the  Tamgutt  m 
ufuaily  found  by  this  Proportion: 

XT.     C  As  tbi  Cq-Jvu  of  any  Arch :  is  to  the  Sim  of  that  Arch  iifois 
\   the  Radius  :  to  the  Tangent  of  the  fame  Arch. 

For  fuppofing  BCzzBD  Radius^  if  C  =  the  Sine  of  the  Arch 
CD.  Then  B  A  is  tht  Co  Jine^  and  ^^  ^  Jf 
FD  the  Tangent  of  the  fame  Arch. 
But  BA:  CA..BD  :  FD^  &c. 
Now  by  this  Proportion  there  is  re^ 
quired  yo  be  given  both  the  Sine  and 
Co-fau  of  the  Arcb^  to  find  the  Tan- 
gent.   'Tis  true,  if  the  iZiii£rtfj,  and      ^  ,  1^ 

either  the  Sine  or  the  Ci^-^  be  given,      ^ A     ^ 

the  other  may  be  found,  thus,  ^  U  BC —  U  C  A -=.  BA.  Or 
•  Q  /^  6'— Q  BAssCA.  But,'if  either  the  Sine  or  C^-^/  be  given, 
the  Tangent  may  (I  prefume)  be  more  eafily  found  by  the  following 
Theorems. 

3  Let 
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I  r  I  I      I       ■  ■  .  ■* 

LctBCm.  Cy/  =  S.  BJr^xmAFD:=^T.  Then,  if 
S  be  given,  T'may  be  found  by  thb 

Or  if  X  be  given,  Tniay  be  found  by  this 

Let  the  Sine  of  19® .  1 3'  l(heforefowid)yit  given, «/«  0,3291415 
a»  5,  to  find  7*  the  Tangmt  of  the  fame  Arcb^  Firft.0,3201415  x 
,329141s  =  0,108334127  —  55.  Again  1—0,103334127 
»=  0,891665873  =  I  — 55.  Then  0,891665872)  0,108334127 
(0,1214963253  and  ^  0,1 2 1496^^25 3=:  0,3485632,=  T,  the 
tangent  of  1 9®  1 3'.  As  was  required.  And  fo  you  may  proceed 
to  find  7*=  the  Tangent^  when  at  =s  the  Co-Jsne  is  given. 

In  the  Supplement  annexed  to  this  Work,  you  have  the  De* 
monftration  of  the  Proportions  from  whence  the  foregoing  Mqua-- 
tions  for  making  the  natural  Sines  were  produeed ;  as  alio  their 
life  in  computing  the  Sides  and  Angles  of  plane  TriangUs* 

In  the  mean  fimey  what  is  here  done  may  fuffice  to  (hew,  that 

Idle  making  of  Sines  by  fuch  a  Jahorieus  and  operofe  W^y^  as  was 
formerly  i2ed,  is  in  a  great  Meafure  overcome  ^  which,  I  think, 
I  may  jufily  claim  as  my  own. 


AN 


Chap,  i:  ^Si 

AN 

INTRODUCTION 

TO    THE 


PART     IV. 


CHAP,    I. 
Defimtiom  cf  a  ^mt^  audits  ^OtUm. 

THERE  are  feveral  Definitions  given  cff  n  Cmu :  The 
l«aroed  Dr.  Bamw^  upon  Eumd^  haifa  it  thus : 
*^  A  Cone  (faith  ht)\%^  Figure  made  when  one  Side  of 
^  1  ReAaagled  Triangle,  (vht.  one  of  ibofe  Srdesthat  conuin  the 
<*  Right  Angle)  remaining  fix'd,  the  Triangle  is  tum*d  round 
**  about^  'tiU  it  return  to  the  Place  from  whence  it  firft  moT*d : 
**  And  if  the  fix'd  Right  Line  be  equal  to  the  other  which  con-* 
<^  taineth  (he  Rig^t  Angle,  |hen  the  Cone  is  a  Re£hmgled  Cone ; 
^^  but  if  it  be  lefi,  'tis  an  ObtuCb-angled  Cone ;  if  greater,*  an 
^  Acute-angled  Cone.  The  Jxit  of  a  Cone  is  that  fix'd  Line 
'^  about  which  the  Trian^e  is  mov'd :  The  Bsfe  of  a  Cone  is  the 
**  Circle,  which  is  defcrib'd  by  the  Right  Line  mov'd  abouc** 
(Dijm.  1 8,  19,  20.  Euclid,  II.} 

Sir  y^nas  Mo^ty  in  bis  Treatife  of  Corneal  SeSfi0u  (taken  out  of 
the  Works  oi  Myd^rgius)  defined  it  thus : 

^*  ir  a  Line  of  fuch  a  Length  as  (hall  be  needfiil  (hall,  upon  a 
**  Point  fix'd  above  the  Plane  of  a  Circle,  fo  move  about  the  Cir- 
^*  cle,  until  it  return  to  the  Point  from  whence  the  Motion  be* 
*^  gan,  the  Superficies  that  is  made  by  (uch  a  Line  is  call'd  a  Co* 
**  nical  Superficies ;  and  the  foiid  Figure  contained  within  that  Su«> 
^  perficies  and  the  Circle  is  cill'd  a  Cmg.  The  Point  remaining 
<*  ftUl  is  the  Vertex  of  the  Con^,  (^c/* 

A  a  a  Altho* 
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Altho'  both  thcfc  Definitions  arc  equally  true,  and,  with  a  lit- 
tle Confidcration,  may  be  pretty  eafily  underftood  j  yet  I  (hall  hcra 
propofe  one  very  different  from  either  of  them ;  and,  as  I  prefume, 
more  plain  and  intelligible,  efpeciatly  tb  a  Learner. 

'  If  a  Circle  defcrib'd  upon  ftiff  Paper  (or  any  other  pliable  Mat- 
ter) of  what  Bignefs  you  pleafe,  be  cut  into  two^  threes  or  more 
SeSlon^  cither  equal  or  unequal,  and  one  of  thofe  SeGors  Xic  to 
roird  up,  as  that  the  Radii  may  exaAly  meet  each  other,  it  will 
from  a  Conical  Superficies, 

That  is,  if  th§  ^eiior  HVG  be 
cut  out  of  the  Circle,  and  fo  roHM 
up  as  that  the  Radii  VH  and  VG 
may  ju((  meet  each  ether  in  all  their 
Parts,  it  will  form  a  Cone^  and  the 
Center  ^will  become  a  Solid  Point , 
calj'd  ihtFERTEXofthe  Cone; 
thC'Radius  FHy  being  every  where 
equal,  will  be  the  Side  of  the  Cone ; 
and  the  Arch  HG  will,  become 
a  Circle,  whofe  Jrea  is  calPd  the 
Cone*s  Ba/e, 

A  Right  Line  being  fupposM  to  pafs 
from  the  Fertex^  or. Point  A'',  to  the  Cen- 
ter of  the  Cone's  Bafej  as  at  C,  that  Line 
(viz.  yC)  will  be  the  AXlSy  tn  perpen- 
dicular Height  of  the  Cone, 

if  a  Solid  be  exadtly  ifiade  in  fuch  a 
Form,  it  will  be  a  compleat  or  perfe£l 
Cof  e  3  which  I  ihall  ail-along  call  a  Right 
Cone ,  becaufe  its  Axii  VC  ftands  at  Right 
Angles,  with  the  Plane  of  its  Bafe  HG^ 
and  its  Sides  are  every  where  equal. 

Any  Cone,  whofe  Axis  is  not  at  Right  Angles 
with  the  Plane  of  its  Bafe^  may  be  properly 
Call'd  an  imptrfe^Cone^  becaufe  its  Sides  are 
not  every  where  equal  (as  in  the  annexed  Fi- 
gure* )  Now,  fuch  an  imperfeiEi  Cone  is  ufual- 
ly  caird  a  Scalene^  or  Oblique  Cone^ 

.  \  *  *>  — 

Any  folid  Cone  may  be  cut  by  Planes  (which  I JhaU  all-ahng 
hereafter  call  Right- Lines)  into  five  Sextons . 

Seff. 
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Seff*  !• 

If  a  Right  Cone  be  cut  diredly  thro'  its  Axis^  the  Plane  ox  Su* 
perficiis  of  that  SeSHon  will  be  a  plane  IfifceUs  Triangle^  as  HV9 
Fig.  a.  was.  the  Sides  (HV  and  ^C;  of  the  Qone  will  be  the 
Sides  of  the  Trianelc,  the  Diameter  (HG)  of  the  Cone's  Bafi 
will  he  the  Bafi  of  the  Triangle,  and  (VC)  its  Axis  Will  be  the 
perpindicukr  Height  of  the  Triangle. 

Se^.  2. 

If  a  Right  Cone  be  cut  (any  where)  off  by  a  Right-line  paral- 
lel to  its  Bafiy  as  hg  (it  u/iU  be  eafi  to  conceive^  that)  the  Plane 
of  that  SeMion  will  be  a  Circle^  becaufe  the  Coneys  Bafi  is  fuch : 
wherein  one  Thing  ought  to  be  clearly  underftood,  which  may  b« 
laid  down  as  a  Lemma^  to  demonftrate  the  Properties  of  the  follow- 
ing Se&ions. 

f  If  any  tw  Right  Lines^  infcriVd  within  n  Circle^  d$ 

j  cut  or  crefs  each  0ther  (as  hg  doth  ^  ^  in  the  annexed 
Trntmft  J  Figure)  the  Re£f angle  made  of  the  Segments  of  one 
^niimfl«<  ^y.  ^^^  2:,W  xsfill  be  equal  to  the  Rectangle  made  of 

\the  Segments  of  the  other  Line.      (See  Tbeorenki$* 

KPageziS^) 


ThzxU^  haxga:=bhxab\  - 
An6HAxGA=^BAxABS  ^^• 
confequentiy  xthassztA  2nA  d.BAss 
jfB  then  it  will  he  kax^g  a  s:z  Ob  a^ 
mnd  in  the  Cm*s  Safe  HA  xGAz=i 
a  BA. 


SeSf.  3. 

If  a  Right  Cone  be  (any  where)  cut  off  by  a  Right  Line  that  cuts 
both  its  Sides^  but  not  parallel  to  its  Bafi  (as  TS  in  the  following 
Figure)  the  Plane  of  that  Section  will  be  an  ElUpfis  (•vulgarly  lalU 
ed  an  Oval)  viz,  an  oblong  or  impcrfeft  Circle,  which  hathfeve- 
ral  Diameters^  and  two  particular  Centers      Thdt  is, 

I.  Any  Right  Line  that  divides  an  El/ipjis  into  two  equal  Parts 
is  caird  a  Diameter ;  amongft  which  the  Icn^ejl  and  xhejhorte/l^tt 
pariicularly  diftingui(h*d  from  the  reft,  as  being  of  molt  general 
Ufe  ;  the  other  arc  only  applicable  ro  particular  Cafes. 

A  a  a  2  a.  The 
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2.  The  lon^  Diameter  (as  TS) 
IS  caIN  the  Iran/ver/e  Diameter^  or 
Trtmjvirfi  Axu:^  being  that  ^&r  ZiM 
Which  if  drawn  thro^  the  Middle  of 
^ElCtfih  and  doih  (hew  or  Unit  its 
Lengith. 

3.  ThefliorteftD/tfm///r,  calfdlbe 
Cotgugate  Diamtir^  is  a  ^/;/&/  Line 
that  doth  interred  or  crofs  the  TWw/- 
iwyi  Diameter  at  A/ib^  ^»f /^r,  in  the 

Middle  or  common  Center  of  the  £////-  -• ^^     ,.„.»••**  ^ 

Jis  (as  ^11^  and  doth  limit  the  EHif^ 

fo'sBreadth. 

4*  The  two  foitttf^  which  I  call  particular  CcffMrrof  an  JEAT]^ 
/f ,  (fer  a  Rtafon  which Jhall  be  Jbew'd  farther  $n)  are  two  Points  in 
die  Tranjverje  Diameter^  at  an  equal  DHlance  each  Way  from  the 
Cenp^aU  Diameter,  and  are  uftuUjr  GaU'4  gt^hit,  JeCi»  or 
hamngPeinit^ 

$.  AH  Jb;s:&f  Lines  within  the  £V%&  that  are  parallel  to  onf 
another,  and  can  be  divided  into  two  equal  Parts,  are  call'd  iDjllU 
Adtetf  with  Refped  to  that  Diameter  which  divides  them :  And 
if  they  are  parallel  to  theC^«^tf/#,  vis.  at  Right  jfij^/n  with  tho 
Tran/verfe  Diameter^  then  they  4re  calKd  Ordimrtee  righify  m^^d. 
And  thofi/  two  that  pafs  through  the  Fed  are  remarkable  abovt 
the  reft^  whicht  being  equal  and  fiaua«ed  alike,  are  call'd  both  by 
•ne  Name,  viz.  f.attt0  Etftmt,  or  Mi^  Parameur^  bv  whidi 
sli  th^  other  Ordinates  are  legulaled  and  valued )  as  will  appear 
farth^  om 

Seif.  4* 

'  If  any  Cone  be  cut  into  im  Parts  by  a  i!r]fih-/rVrr  parallel  to 
bne  of  its  Sides  (as  S  A  in  thefelkmng  Scheme)  the  Plane  of  that 
teaion  (viz.  SkBABbS)\%  called  a  l^aCdtoU^ 

i«  A  Right  Line  being  diawn  diio'  the  Middle  of  any  Pen-aie* 
/a{uSJ)u  caird  its  Aesis^  or  intwoepied  Diameter. 

2.  All  Right  Lines  that  ioterfed  pr  cut  the  Axis  at  Right- Angles 
(as  BB  and  b  b  arefupp9fed  te  cut  or  crofs  S  A)  are  call'd  Ordi- 
nates  rightly  appl/d  (as  in  the  £//i)^/and  the  ereateft  Ordiseau^  as 
B  By  which  limits  the  Length  of  the  Parabms  Axis  (Sjfjisw 
fttaDy  caird  the  Bafc  of  the  Parabola. 

3-  That 
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3.  ThsLtOrdinaU  which  pafies  thro' 
thd  Facmsj  or  burning  Point  of  the  Pa^ 
rahola^  is  callM  the  Latus  Rg^um^  or 
%*/  Pardmiter  (as  in  the  Eilipjis) 
becaufe  by  it  all  the  other  Ordinates  are 
pr9f9rtianedy  and  may  be  found. 

4.  The  ATiif,  Focus,  or  burning 
Point  of  the  Parabola,  is  a  Point  in  its 
Axis,  Ciitf  JW/  a  Center,  as  in  the  ElUp- 
fa)  diftant  from  the  Vertex,  or  Top  of 
the  Scakm,  (vi».  /rom  S)  juft  i  part 
of  the  JLofttf  jR/i^K0f  i  as  fhall  be  (hewn 
iartheron. 

5.  All  Right  Lines  drawn  within  a  Parabola  parallel  to  its  Axii 
are  call'd  Diametors ;  and  every  Right  Line,  that  any  of  thofe  Dia- 
meters dotb  bifed  or  cut  into  two  equal  Parts,  is  fald  to  be  an  Or- 
inate  to  the  Diameter  which  bife&  it. 

Sea.  5. 
If  a  Coae  be  aoy  where  cut  by  a  Right  Line,  either  parallel  to 
its  Jjcis^  (as  SJ^  or  otherwife  as  x  K)  fo  as  the  cutting  Line  be- 
ing continued  thro'  one  Side  of  the 
Cone  (as  at  5  or  xj  will  meet  with 
the  other  Side  of  the  Cone  if  it  be  con- 
tinued or  produced  beyond  the  Vertex 
F,  as  at  7*;  then  the  Plane  of  that  Sec- 
tion (viz.  the  Figure  Sb  BB  bS)  is 
call'd  an  I^Jpetbola^ 

1.  A  Right  Line  being  drawn  thro* 
the  Middle  of  any  Hyperbola,  viz. 
within  the  Seftion,  {as  S  A,  or  x  N) 
is  caird  the  Axis  or  intercepted  Diar 
meter  (as  in  the  Parabola)  and  that  Part 
of  it  which  is  continued  or  produced 
out  of  the  Scflion,  until  it  meet  with 
the  other  Side  of  the  Cone  continued^ 
viz.  TSor  Tx,  &c.  is  cairJ  thcTranf- 
Verfe  Diameter,  or  Tranfverfe  Axis  of  the  Hyperbola, 

2.  All  Right  Lines  that  are  drawn  withir)  an  Hyperbola,  at 
Right  Angles  to  its  Axis,  arc  calfd  Ordihotes  rightly  apply  d-,  as  in 
the  Elliots  and  Parabola, 

.      3.  That 
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3.  That  Ordinate  which  pafies  thro'  the  Focus  of  the  UfperUk 
is  call'd  Lotus  Re^um^  or  Right  Paramitir^  for  the  fiune  R^lbn  as 
in  the  other  Sedioiu. 

4.  The  middle  Point  of  the  Tranfverfi  DUmetir  is  cali'd  th« 
Center  of  the  Hyperbola ;  from  whence  may  be  drawn  two  Right 
Lines  (out  of  the  Sedion)  call'd  JaC;mptOU0,  becaufe  they  will 
always  incline  (thatis^  come  nearer  and  nearer  )tohoih  Sides  of  the 
Hyperbola^  but  never  meet  with  (or  touch)  them,  altho'  both  th^ 
and*  the  Sides  of  the  U^fperbola  were  infinitely  extended  i  as  will 
plainly  appear  in  its  proper  Place. 

Thefe  five  Seditions,  viz.  the  Triangle^  Circle^  EUipfisj  ParahJa^ 
and  Hyperbola^  are  all  the  Planes  that  can  poffibly  be  produced  from 
a  Cone ;  but  of  them,  the  three  la/fzie  only  caUed  ComciSe^iomy 
both  by  the  ancient  and  modern  Geometers^   ' 

Scholium^ 

Befides  the  'foregoing  Definitions^  it  may  not  be  amifi  to  add,  by 
way  of  Obfervation,  how  one  Section  may  (or  rather  doth)  change 
or  degenerate  into  another. 

An  EUipJis  being  that  Plane  of  any  Sedion  of  the  G>ne  which 
is  between  the  Circle  and  Parabola^  'twill  be  ea(y  to  conceive  that 
there  may  be  great  Variety  of  Ellipfes  produced  from  the  fame 
Cone ;  and  when  the  Section  comes  to  be  exadly  parallel  to  one 
Side  of  the  Cone,  then  doth  the  EUipJis  change  or  degenerate  into 
a  Parabola,  Now  a  Parabola^  being  that  ScAion  whofe  Plane  ii 
always  exadly  parallel  to  the  Side  of  the  Cone,  canrlot  vary,  as  the 
EUipJis  may ;  for  fo  foon  as  ever  it  begins  to  move  out  of  that  Po* 
Jition^  (viz.  from  being  parallel  to  the  Cone's  Side)  it  degenerates  ci- 
ther into  an  £///)>^j,  orintoan/:^;p/r^0Ai;  That  is,  iftheSeAion 
inclines  towards  the  Plane  of  the  Cone's  Bafe,.  it  becomes  an  EUip- 
Jis  \  but  if  it  incline  towards  the  Cone's  Vertex,  it  becomes  an 
Hyperbola  J  which  is  the  Plane  of  any  Sedion  that  falls  between  the 
Parabola  and  the  Triangle.  And  ihertfore  there  may  be  as  many 
Varieties  of  Hyperbola^ s  produced  from  one  and  the  fame  Cone,  as 
there  may  be  Ellipfes. 

To  be  brief,  a  Circle  may  change  into  an  Ellipfs^  the  EUipJis 
into  a  Parabola^  the  Parabola  into  an  Hyperbola^  and  the  Hyperbola 
into  a  plane  Iffccles  Triangle :  A  nd  the  Center  of  the  Circle,  which 
is  its  Focus  or  burning  Point,  doth,  as  it  were,  part  or  divide 
itfcif  into  two  Foci  fo  foon  as  ever  the  Circle  begins  to  de- 
generate into  an  EUipJis  ;  but  when  the  EUipfis  changes  intQ 
a  Parabola^  one  End  of  it  flics  open,  and  one  of  its  Foci  va- 

nifhcs. 
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ntfhes,  and  the  remaining  Focus  goes  along  with  iyi^Parabola  when 
it  degenerates  into  an  Hyperbola :  And  when  the  Hyperbola  degene- 
rates into  a  plane  Ifofceles  TriangU^  this  Focus  becomes  the  vertical 
Point  of  the  Triangle  (viz.  the  Vertex  of  the  Cone) ;  fo  that  the 
Center  of  the  Cone's  Bafe  may  be  truly  faid  to  pafs  gradually  thro' 
all  the  Sedionsy   until  it  arrives  at  the  Vertex  of  the  Cone,  ftill 
carrying  its  Latus  Return  along  with-it :   For  the  Diameter  of  si 
Cirde  being  that  Right  Line  which  paiTes  thro'  its  Center  or  Focus^ 
and  by  which  all  other  Right  Lines  drawn  within  the  Circle  are 
regulated  and  valued,  may  (Iprefume)  be  properly  called  the  Cir- 
cle's Latus  Return :   And  altho'  it  lofes  the  Name  of  Diameter 
when  the  Circle  degenerates  into  an  Ellipjis^  yet  it  retains  the 
Name  of  Latus  Re^um^  with  its  firft  Properties,  in  all  the  Sedli- 
ons,  gradually  (hortening  as  the  Focus  canies  it  along  from  one 
Se£Hon  to  another,  until  at  laft  it  and  the  Focus  become  co- inci- 
dent, and  terminate  in  the  Vertex  of  the  Cone.  « 

I  have  been  morer particular  and  fuller  in  thefe  Definitions  \\izn 
js  -ufual  in  Books  of  this  Subje£l»  which  I  hope  is  no  Fault,  but 
will  prove  of  Ufe,  efpecially  to  a  Learner  :  And  altho'  they  may 
perhaps  feem  a  little  ftrange,  and  at  firft  hard  to  be  underftooa, 
yet,  when  they  are  well  confider'd,  and  compar'd  with  a  Cone 
cut  into  fuch  Sections'  as  have  been  defined,  they  will  not  only  be 
found  true,  but  will  alfo  help  to  form  a  true  and  clear  Idea  of 
each  Section. 


CHAP.    11. 

Concerning  the  Chief  Proper  lies  of  an  (tS^ipRS* 

T^  O  T  E,  \rftbe  tranfverfe  Diameter  of  an  Ellipfis,  as  TS  in  the 
-*-^  following  Figure,  be  interfe£led  or  divided  into  any  two  Parts 
by  an  Ordinate  rightly  apply'd,  as  at  the  Points  A^  C,  a^  &c.  then 
are  thofe  Parts  TAy  TCy  Ta^  and  S  Aj  S  C,  Stf,  &c.  u/ualfy  called 
AbfciiTse  (which  Jtgnifics  Lines  or  Parts  cut  off)  and  by  the  ReSfan* 


gle  of  any  two  Abfciflse  is  meant  the  Rectangle  of  fuch  tiuo  Parts  as^ 
being  added  together^  will  be  equal  to  the  Tranfverfe  Diameter- 

A$rA+SA  =  TS.    AndrC+SC  =  T». 
OrTA+SA-TSy  ice 

SeSlioM 
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Si^Un  I. 

Every  ElSfffis  is  proportion'd,  and  all  fuch  Lines  as  relate  lb  it 
are  rcgulactd,  bj  the  Help  of  one  general  T^tvnm.  ^ 

!A  AiReifimgle  of  any  /u;^  AbTctffie :  isUthiSfMn 
of  Half  the  Ordinate  which  Strides  ihm  \i  fi  isdm 
RiaangU  of  any  othif  two  AUctOk:  to  tbtSfuari 
of  Hdf  that  Ordinate  wUch  dividis  them. 


That  is, 
TJxSA:  qBJ\ 
TAxSAi  qB/1: 
rCxSCioNC: 


,Ta  X  Sa  :Uia 
TCxSC:  QNC 
Ta  xSa:  Qha 


9Demottffrarfon^ 

Let  the  annexed  Figure  reprelent  a  Right  Cone,  cut  Arc*  bolk 
Sides  by  the  Right  Line  7*5  i  then  F 

will  the  Plane  of  that  Sefiion  be  an 
ElU^is  (by  Self.  3.  Chop.  i.)7S 
wiil  be  the  Tranfuerfe  Diamitor^ 
NCNznA  bah  will  be  Ordinates 
rightly  applfd\  as  before.  Again, 
if  the  Ltnes  Dd  mtAKk  be  parallel 
to  the  CoQc's  Bafe,  they  will  be 
Diameters  of  Circles  (by  "Se^.  2. 
Cljup.  I.)  Then  will  A^C^and 
TaDhc alike.  Alfo,  ^Sad^d 
AfCiwiUbealike. 


£rgo 
And 
I  '.• 

«x  3 


But  6 


And 
Then 

Hence 


Saiadi'iSCiCt: 


TC:CK::Ta:aDi^'^'''"^'3^ 


d] 

^  5flX  Cizz  a  dx  SC 
^TaxCKszTCxaD 
SaxCkxTax  CKzz  ad^SCx  TCxaD.    Per  Axiom'% 

aDxad-^zUba^^ 

hxCKx  Cij  and  tf  2)  X  adj  take  Q  NCzniO  ta 
Sax  Tax  aNC=TC>(^SC  x  O  ha  Per  Jxiom  s> 
SaxTa:  aia.'.rC  xSC  :  Q  NC.  See  Pi^o  194. 

^ . — Q,  E.  D. 

I  Of 


"Chap. 


2. 


Concerning  Vi<  (lcfli|jft^» 


369 


. .  O""*  ^^  ^^'4^^  of  t^'e'e  Proportions  may  be  otberwire  proWd  by 
a  Circle,  without  the  Help  of  the  Cone,  thus :  J>t  ^y  Ettipfis 
*e  circumfcrib'd  apd  infcrib'd  with  Cirdes,  as  jn-  the  foUowme 
'^gure  }  then  from  any  Point  in  tbp  circuinf<;rib'd  Cirde's  Peri- 
phery, as  at  B,  draw  the  Right  Line  Ba,  parallel  to  the  femi- 
conjugate  Diameter  A^C,  tb^  will  ba  be  z  Stm-trdiatte  rightly 
appVd  to  the  tranfverfe  Diameter  TS ,  as  before.  Again,  from 
the  Point  b  (in  the  ElUpJii't  Peripktrj)  draw  the  Right  Line  b  d 
parallel  to  the  Tranfvei;fe  TS;  and  draw  UtiC Radius  BC.  Then 
wUl  /^  5C«  and  A  Cfd  be  alike. 


T-rn 


Thei^ore 

But  2 

Confeq.  3 
Or{4 
'  ,4  in  a's 

But 
Therefore 


^^,...U1«J.,„ 


c   per  Thtortm  13. 

fTC=BCyNC=C/ 

I  tai  ba  =  dC 

TCiBa.iNG'.ba 

Tg.NC'.-.Ba-.ba 

Orc.aNC-.-.nBaiQia 

iTaxSaz=aBa 

lpetLcauSea.2.Ch.i. 

iTaxSa:Oba::Te 

I  X  SC=z  a  TC:  a  NC,  V  before 


And  fo  for  any  other  Abfiija  and  their  Stm-er^futet. 

ThefeProportipns  being  found  to  bjB  the  true  and  common  Pro- 
pfcrtiw  of  every  £llip/ts,  all  that  is  farther  rcquir'd  in  for  about) 

that  &<57»i?  may  be  eafily  deduced  from  them.      .  ' 

Sea.  2.  Ttfiid  ibe  iata0  iReitiim,  tr  jEUg6t  jaata* 

VasKXXof  awf  EUipJis. 


There  are  feveral  Wa. ^ ._  _.„  ^^^   „„  ^ 

Blink  none  fo  eafy,  and  Aews  it  fo  plainly  to  bv  the  Third  prin- 
apal  Lme  m  the^%&,  as  the  following. 


of  finding  .the  ZSfK/jRft^oK,   but  I 
>lai 


ir<L  i  •■^'  -^*' Tranfverfe  Diameter :  «  m  PraportigMT* 

JLpmmt,  1   J««  Conjugate  ::/«M/Ar  Conjugate  :/tf/**Latu» 
(-   Rectum. 

^iz.  ('''(hfoilmniFig.)TS:^H::Nn:LRibeJiatufIUaum. 

Ffomi  the  laftP«/»r/ww  take  either  of  the  Antecedents,  and 
t*  Confequent,  v,z.  either  TCxSC.Q  NC,  otTdxSa:  n  ba, 

Bbb  "^an'd 
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Thus 

I 

But 

2 

Therefore 
And 

3 

4 

>»3.4 

5'-' 

6x4 

1 

7 

j-^rs 

8 

v/z. 

9 

Again, 

10 

z,  10 

II 

and  make  7^5  the  third  Term,  (o  which  find  a  fourth  PioportiO' 
nal»  anditwi]lbe  =  LiE: 

-  TCxSC:CiIfC::n:LR 

iTC=:SC 
lund  NCzzCh 
TVxSC^'OTS         ., 

iaTS:iaNn::TS:LR 
i07SxL/E=iaA'«x7S 

aTSxLR=a  NnxTS 
{TSxLR-aNn 
X     which  gives  the  following  Anahgf 
TSiNniiNnxLR 
i^i'^CxSCi  D  NCiiTaxSa:  Qim 
I      by  conunon  Properties. 
TS:LR::TaxSa:Sa:ai^* 

From  hence  ^s  evident  that  L  Ry  thus  found,  is  that  OrHnaU 
by  which  the  other  OrdlnaUs  may  be  regulated  aiid  found.  Tlle^^ 
fore  (according  to  its  Definition  Se£f.  3.  Chap,  i.)  it  is  the  triM 
Lattu  Riifum.    Q*  E.  D* 

Confe^ary. 
Hence  it  follows,    that  if  the  tranfveriTe  and  conjugate  Dia- 
meters of  any  Ellipfis  are  given  (iitber  in  Lines  ar  tfnmbers)  the 
Latus  Re£fum  may  be  eafily  found ;  and  then^ny  Ordinate^  whofi 
Diftance  fixim  the  Conjugate  is  given,  inay  hi  found  ^  as  abofc 

Sea.  3.   to  find  the  SfOOXfi  (f  any  Ellipfis. 

The  Fpcuf  is.  the  Uftance  of  the  Latus  Reaumhom  dieCoo' 
jugate  or  Middle  of  the  EUipfis  (vide  Definition  4,  Page  364.}  and 
that  Diftance  is  always  a  Mean  Proportional  between  the  half  Sifli 
and  half  Difference  of  the  tranfverie  and  conjugate  Diameteni 
which  gives  this  Theorem. 

{From  the  Square  of  half^  the  TraAfverfe  fitkroBi 
the  Square  of  half  the  Conjugate,  tbefquare  Reotd 
their  Difference  will  be  the  DiJIance  of  each  Foofl 
from  the  Middle  or  common  Center  of  the  ElUpfis. 

That  is,  fuppofing  the  Points  /and  P  to-be  the- two  Aa, 
y]z.fC^CF,zniTCzzirs.NC  —  iNn.  Thcn,rC 
+  NC  :fC  i.FCiTC^  NC .    Ergo  g /'C  :=  g  TC- 

Q  NC.    ConfequentJy,  /'C  =1  y/  QTC^QNC. 
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Firft, 

And 

I  That  is. 


\ 


■  5.6 


gocmonftcatfon* 

TSxLR=  n  Nn^  by  8  Step  of  the  laft  Proceft. 
TS  :  LR::  TF ^SF:  Q  £ F.  common  Properties : 
rS:LR::TC  +  CFKTC--CF:iQLR=nlF 


lie 
I   a 


D  LRxrS=r 


_TC^qCFxI,R 
iLRxTS^QTC—QCP 

iTS*LR=^aJ^«=  ONC 
aCFzzDTC—QNC 


,  CF  =  v'  D  rc-^  D  NG 

Now  from  hence  is  deduced  that  nouble  Propofition,  upon  Which 
is  grounded  the  ufual  Method  of  defaibbg  an  ElUfJis,  and  drawing 
fXTangtittti  kc. 

{I/from  the  fu/o  Foci  »/  any  Ellipfu  there  be 
draxjoii  nvo  Right  Lines,  fo  as  t»  meet  each  other 
in  any  Point  of  the  Ellfpfis's  Periphenr,-  fA*Sun» 
o/tho/eLianxvillke  equal  tatheTnmtxh  Aj?i8, 
yh.fNnNF=;.rs.  fLJ^I^F^  TS.  Ot/B+  5F=TS,  &c. 

SDtmonlfcation, 

(      fy  8ti  of  the  laft. 

\ucp-\-nNc=.u^F 

\     ^/Theorem  It. 

\UNP^UTC 
3  (     hy  Axiom  5. 
4>rF  =  7*C 

%NP==^2rC^TS  »•     - 

iTS-.LR::  TFxFS :  D  ^Fy  by  common  Properties. 
6iTS:iLR::TFxFS:aLF 

1-  r5  =  7C._AndJ_i«  =  IF 
•jTC.LF:  :  IC  +  CFx  7C-.CP:  OLP' 
iTCxLPzzOTC^nGP 
qnfF+  D  IF=  Q/I,  *r Theorem n. 


Firft, 
Bttt» 
1.2 

Hence 

Again, 

Confeq. 

But 

Ergo 

Bm 

That  is. 


13  w* 
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13  UK*  I  14  I  2  rC—  LF  —  fL 

14+i./"  i5Urc=/L4-iF.  But  2  rc=r5. 

Ergo  I       1  TS=fL  -i-LF.        '  Q.  E.  D. 

And  this  Propofition  muft  needs  hold  true  to  everjr  Point  ta  the 
ElUpJis^s  Periphery^  viz.  at  £,  &c.  As  will  evidently  appear  to 
apy  one  who  rightly  confiders.  That,  as  a  Hiread,  juit  the  Length 
oif  the  Diaitieter  of  any  Circle,  having  its  two  Ends  ty'd  together, 
And  then  movM  stbout  a  Point  in  the  Center  (viz,  by  making  it  a 
double  Radius)  will,  by  drawing  another  Point  in  its  Extremity,  de- 
ftribe  the  Pmphery  of  a  Circle ;  [vide  Definition  Pa^e  280.]  even 
fo,  if  a  Threadjaft  the  Length  of  the  tranfvetfe  Diameter  (TS) 
having  its  two  Ends  {o  fix'd  upon  the  two  Feci  (f  and  F)  that  it 
may  be  movM  about  them,  by  drawing  a  Point  in  its  Extremity 
^viz.  at  its  full  Stretch)  it  will  defcribc  the  true  Periphery  of  an 
EUipfts. 

Now,  altho*  this  eaiy  Way  of  defcribing,  or,  as  orn^Iy  phrasM  » ' 
drawing  an  EUipJisy  be  mechanical,  and  knoijim  even  to  mo& 
jfoinersy  CarpentcrSy  &c.  yet  h  gives  as  compleat  and  clear  anldea 
oF  that  Figure  as  any  other  Way  whatfoever  ;  and  by  defcribing 
it  thus  about  its  two  Foci^  as  a  Circle  is  about  its  Center,.doth  plain- 
ly (hew  that  thofe  two  Points  are  not  improperly  callM  particular 
Centers  in  Definition  4,  Se£f  '^^^Cbap,  i,  for  each  of  thejn  bears 
much  the  fame  Refpedl  to  the  Ellipfis's  Periphery,  as  the  Circle's 
Center  doth  to  its  Peiiphcry. 

Se£l.  4.    Ti  defcribe  or  delineate  an  'EWx^^feveral  TVays. 

There  are  fevcral  (other)  Ways  of  defcribing  aA  Elltp/isy  both 
geometrically  and  Numerically,  according  to  peculiar  Occafions, 
but  I  fliall  only  mention  two  or  three  of  them,  leaving  the  reft  to 
the  Learner*s  Genius.  Now,  in  order  to  that  Work,  it  will  be 
convenient  fo  confider  what  Lines  are  re^uifite  to  limit  or  bound 
its  Form,  which  I  take  to  be  chiefly  ihefe  following. 

I.  If  the  Tranfveric  and  Conjugate  are  given,  the  EUrpfis  is 
perfedly  limited  ;  (vide  Confe^ary  Page  363.)  for  if  TS  and  Nn 
be  fet  at  Right  Angles  in  their  Middle  at  C,  and  TC  or  C  5  be  fet 
cffixom  Ny  or«,  both  Wiy$  upon  the  Tranfverfeto/and  Fy  (viz. 
mate  fN^TCrszNF)  then  will  thofc  Points  / and  F be  the 
two  Foci  (by  4/A  Step  of  the  laft  Pr9cefs)  and  then  the  ElUpfis  mif 
be  defcrib\l  as  above* 

•  a.  if- 
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2.  If  the  Tranfverfi  Diameter  and  Lotus  Return  arc  given,  the* 
Ellip^s  is  truly  iimited,  bkcaufe  by  tbein  ch^  Conjugatv  maybe 
found,  by  SeA.  2. 

3.  Or  if  only  the  Tranjverftj  and  the  Proportion  it  hath  eithct 
to  the  Cpttfygate  or  Latus  keQum^  be  given,  the  ElHpJis  is  tbefehy* 
limited.  As  for  Inftance;  fuppofc  the  given  Ratio  betVVeeh  the* 
Tranfverfe  and  Conjugate  to  be,  as  a :  to  ^/  : 

Viz.i7:rf::r5:iV«,  thcnll^-f'cs/^w,  &c.    . 

4.  If  either  the  Tranf'^erfe  or  Conjugate,  and  the  Difbnce  gif. 
the  Focus  from  the  Conjugate  be  giveti^  the  EUipJis  is  limited,  be- 
caufe  by  them  the  Conjugate  or  Tranfverfe  may  be  found. 

Thefe  being  premised,  and  the  precede  ht  fVork  a  little  confider'd^ 
it  muft  be  eafy  to  de/cribe  or  delineate  any  EHipfis  in  Plam^  either 
Geometrically  or  Numerically. 

I.  To  defiribe  ctn  Ellipfis  Numerically ^  by  Points. 
Suppofc  the  Tranjverfe  Ditmet^  TS  c*  20>  and  the  CeHJt^0e 
Nnzz  I2j  '(either  fnchfs J  ^^  .  j^a 

9tber  equal  Parts)  '  and  let  them  

crofs  each  other  at  Right  Angles  in 
their  Middles,  as  in  the  Point  C; 
then  will  TC  —  CS±:  10»  and 
NC  -Cn  ^b  and  it  will  be 
20  :  12  ;  :  12  :  7,  2  =  thie  t»ar 
pes  Return, 

Agiiin  26  ;  7,  2.    Or  Yather  take  their  Ratio. 


f  X  : 
Thus3j  . 


i\. 


•  <2>f#  :  :  >^_+JJf  io  — r  :  D  «.  !l   i . 

:  0,36  :  :  lo  +  ^  x  10—^2  :  D  *.  ||    %• 

0,36  :  :  10  +  3  X  10-*- j{  ;  g  d.   \\    3.  &c. 

r  100—1x0,36=:  D /I.I. Hencey  9^x0,36^^5,97  to:.  zz:a.i 

Viz.  j  7^^4x0,36=  Qb.l*  v^ 90x0^6  =5,88  &C.  z^h.l 

^100— 9xo;3'6=ni;3.         y9ixo,3t)=i5,7a&c.=^.3 

If  lb  many  Sentt-orJRndtes  as  may  be  thought  Convenient  (ibe  wso9t£ 
the  better)  be  found  in  this  Manner,  and  everyone  of  them  be  fet 
off  at  Right  Angles  from  its  t|tifpe£live  Point  in  the  Tranfverfe  Di* 
pineter  each  Way,  w*.  from  i  to  u,  from  2  to  *,  from  3  to  </,  Ac. 
Then  if  a  Cun^  Line  be  carefully  drawn  with  an  even  Hand  thro* 
thofcextrcam  P9intsii,  *,  ^,  &c.  it  will  be  the  ^lUpfts's  Periphery, 
renHir^.  "  '  ^ 
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2.  T9  de/criii  an  Elliprts  Giometrica/fy  fy  Pmts. 

.  Having  the  Tranfverfe  and  Conjugate  Dianwters  given,  tnx.  TS 
and  Nn^  placed  at  Right  Angles  in  their  ASddUs^  as  before :  Then 
from  cither  End  of  the  Conjugate,  viz.  N{ot  n)  kt  off  half  th^ 
Tranfverfe  Diameter  to  at*    That  yy 

is,  make  Nx  =  TC  (continuing 
tbi  Conjupte  Nn  whin  it  isfior- 
fgr  than  TTC)  Or,  which  is  all  one, 
make  Cx:=TC  —  NC.  Then 
take  any  Point  in  the  Line  Cx  zt 
Pleafure ;  fuppofe  it  at  G,  and  from 
that  Point  at  G  fet  off  the  Piaance 
Cx  to  the  Tranfverfe  (as  at  E)  viz. 
make  G  E  ^Cxj  and  join  the  Points  GE  with  a  Right  Line, 
produced  fe  far  beyond  £  as  to  make  E  B  =i  NC.  Cenfequent- 
lyGB^TC. 

'  Theiu  I  fay,  where-fver  the  Point  G  was  taken  between  C 
and  ^,  the  Point  B  will  juft  touch  (9r  fall  in)  the  EUipJii\ 
Ptripherj. 

SDemonitcation^ 

Draw  the  Right  Line  BJ  perpendicular  10  7*5,  viz.  let  BJ 
be  a  Semi'Ordinate  rightly  apply'd  to  the  tranfverfe  piapicter  TS» 
then  l^  GCE  %ni  t^BAEviiilht  alike. 


Confequently 

I,  And 

But 

Therefore 

6i  in  D's 


i\CE:AB::EG:  EB^  by  Theorem  13.     , 
z\CE+JE  :AE::  EG+EB :  EB.  See  p.  192. 
3^CE+AEzzCjf.EG+EB:=:TC.  AndEB  =  NC 


But 
That  is 

9x  oTS 

I0»  Analagy 
That  is, 


CA'.AEx-.TC.NC 

o  cA-.a  AB ::  arc  in  NQ 


D  JVC—  DABr=n  AE 
QEB—UABzz  UAE 

2Sl^^^uNc^nAB 


arc 
dCAk  d  jvc=  q  jvcx  □  TC—  aABycaTC 

loj  D A'Cx  DC?— DCy/x  a  JVC=  Di/5x  D  STC 
II  arc :   D  M7:  :  g  TC—  Q  C//:  g  i/g 

lajrcyCS:  g  M7 : :  TC-^-CAx.  TC-^A:  Q  AB 
gjich  is  according  to  the  common  PrfftrtUi  of  the  ElSpfis: 
Tiercfere  the  Point  B  (S  troly  found,      C.  E.  D. 

3  HoKO 


Chap>  2.  dmcmdngtbe  eittpOft> 375 

Hence  it  follows,  that  if  a  convenient  Number  of  fuch  Lines 
uGEB,\)pb>  drawn  (as  above  dire£ted)  from  the  like  Number  of 
t'oints  uken  between  C  and  ;r,  &c.  their  extream  Points  (as  at 
B)  will  be  thofe  Points  by  which  (untb  an  tvgn  Hand)  the  Elliffa 
majr  be  truly  defcrib'd ;  as  before, 

But>  if  this  be  well  .underftood,  it  will  be  vtrf  eafv  to  conceivW 
how  to  defcribe  an  EUipfa  very  readily,  without  drawing  thofe 
Lines,  by  having  a  thin,  ftreight,  narrow  Ruler  juft  the  Lragdi 
of  TC,  made  fomewhat  Iharp  at  both  Ends,  upon' which,  from 
one  of  its  Ends,  fet  ofF  the  Length  of  NC.  Then,  if  the  Point 
upon  the  Ruler  which  reprefents  E  be  gradually  or  eafily  moved  in 
I«ig  the  Tranfverfe  7*5,  and  at  the  fame  Time  the  Point  or  End 
repnrfenting  G  be  kept  Aiding  dofe  along  the  Conjugate  Nn^  *tii 
evident  from  the  Work  above,  that  the  End  of  the  Ruler  repre* 
fenting  B  will,  by  that  Motion,  affign  the  true  Piripbery  of  th; 
£/Sj^  required  \  for  by  that  Motion  the  fbeight  Edge  of  the  Ru- 
ler doth  fupply  an  infinite  Number  of  the  afoccfiud  Lines ;  as  will 
appear  very  plain  and  ealy  in  Pradice, 

SdMlinm. 

Now  from  hence  was  deduced  the  iirft  Invention  of  that  welU 
contrivM  Infhument  for  drawing  an  EUiffis  by  one  Motion,  com- 
monly caird  the  Elliptical  C^n^ffis^  being  ufually  ,made  of  Brafs, 
and  Gompos'd  of  three  Parts,  two  of  which  reprdent  (w  rather 
fiipph)  ^  tranfverfe  and  conjugate  Diameters  fet  together  at  Right 
Jnglis ;  and  the  third  Part  is  a  moveable  Ruler,  which  performs 
the  OfEce  of  the  laft-mention'd  thin  Ruler.  This  and  all  other 
Mathematical  Inftrumenti  are  made,  in  the  190ft  accurate  Manner, 
by  John  Bennett  in  Crewn-Ceurty  near  St.  Ann*s  Church,  Sebe^ 
Inftnunent«Maker  to  their  Royal  Hig^nefles  the  Dukes  of  (?&»- 
eefter  and  Cumberland. 

Alfo  from  hence  came  iltiztingemaus  Invmtien  of  making  £^W 
far  turning  all  Sorts  of  elliptical  or  oval  Work,  as  oval  Boxes, 
SiAure-Frames,  &^. 


.,  Sea 

•  .4 
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teSsm 


Part  ly. 


^^a.  5.    Ji9  Mipjs  bung  givetiy  to  find  its  '^tUgfyOS^ 
a»d  ^tainSStC  Diamtttri. 

Suppofe  the  given  Ellipfo  to  be  TNSn  (in  the  annexed 
•ficbeoio)  in  which  let  it  be  required  to  find  the  tianrveife  Dia* 
jMffir  TSmd  its  Conjx^te  Nn. '  Draw  within  Che  Ellipjis  an/ 
ilwo  Jt^  Lines  p araUel  to  .e^ 
iPtber,  93  Hb  and  4/«"9  and  Uiba 
^(iqft  Linei,  «is.  find  the  Middie 
JPoifit  of  each,  z$  at  f  and  P  ; 
Itb^  thfo'  thofe  Points  K  and  P 
^raw^RigbtLiney  mDJj  and  it 
y^m  bf  a  Dtameeer;  for  it  will 
^divide  the  EUipfia  into  two  equal 
l^a^ts^  [^  Defiti.  1*  Pi^#  363.]  confequently  the  Middle  of  Djf 
MiU  beithe.tdie  Middle  ^r  conunon  Center  of  the  EUtpfis,  as  at 

a 

For  'tis  thi  Nature  or  Propertj  0^  all  Diameters,  howfoever  ibef 
an  dratvn  in  any  EUipfis  (as'^tii  in  ^  Circle)  to  cut  or  crofs  one  an^- 
tber  in  the  common  Center  or  Middle  of  the  Figure ;  as  at  C* 

Upon  the  Poiio:  C  delcribe  hi  Areh  of  ahy  Cinde  that  will  cut 
the  Ellipfis's  Periphery  in  two  Points,  as  at  B  and  b\  then  join 
^fe  Points  S  if  with  a  ^ghi  Line^  and  it  wiH  be  an  Ordinate^ 
through  whofe  Middle  (as  at  a)  and  the  comnron  Center  C,  the 
fraafverfe Drameter  TS  moft  pais.  For  B8  ^  Shy  and Ba\$ 
«i  Right  Angles  with  7*5;  therefore  the  Line  Bb  is  an  Ordinate 
tightly  appl/d  toTS^  the  tranfverfe  Diameter.  And  if  thro'  the 
f  p«nt  C  there  be  drawn  the  Right  Line  Nn  paralld  to  Bh^  it  will 
become  the  Conjugate  i  as  was  required. 

$cft.  "6.    r#  irm»  «Catl0eilt,  dr  Right  line  that  may 
SifU£bJbe  ^ItipJisU  Pmpbiry  in  awf  aj^'d 

The  Drawing  of  Tangents  to  or  from  any  aJfigtCd  Point  in  the 
Ellipfis's  Periphc;^,  admits  of  three  Cafes. 

Cafe  I.  If  it  be  requir'd  to  draw  a  Tangent  that  may  touch  die 
Ellipfis  in  either  of  the  extream  Points  of  its  tranfverfe  Diameter, 
as  at  7*  or  8^  it  is  plain  the  Tangent  muft  be  drawn  parallel  to  the 
conjugate  Diameter  Nn  i  as  HK  in  the  following  Figure  vi  fup* 
fos'd  to  be. 

Cafe 
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Cafi  2.  Or,  if  the  Tangent  muft  be  drawn  to  touch  the  EUifjfit 
in  either  of  the  extream  Feints  of  its  Ctiyugati  Dianutir^  as  at 
^or«9  'tis  as  evident  that  it  muft  be  drawn  parallel  to  the 
Tranjvirfe  Diamitir  T  Sj  9m  K  M.  Confe^uentl/,  iftbatTtfw- 
fint  and  the  Tranfotrft  were 
Doth  infinitely  continu'd,  they  -H 
would  never  meet 


Cafe  3.  But  if  it  be  requtr'd 
to  draw  a  Tanzent  that  may 
touch  the  EUipJu  in  any  other 
Pointy  as  at  5,  &c.  Then,  if 
the  Tangent  and  the  Tranjverfe  Diameter  be  both  continu'd,  they 
will  meet  in  fome  Peinty  a^s  at  P$  and  tbofe  two  Points  (viz.  B 
and  P)  do  fo  mutually  depend  upon  each  other,  that  one  of  them 
muft  be  affign'd  in  order  to  find  the  other,  that  fo  the  Tangent  may 
hy  them  1^  truly  drawn.  Let  D  =  TS^  j  ==  AB^  and  s  = 
A  P.    Then,  if  y  be  given,  %  may  be  found  by  this 

Theorem  f  ^Z2?  =  «.    Or,  if  «  be  given,  y  may  be  (bund  by 
thb7W^{£±^±^/££±if=y 

3>tmonSratfon. 

Draw  the  Semi^erdinate  ba^  as  in  the  Figure ;  then  will  A  BAP 
and  ^baPht  alike.  Put  x^s^Aa  the  Diftance  between  the  two 
Semi'9r£nates  (viz.  between  BAuidba)  which  we  fuppole  inde* 
finitely  fmalK 

z  :  z  —  X  : :  BA:  ba^  by  Tbeerem  13. 
D^yxy  :  D—y  jf^xy-^^n  :  luBAin^^ 
Dy—yf :  I)jH-^+3tr;^---I>*--*i>f ::  D  ^-'i  D  *^ 
«z:  zz— izx'-l-A'jr : :   Q  BAi  D  ba 

{X*   being  infinitely  lefs  than  x  may  be  tvtrj 
where  rejeded. 
jDf-^  :  Dy^^+2jx—Dx  ::  U  BA:  Q  ba 
zz  :  zz«— 2zjir : :  Q  BA :  Qba 
Dy—^yy  :  -Dy— yy+ay* — -D;r : :  zz :  zz  —  az* 
9  2yzz — Z>zz  rrayfz — 2Dyn 
10  fZ-^iDz^rzyy-^Dy 
I J  ^Dz-^yzss  Dy — yy 


Then 

But 

Thativ 

I  in  a 's 

But 

3,Then 
4iAnd 

6.7 

7  V 

9-T-2J! 

10  i 


Ccc 


If 
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12 


'3 


Analogy 

I4CD 

15  t** 

That  is, 


17 


^  Dy-^  \  f  which  is  the  i  ft  Tbewrem^  and  gives 
*  ""  i2>— y  1  I  the  following  AnaUgy. 
^2)1.,:/::  i>-^  :  %.  yi\%.CA :  SA.iTJ.JP 
v« — Dy  —  y«  =  — Y-D* 

V  —  iD  +  iz+t/  iDD-^izz  r  which  is  the  2d 
^"^      -TT     -v^  *     |7J,^r.  Q.E.D. 


The  Geometrical  Performance  of  tbefe  two  Tbiorems  is  very 
eafy,  as  appears  by  the  following  Figure. 

I .  Suppofc  the  Point  5  in  the  EUlpfis  Periphery  were  given,  and 
it  were  requir'd  to  find  the  Point  P,  ice. 

Make  TC  Radius^  and  upon  the  common  Center  C  defcribe 
the  Semi-cirde  TdS,  and  join  the  Points  C  and  d  with  ^Rigbt 
Line,  then  bifca  that  Lim  (by  Prob.2,  P/g'^^l')  and  mark 
the  Point  where  the  bifeaing  Line  would  crofs  the  Tranfotrfe^  as 
at  e  Upon  that  Point  e^  with  the  Radius  Ce  (or  Cd)  defcribe 
another  Semi-circlej  producing  the  Tranjverfe  Dianuter  to  its  Pm- 
pheryy  and  it  will  affign  the  Potnt  P. 

For  if  D  =  7*5,  y  =  ^/S,  a;  =  .f  P,  as  before. 


Then 

And 

For 

And 

But 


1  D^~~y  xy  =  D  dA 

2  \  D  —  y  X  as  =  D  ^-^ 
2TA:d/f::dA:SA 
l;CA:dA::dA:AP 
^CA=^iD^y,  &c, 

iDz—yz=zDy—yy 
.  as  at  the  1 1  th  ^^f?  before. 


Therefore  the  Point  P  is  truly  found.  Confequently,  if  a  Rigk 
Line  be  drawn  through  thofe  Points  B  and  P,  it  will  be  the  Tan- 
gent requir'd,  according  to  the  firft  Tbeortm* 

2  The  Converfe  of  this  is  as  eafy,  to  wit»  if  the  Point  P 
be  given,  thence  to  find  the  Point  B  in  the  EOipJis  Periphery. 
Thus,  circumfcribe  half  the  EUipfis  with  the  SemiarcU  TdS^ 
as  before  5  and  bifeft  the  Diftance  between  the  Points  C  and  P, 
as  at^  viz.  Let  C/=/P.  Then  making  Ce  Radius^  up- 
on  the  Point  Cy  defcribe  the  Semicircle  CdPi,  and  from  the 
Pf^int  i,  where  the  two  Semi- circles  interfeS  or  crofs  each 
oiher,  draw  the  Right  Line  <f  if  perpendicular  to  the  Tranfaerfe 
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rS,  and  it  will  aifign  the  Point  of  Contaa  B  in  the  ElHpJis  Pi- 
ripherjy  through  which  the  Tangent  muft  pafs. 

But  the  PraSf'tcal  Method  of  drawing  Tangents  to  any  affign'd 
Point  in  the  EUlpfis  Periphery  may  (without  finding  the  aforefaid 
Point  P)  be  cafily  deduced  from  the  following  Property  of  Tangents 
drawn  to  a  Circle^  which  is  this.  K 

If  to  any  Radius  of  a  Circle^  zsCB^ 
there  be  drawn  a  Tangent  Line  (as  HK) 
to  touch  the  Radius  at  the  Point  B;  the 
two  Angles^  which  the  Ttfif^/n/  makes  with 
the  Radius^  will  always  be  two  Right  An- 
gles  {169  17,  18,  19  £atfi!rV/3.)thatis, 
JL  HBC  ==  JL  CBK  =:  9(y>. 

In  like  Manner  the  two  Angles^  made  between  the  Tangent  and 
the  two  Lines  drawn  from  the  Foci  of  any  EUipJis  to  the  Point  of 
Conta^y  will  always  be  equal,  but  not  ^]^i&/  AngleSy  fave  only 
at  the  two  Ends  of^  the  Tranfverfe  Diameter. 

Tbefe  being  well  a)nrider*d,  and  compared  with  what  hath 
been  faid  in  rage  366,  it  muft  needs  be  eafy  to  underftand  the 
following  Way  of  drawing  Tangents  to  any  ajfign^d  Point  in  the 
EiUpfis  Periphery ;  which  is  thus : 

Having  by  the  tran/i/erfe  and  conjugate  Diameters  found  the  Foci 
/wad  Ff  by  Se^.  3.  draw  from  thofe  Points  two  Right  Lines  to 
meet  each  other  in  the  aj/lgn^d  Point 
^ContaHj  Z!^  fh  ^xAFh  {ex  fB 
wnAFB)  in  the  annexed  Figure,  Set 
off  (viz,  make)  bdz=zbF{ox  BD 
^BF)  and  join  the  Points  F^  d{pt 
Fy  D)  with  a  Right  Line. 

Then,  if  a  Rjght  Line  be  drawn 
through  the  Point  of  Cental  b  (or 
B)  parallel  to  d  F^  or  D  F^ 
it  wUl  be  the  Tangent  required. 
For  it  is  plain,  that  as  the  Z.  f  NHss  L^FNK  when  the 
Tangent  is  parallel  to  the  Tranfverfe  Diameter^  even  fo  is  the 
Lfhh^LFBk,  (znd  l.fBH=:zJL  FBK)  mi  wMbe 
every  where  fo,  as  the  Point  of  Cental  b  (or  B)  and  its  Tan* 
gent  is  carry'd  about  the  EHipfu  Periphery  with  the  Lines  fb  F  (or 
fBF). 


C  c  c   2 


C  H  A  P. 


\ 
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CHAP.     III. 

Concermt^  tbt  Chief  Properties  of  the  ^WXMiU 

^  0  TS^  in  evenr  common  Parabola,  the  intercepted  Diameter, 
or  that  Part  of  its  Axis,  which  is  between  the  Vertex  and  that 
Ordinate  *  which  limits  its  Length,  asSaorSJ^  &c.  is  callM  an 
Abfcifla.  Se^.  I .  The  Plane  or  Figure  of  every  Parabola  is  propor- 
tioned by  its  Ordinates  and  Abfciflb,  as  in  the  following  Theorem. 
C  Js  atgjf  Mi  AhfdJJa :  is  to  tbi  Sqaan  of  its  Semi-^Ji- 
^^tOltmA  ti^f}  'f\  is  any  other  Jbfcija  :  to  tbe  SqiUtre  tf  its 
1  Sim-erMnatin 


That  is,  if  we  fuppofe  the  amux*d  Fi* 
gun  to  be  a  PanAola^  wherein  S  «,  and 
SJ^  are  Ahfcijfo^  and  hah^  BAB^ 
Ordinates  rightly  apply'd,  it  will 

And  fo  for  any  other  Ahfajk^  ttc^ 

9Dnnotiffi:atfon« 

Let  the  followtnfir  Figure  HVG  reprefent  a  Bight  Cone  cut  in- 
to two  Parts  by  uie  Bight  Lino  SA^  parallel  to  its  Side  F  H. 
Then  the  Plant  of  that  SeHien^  viz.  BhSbB  will  be  a  Parabo- 
ta^  by  Selt.  4.  Pago  364.  wherein  let  us  fuppofe  £  if  to  be  its 
Jxisy  and  bab^  BAB  Ordinates  rightly  applyM  to  that  ><r/V. 
Again,  imagine  the  Com  to  be  cut  by  the  Right  Line  hg  parallel 
CO  its  Bafe  HG.  Then  will  bg  be  the  Diameter  of  a  Circle^  by 
Se£f.  2.  Page  363.  and  A  Sag  like^to  ^SAG. 

Therefore 


7,%i 


But 

And| 
3»4f5 

tyAnalogy, 


\Sa:ag::SA  :  AG 
IBYTheoretn  13. 
SaxAGz=LS4xag 
(  &axAGxba±:SAxag%ha 
\  By  Axiom  3«   1 

{HA^ba^  becaufeS^ 
is  parallel  to  f^/f 
Q  BA=^AG%HA  \  ByLem. 
Ubazzagxha    J  P.  363. 
^  Stf  X  a  BA:=^SAx'U  ba 
\  By  Axiom  5. 
iSa:  nba::SA:  Q  BA^ 
1 1  Vide  Pa^^  194. 


Q,E. 


Thcfe 


*  Here,  and  !■  what  foUovrt  concerning  the  Propcttiet  of  the  PtfaboU^  ^  Ordioeti 
•  tiwfjs  fuppofed  rightly  applied  to  ths  Aiit  of  the  Figvre. 
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Thefe  Proportions  being  prov'd  to  be  the  common  Proportj  of 
evciy  Parabola^  all  that  is  farther  required  abou(  chat  Se^iom^  or 
Figure^  may  from  thence  eafily  be  deduced. 

Sea.  1.  To  find  the  latusi  Rettuiii  or  Right  patametet 

rf  a  Parabola. 

The  Laius  Return  of  a  Parahoh  is  a  third  Proportional  to 
any  Ahfajfa  and  its  Stmi-ordinate^  as  the  jL^7/Irx  Re&um  of  anj^ 
£&)^x  is  a  third  Proportional  to  its  Tranfverfe  and  Conjugau 
Dianutersy  and  may  be  found  by  this  Tbeorom. 


CEh^nimt   J  ''^  ^^  Ahfnjfa :  ij  /«  Proportion  to  its  S 
^9^9^mp  |yj  y^  ^^^^  Sgmi-ordinate  :  /«  /A^  Latus 


Semi'OrJinati: 
Re^ium. 


Let  £  =  the  Latus  Rodium. 


Thtn 
And 


3=4 

^  5X 

Analogy 
Step  of  t 


i|5tf:Air::Atf:£)f  where-ever  the  Poiffis  tf,  and 
2  (f^:  BJ: :  fi^:  £  )  1    ^»  are  taken  in  the  Jxiu  > 

°tl=.L:OrSaxLzz 
Sa 

D 


a  ia 


^''=:L:OrSjixL=n  BA 


n  Sa 


Per  Axiom  5. 


g  BA_ 

SA  ia 

SaxQ  BA  :=:  SAx  D  h a,  which  gites  this 
Sa  :  U  ba:\  S  A :  Q  B  4y  the  fame  as  at  the  7th 
— ^  w.  »..w  laft  Procefs\  therefore  L  (thus  found)  is  the  true  Latui 
RiSumj  by  which  all  the  Ordinates  may  be  regulated  and  found, 
according  to  its  Definition  in  Sexton  ^^  Pogi7f>^.  For  by  the 
thirdStep5aX'2^=  D  ha^  and  by  the  4th  Step  SAxLznQ 
BA.  Confequently  ^TaTL:=Lba  and  ^SAxL  =  BAi 
and  fb  for  any  other  Ordinate. 

Or  if  iS^z' Ordinates  are  given,  to  find  their  Abfiiffie ;    then  it 
will  be,   L'.ba  II  ba.Sa^   znd  L  :  BA :  i  B  A:  S  A^   &c* 

Confequently  °if  =  5tf,  and  9^==SA,  &c. 

From  the  Confideration  of  thefe  Proportions,  we  may  eafil/ 
find  the  Z^/i^i  Rtffwn  Geometrically^  thus  : 


Join 
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Join  the  Virtual  Print  S  of  the  ^xis^  and  either  exiream  Print 
of  any  OrJinMi^  as  B  (or  b)  with  a  !£/;/»/  Zj/i/,  viz.  SB{ofS  k) 
and  bifeA  that  £/»/  (by  ProbUm  2. 
Pagi  287.)  marking  the  Print  where 
Che  bifemns  Line  doth  interfed  or 
crofs  the  Axts^  as  at  £  (or  $)  and  with 
the  JZ^ifiiri  SE  {01  S  0)  upon  the  P^/nf 
E  (or  ^^  defcribc  a  Circle  j  (as  in  the 
annex'd  Figure)  then  will  the  Diftance 
between  the  Ordinati  and  that  Point 
where  the  Circles  Periphery  cuts  the 
Jxis^  viz.  ^  Jt  (or  tf  r  j  be  the  true  ifl- 
itti  Return  required.  # 
'  For  SAiBA  wBAi  AR^ and Sa:  ba:  :  ^j :  nr, by STSr^r.  43. 
therefore  AR:=:L.   And  tf  r  =  £,  by  the  ifi  and  2d  &^i  above. 

Cenfe^ary. 

From  thefe  Properties  of  finding  the  Zrtf/irr  Reffumt  it  will  be 
eafy  to  deduce  and  demonftrate  this  following  Theorem. 

f  At  the  Latus  Redum :  Is  to  the  Sum  of  any  two  Sf- 
"^^tieOICtn**!  nd'Ordinates  :fo  is  the  Difference  ojHhofe  two  Semi* 
'  I.  ordinates  :  to  the  Difference  of  their  Alfcifft. 

Suppofe  any  Right  Line  drawn  within^  the  Parabola^  Bsb  D^ 
parallel  to  its  Axis  S  A\  then  will  that  Line  (viz.  ^  />  j  be  a  Dia- 
meter (by  Def  5.  Pag.  365:)  which  will  make  EDzz:  AB  +  aby 
DB  =  AB—aby  and  bDrz  SA—Sa.  Then  it  will  be 
L  :  E  D  :  :  D  B  I  b  D,  according  to  the  Theorem. 


gbnnonttration. 


Firft 


And 


1  —  2 

But 

6,  Analop 
Or  8 


\SA. 


UBA 


y  by  Step.  1. 


of  the  httProcefs 
a^BphySiep. 


t. 


I 


{Sa 

I  of  thclztt  Precefs. 

y^^  D  BA—gba 

SJ-^SaxL=z 


SA 


O  5>#—  n  Aa : 


g  BA—  Djd  r  Which  gives 

BA^bax  BA^^  ]  *e  foIlowioK 

SA—Sa  X  L  =5^+fcfxfi.f-^t  ''fMUgf. 
L  :  5i/+  Aa  :  :  BA—baxSA--  Sa 
L.ED::DB:i>D 

This 
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This  peculiar  Property  of  the  Parabola  was  firft  publiih'd  Aim§ 
1684,  by  one  Mr.  tbomas  Baker^  Redor  (^  Bifiip  Nympuu  in 
Difwifiiriy  in  a  Treatife  intituled,  Thi  Geenutrical  Key  :  Qr^  At 
Gate  of  /Equations  unloci^di  wherein  he  hath  fliew'd  the  Geometri- 
cal Conftru^iion  and  Solution  of  all  Cubick  and  Biquadratick  Ad« 
feded  Equations  by  one  general  Method,  which  he  calls  a  dntral 
Ruliy  deduced  from  this  peculiar  Property  of  the  Parabola, 

Scft.  3.    Tojind  the  JTOCUS  of  any  Parabola. 

The  Focus  of  every  Parabola  is  that  Point  in  its  Axis  through 
which  the  Lotus  Rtffum  doth  pafs.  (See  Difimtion  3.  Si^.  4. 
Page  359.)  Therefore  itt  Diflance  from  the  Kntex  of  the  Para- 
hola  may  be  eafily  found,  either  by  the  Jjdits  Re^ium  itklf^  or  by 
any^>ther  Ordinate^  and  its  Abfcifpa. 

Thus,  fuppofe  the  Point  at  /*  to  be  the  Foaa^  S  the  Fertex^  the 
Or£nate  R  F  R  z=z  L  the  Lotus  s 

Rgffum^    and  bab  any  other  Or- 
dinate.    Then 


OiSF=^' 


will  SF  =  iL. 


JT\, 


Firft 

And 

a®-* 

I 
2 

3 

4 
5 

Again 

6 

Confeq. 

7 

9)tmonffrat{on« 

5F  X  £  =  D  FR.  by  Se£i.  2.  Page  375. 

FR  —  iLi  for  the  Ordinate  R  FR=sL  as  abo?e. 

D  FR  =  i  uL^^iLxiL 

SFxL^i UL 

S/'=  i  £,  as  by  Definition  4.  Sedf.  4.  Page  359. 

°  *  ^  =  I,  by  the  third  Step  in  Page  375. 


5^1 

— «^  =  4  £,  &c.  as  above, 
4^^ 


Q.  E.  D. 


Scft.  4.     31^  lKlttfIlC>  or  draw  a  Parabola  feveral  fTtys. 

Note^  There  are  two  or  three  Ways  of  drawing  a  Parabola  in- 
ftrumentally  at  one  Motion ;  but  becaufe  thofe  Inftruments  or 
Machines  are  not  pnly  too  perplex'd  for  a  Learner  to  manage^ 
but  alfo  a  little  fubje^t  to  Error,  I  have  therefore  chofen  to  (hew 
bow  that  Figure  may  be  (the  beft)  drawn  by  a  convenient  Nuni- 
ber  o^  Points,  vi%,  Ordinates  found,  either  Numerically  or  Geo- 
metricaDy,  according  to  the  SDfttft  j  which,  if  the  Work  of  the 
three  lali  Se<Stions  be  well  confider*d,  muft  needs  be  very  eafy. 

1.  If 
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I*  If  any  Ordinate  and  its  Abfcijfa'zxt  given,  there  may  by 
them  be  found  as  many  Ordiiuttes  as  you  pleafe  to  affign  or  take 
Pdsntt  in  the  Parah^Uf^  Axis\  (by  Seif.  4.  Page  380.)  and  the 
Curvg  of  the  Parabola  may  be  drawn  by  the  extream  Points  of 
thofe  OrelihaUSj  a3  the  Euipjis  was  Page  373. 

2«  If  the  Lotus  Reffum^  and  either  any  Ordinate^  or  its  Abfaffia^ 
are  given,  then  any  affign'd  Number  of  Ordinate^  may  by  them 
be  found  (by  &^.  2.  Page  381.)  either  Numerically  or  Geometric 
idljy  ice. 

3.  Jf  only  the  Difiance  of  the  Focus  from  the  Ferfex  of  the 
Parabola  be  given,  any  affignM  Number  of  Ordinates  may  be  found 
by  it.  For  S  F  =  i  L  the  Z^/«i  i?^<f?«i«,  and  4  £  =  FR  as  in 
the  lad  Sexton ;  and  jft  will  be,  as  5  /* :  is  to  D  ^-^  : :  lb  is  any 
other  Abfcijfay  viz.  fSn,  or  S  A^  &c.)  :  to  the  Square  of  its  Sr- 
mi'ordinare  (viz.  Q  ^^t  or  Q  B  wfj.acccording  to  the  common 
Properly  of  the  Parabola. 

Altho'  any  of  thefe  Ways  of  finding  the  Ordinates  are  eafy 
enough,  yet  that  Way  which  may  be  deduced  from  the  follow- 
ing Prapofition  will  be  found  much  more  ea(y  and  ready  in  Prac^ 
tiee* 

{The  Sum  of  any  Abfcijfa  and  focal  Diftanu  from 
the  Vertex^  will  be  equal  to  the  Dijlancefrom  the 
Focus  to  the  extream  Point  of  the  Ordinate^  wbieb 
cuts  off  that  Abfcijfa. 
For  Inftance,  fuppofe  5  to  be  the  Vertex  of 
any  Parabola^  the  Point  Flo  be  its  Focus^  and 
AB  any  Semi-ordinate  rightly  apply 'd  to  its 
Axis  S  A:  Then  I  /ay,  whcre-evcr  the  Point 
A  is  taken  in  the  Axis^  it  will  be  SA-^^SF 
—  FB.  Confcquently,  if  5/ =  S  f,  it  will 
be/^=i^i5. 


Firft 
Ergo 

Again 
4xZr 

Ergo 

3-6 
But 

Ergo 
9  ^u,*- 


9DrmanSration^ 

II 5  F  =4  L  by  the  7th  Stepy  Sea.  3. 
2\fA  =  FA  +  i  Lhy  ConJlru£iion  above. 

3»D/^=  nFA+FAy^L^\^'^LL 
4'SA:=zFA'\-^Lhyi\it  Suppofition  and  Figure. 
5^SAxL=FA>^L  +  iLL,buiSAKL=^oAB 
b  a  ABrr:  FA>^L+i  LL 
i  nfA—QAB^uFA,con(e.  UfA^nFJ+pAB 
9\Q  FA+  a  AB  zz  u  FBj  by  Theorem  1 1. 
9  Ufa  =  D  FB 
lofAzrzFB  Q^  E.  D 

I     '  Thisi 
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This  Propofition  being  well  underftood,  'twill  be  very  cafily  ap- 
ply'd  to  PraiiUey  Aippofing  the  Focal  Diftance  given,  or  any  other 
Data  by  which  it  may  be  found.  Thus  draw  any  Right  Line  to 
reprefent  the  Parahohfs  Axit^  and  from  its  vertical  Pointy  as  at  ^9 
iet  oiF  the  Focal  Diflance  both  upwards  and  downwards,  vi%.  make 
Sf'zz  SF^  tbeDiftance  of  the  given  Focus  from  the  Vertex;  ss 
in  the  Scheme :  Then  by  the  Propofition  'tis  evident,  that^  if  never 
ib  Qiany  Lines  be  drawn  Ordinately  at  Right  Angles  to  the  Axis^  the 
true  Diflance  between  the  Point/ out  of  the  Parabola^  and  any  of 
thofe  Lines  (or  Ordinates)  being  meafur'd  or  fet  off  from  the  Fo^ 
CMS  F  to  the  fame  Line  or  Ordinate,  'twill  affign  the  true  Point  in 
that  Line  through  which  the  Curve  mud  pais;  that  is,  it  will 
Ihew  the  true  Limits  or  Length  of  that  Ordinate ;  as  at  B  in  the 
laft  Scheme. 

Proceeding  on  in  the  very  fame  Manner  from  Ordinate  to  Ordi^ 
nette^  you  may  with  great  Expedition  and  ExaSnefs  find  as  many 
Ordinates  (or  rather  their  Points  only^  like  B)  as  may  be  thought 
convenient,  which,  ^ing  all  ioin'd  together  with  an  even  Hand, 
will  form  the  Parabola  required. 

N.  B.  The  more  Ordinates  (or  their  Points)  there  are  founds 
and  the  nearer  they  are  to  one  another^  the  eafier  emd  eraser  may  the 
Curve  0/  tie  Parabola  be  drawn.  The  fame  is  to  be  obfer^d  when 
emy  other  Curve  is  required  to  be  drawn  by  Points. 

Se£t.  5.    to  draw  a  Catll^Cnt  lo  any  given  Point  in  tbi 
Curve  of  a  Parabola. 

Tangents  are  very  eafily  drawn  to  the  Cwrve  of  any  Parabola: 
For,   fuppofing  S  to  be  its  Vertex^  B    -^^^^^ssj,^ 
thei^oint  of  Conta^  (viz.  the  Point        ^^n^v^ 
where  the  Tangent  muft  touch   the  :  |^^;«v^^ 

Curve)  and  P  the  Point  where  the  I  |  j^'^^^i  ,. 

Tangent  will  interfeA  (or  meet  with)  Sj[       — ^jj-  ""^^ 

the  Parabola's  Axis  produced :  Then  ^^,.^/ 

if  from  the  Point  of  Cental  B  thers     ^.,.^- — 
be  drawn  the  Semi-ordinate  B  A  %K 

Right  Angles  to  the  Axis  S  A^  wherefoever  the  Point  A  falls  in  the 
Axis,  'twUlbeSP  =  i^. 

SDemonSration*. 

Draw  the  Semi-ordinate  b  a  (as  in  the  Figure)  then  will  the 
^  BAPznd  A  h  a  Phc  alike.     Lct;^  =  ^  5  the  Ahfcija^ 

D  d  d  and 


il 


86 
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and  s  =:  S  P ;  put  *  =  ^a  the  Diftancc  between  the  two  &ot»- 
irdinatii^  which  we  fuppofc  to  be  infiQitely  near  each  other^  as  iii 

the  Eltiifuy  Page  377. 


Then 
I,  Or 

Ag  in 
Z.Ot 

4.5 
6v 

Thatii, 
But 

Then 

XO-r-  1 


i,;f+*:5^::^  +  *+*'-*^»  ptt  Theorem  IZ* 
2'y  +  %:y  +  X'\'X  :  :  BJ:  ba.  Sec  Page  192. 
2  y  :  O  B  A :  :  y  +  X  :  a  hy  per  7i/*r/ai  Page  380. 

1  22jr-f-;  -   - 


xx::  D  B-^:  *« 


^y:y+x::yy-{'2yz^zz:yy  +  2y%  + 

I  2y  X  "{'  zz  +  2Z  X  -^  X X 


lyy  +  2yz  + 


zzx 


2jF;ir  +  ««  +  2xx4-*'«^* 


ft  2-lf  =  jjr  +  *  *,  confequendy  — =  J  +  Jr 

I   ^  -^  . 

9  >*  bein^  infinitely  lefs  than  x,  may  be  rejeded,  as 

I    in  the  ElSpfu^  Page  377. 
10  —  ssfy  coofe^iueatly  zzs^yy 

it'zzz  y,  that  i$,  SP  =  SJ 

Q,  E.  D. 


CHAP.    IV. 

Qnuermf^  tbs  clief  Proftrties df  tbi  ^^retMi^ 

A7  OTE^  any  Part  of  the  yfxii  of  an  Hyptrbda^  which  is  inter- 
^^  cepted  between  its  Veriex  and  any  Orduiate  (viz.  any  ia- 
tercepted  Diameter)  is  call'd  an  Ahjdffa^  as. in  the  Parabola. 

Se£i.  I. 

Ihe  Plane  of  oviry  Hyperbola  is  proportioned  iy  this  general 

Theorem. 

p  As  the  Sum  of  the  Tranfverfe  and  any  Mfcijfa  mul-  * 
I  ciply'd  into  that  Ahfcijfa  :  is  Co  the  Square  of  its  Se- 
d)f  O^iemx  mi-ordinate  :  :  fo  is  the  Sum  of  the  Tranfverfe  and 
j  any  other  Ahfcijfa  multiply'd  into  that  Aiffiffa  :  to 
V.  the  Square  ot  i;s  Sesii-oidinate. 

That 


Chap.  4« 


CeJuermiMg  the  |)p{iec(Ola« 


387 


TTiatis,  if  rS  be  ihcTnuifvcrfc  Diameter, 
^    ,f  Stf>  S^AbfciffiB. 
''^1*41,  i^Scmi-ordinatcs, 

And  it  viil  be 
^axSa:  Q  ba  \iTAx8Ai  Q  BA. 

That  is,  fe 

XS+tiaxSai  a  hfiiTS^SAKSA^QB^ 


a)tmon(fr«fanv 

Let  the  fblbwtng  Fisure  flH?  reprcfcnt  a  .R/^fo  C^w  cut  into 
two  Parts  by  the  Right  Line  SAi  then  wilFthe  Planeof  that  Sec« 
tion  be  an  Hypirbola  (by  Se£f.  5.  Chap.  1.)  in  which  \tt  S  A  he 
its  Axis,  or  mtercepted  Diameter,  iab  and  B AB  Ordinatm 
rightly 'applyM*^as  before  in  the  Parabola)  and  TS  its  Tranrverfe 
Diameter.  Again*  if  the-Cone  is  Aippb^M  to  ^  cut  by  hg^  paral* 
lei  to  itt  Bafe  HG^  it  will  aJfo  be.  the  Diameter  of  a  Cirde,  isfc. 
tis  in  the  Bllip/isztid  Parabola.  Then  will  the  A  Sgfi  and  A  5.0^ 
be  alike,  altothe  A  Tab^d  t^TAH  .r   "" 

wil  be  alike  \  therefore  it 


will  be 
And 

1  ••• 

2  ••• 

But 
And 

S»6,  7 
%^Anal 


i 


I  SaiariiSAi  AG 
2rmiab.xrAiAH 
JiS^xAG^SAxtig 
4Ta%AH:=:TAxab 
Sa%Ta%AG%AH= 
SA^TAAagxab 
AagWab^  D  ab 
{AGycAH::^  Q  AB 
\  per  Lemma  Page  363. 

L  which  gives  the  following 
SaxTa:  a  ^b::SAKTA. 


04 


Thefe 
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*    '  '.  ■  f        ■    II    ■ 

Thck^Prop^em  are  the  common  Property  of  every  I^er- 
bolffy  and  do  only  differ  from  thcfc  of  the  Ellipjis  in  the  Signs  + 
'^^  and  «- ;    as  plainly  appears  in  the  fol- 

lowing Proportions.  That  is»  ■  if  we 
fuppole  TS  the  Tranfverfe  Diameter 
common  to  both  Sedions  (fn%.  both 
the  EUipJis  and  Hyperbola)  as  in  the  an- 
ncxed  Scheme :  then  in  the  Ellipfo  it  will 
be  TS—  Sa  xS  a  :  Q  abi:  TS  —  SJ 
X  SJ  :  n  AB^  ^hyS^a.  u  Cbap%. 
and  in  the  Hyperbola   it   in  TS  -J-  Ss 

X  Sa:  u  ab  ::  TS  +  SJxSA  iD 
if  if,  as  above.     Therefore  all,  that  is 
farther  requir'd  in  the  Hyperb^la^    tnMj 
'         (in  a  mamier)  be  found  as  in  the  EUip- 
fis^  due  Regard  beiag  bad  to  changing  of  the  Simu 

Bcft.  2.  to  find  the  tatttf  JRcmtm,  w  iBi^  p«» 

WXXl^  of  avyHjferhola. 

^'  Frt)m  the  lad  Proportion  take  either  of  the  Antecedents  asd  its 
Cbnfcqticntjirt!.  either  TaxSa\Uab.  Or  T4  xSJ'.Q  j/Bf 
to  them  bring  in  the  Tranivetfe  TS  for  a  third  Term,  and  by 
thofe  three  find  a  fourth  Proportional  (as  in  the  ElUpfls)  and  that 
will  he  the  Latus  Return. 


Thixs 

Then 
;ftut 

;2'3 


t 

a  TS: 


TaxSa:  U  ab:iTS 


UobxTB 


X  the  Lfiiujf 


TaxSa 
ReRum^  which  call  Z  {as  in  the.  Parabola.) 
L  :  :Ta  xSa  \  X^  ab. 
3  Tax  Sa:  U  abl  \TA  x  S  A\  n  AB^  ther^orc 
ATi^L::TAxSA:U  AB^&z. 

~V— —T r. 

Confcquently  Tis  Ac  true  Latm  Reauniy  or  right  Parameter, 

^  by  which  zW-^nt  Ordinates  may  be  found,  according  p  its  Pcfini- 

tion in  Chap.  X.     And  becaufc  TS  +  Sa:=z Ta^  let  it  be  TJ  4- 

S  a  inftead  «f  r^,  then  it  will  be .     °  ""^^^^ 


EUipfts  it  would  be 


.  s=  Z  and  in  the 


TS/^Sa^a  Sa 


Sed. 
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^<o^m 


Sea.  3.    r^  find  the  JTOCtKl  ^/  ^ »y  Hyperbola. 
The  Ftfci/i  being  that  Point  in  the  Hyperbola's  Axis  through 
which  the  Latus  Return  muft  pafs  (as  in  the  Ellipfis  tf»^ Parabola) 
it  may  be  found  by  this  Theorem. 

'  To  the  ReSiangk  made  of  half  the  Trartfverfe  into 

'   "   '    Latus  Refium,  add  the  Square  of  half  the 

fe\  the  Square  Root  of  that  Stm  will  be  the 

of  the  Focus  from  the  Centre  of  the  Hjr- 

.  per  bola.  ^ 

9Dtmonaratf0n^ 

Suppofe  the  Point  at  F^ .  in  the  annex'd  Scheme^  to  be  the  Focut 
fought  J  then  will  F^  =  4  Z.    Let  7*0= 

C  S  be  half  theTranfvcrfe  i  then  is  the  Point 
C  calPd  the  Center  of  the  Hyperbola  (for  a 
Rcafon  that  (hall  be  hereafter  Ihew'd.)  A- 
gain  i  let  CS  zz,  d.  and  SF:=^  a  C  > 


That  is. 


Then h\2d:L::  2d+a Kai^LL' 

-IzTSiLiiTS+SFxFSiQFR 
id  L^szida-^aa 
3  +  dd4,dd  +  iJL=:dd+2da  +  aa 


4^5  ^/^idL:=id  +  a:=:FC 
Or  5,=// 6  y^dd+idL  =  dzza=SF 

Inthe£/A>>&,  'tis,  2d:L::2d'—a  xaiiLLthtLtis^idLrz 
2da  —  aaj  &c. 

The  Geometrical  Eflfedion  of  the  laft  Hieorem  is  very  cafijy 
perfi9rm'd,  thus  :  make  Sx  =  iL,  viz.  hallF  the  Latus  Rectum ; 
and  let  C5  =  ^,  as  above.  Upon  Cx  (as  a  J^iameter)  d^fcribe  4 
Circle,  and  at  S  the  Vertex  ot  tht  Hy- 
perbola draw  the  Right  Line  nS  N  at 
Right  Angles  to  Cx\  then. join  the 
Points  C,  N  with  a  Right  Line,  and 
'tmWht  CN^d  +  a^FC, 

For  iCS  :  SN i :  SNiSr^  ocr Fijr. 
Th2it\s2d:SN:':SN:iL 
2  \'\il.dL==  D  SN 
But  4^^+  a  SN=:  aCN 
3,  4;5^i  +  ^//£r=  D  CN 

S^^\i>  ^ dd+idL^CNzzd+a,(^c. 
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Now  here  is  not  only  found  the  Diflance  of  the  Hyperbole^ s  Fa- 
eusj  either  fronA  its  Center  C,  or  Vertex  S^  but  here  is  alfo  found 
the  Right  Line  ufually  call'd  its  Conjugate  Diameter,  Wx.  the 
Line  n  S  N^  which  bears  the  fame  Proportion  to  the  Tranfverfe 
iind  Latus  Ri£iuiH  of  the  Hyptrholaj  as  the  Conjugate  Diameter  of 
the  ElUpJis  doth  to  its  Tranfverfe  and  Latui  RiSfum.  For  in  the 
Ellipfts  TS:Nm:Nn:LR.ptr  &/?.  2.  Pag.  363.  Confcquent- 
ly  ITS  :  ^Nh  ::  i Nn :i L R.  But  ^7*5  =  1/,  i  isr»  =  JJVT, 
MndiLR^iL.  TbettfortJ:SN::SN:i  L.  Asattbe 
2d  Step  above. 

What  Ufe  the  aforefaid  Line  »  S  iST  is  of,  in  relation  to  the 
Hyperbola,  will  appear  farther  on. 


Sedt,  4.    To  defcribi  an  Hyperbola  in  Piano. 

In  order  to  the  eafy  defcribing  of  an  Hyperbola  in  Planoy  it  wilt 
be  convenient  to  premife  the  following  Propafttion^  which  differs 
from  that  of  the  EUifJis  in  Se£f^  3.  ^tap,  2.  only  in  the  Signs. 

{If from  the  Foci  of  any  Hyperbola  there  b*  drawn 
two  Right  Lines,  fa  as  t^  me/t  each  other  in  any 
Point  ^tbeHfpcrbciai^s  Curve,  the  Diference  of 
thofe  Urns  (in  XhtEUipfis  'tis  their  Sum)  will  be 
equal  to  the  Tranfvtrfr  Diamtter. 
That  i^,  if  /*  be  the  Fetus,  and  it  be  made  CfrzCF(2^  in 
-the  laft  Scheme)  then  the  Point  /is  faid  to  be  a  Fofus  out  of  the 
Sedion  (pr>raUier  of  the  oj^ofite  Se&ion)iuid  it  will  k^fB^^ 
FBzzTS. 

.  SDemonftratfott^ 

Suppofe  fC,  qr  CFizz,  and  SJrz  x,  let  CS,  orTC  =  1/, 

as  before ;  then  ^ill  fJ  :=z  d^  «-{'%>  and  FA  =  rf^|.4f — «• 
Again,  let  FB  =  h,  and/£  =:  b^  then  zdssb^-r^b,  by  tbe 
f^ropojition^ 

From  thtkft^ittfteid  Letters  it  followt^ 

That  I  dd+TJx  +  ldz  +  xx  +  11ZX  +zzz=  nfA 
And  2  dd^  %dx —  2/fe  +  xx —  z%x  +  %»  =  D  FA 
But      D  fA+  D y£B=  nfB, and  D/>+  uABmUPB 

^uihj}   yi''d  +  '^dLzzda  +  ida^aa:=:uFCzzz7i. 


3-^^d 
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3fi 


d 


Z—dd 

Again 
5.6 

1  +  8 
a  +  8 


9  +  ^ 
to  xdd 

11  u»* 

12  tui* 

l^-^d 

16,  or 
15—17 


■7iZ—ddz=.idL 

1«8  — ('" 


arf:I::2i-f  *x*:  O  i/5,byconim««Pfoperticl. 

id 
2dzzx-^3axx-^2dJdx'^dxx  ^       jn 


d 


z=L 


dd 

r  dd-\-2dx+2dzJ^xx+2ZX'\'ZZ-^ 
]  ^dzzx+zzxx^2dix--<idxx^  p^^^  aJB=M 

r  dd+2dx — ldz'\'XX — 2aur+*+ 
)  2dzzx^zzxx--^x-ddxx_  ^  Fj^aM^ik 
C  dd 

d^'\-7d2z-^2ddzX'>\*d(lzz^2dzzx'{'ZXffx=uid/jb 
d^^~2d^2r^2ddzx-^ddzx4'2dxzx4'Zzxxizddii 
dd-^dz+zxzs^dh      fjJltW  thi  Mquatian  at  the  liitb 
dd-^dz — zxz=:db      1  iitep  hi  in  itfelf  impejpbUj   hi- 
,j-     I   2x  _  ,         J  caufi  z  is  greater  than  d  (by  thi 
"'"^      y  5  4/i  Step)  yet  from  thenee  it  wiU 

^  be  eafy  tQ  comlude^  that  the  Dif- 

[fercnce  between  d  and  2  +  — 

fviU  give  the  true  fkdue  ofh  j  as 
in  the  fjth  Seep. 


But  becaufe  I  would  leave  no  Room  for  the  Learner  to  doftbt 


about  changing  the  ^quation^    d^^z- 


zx 

'7 


b  into  that  oF 


zx 


z  -f- d  zs  by    it  may  be  convenient  to  illuftrate  the  whoif 

d 
Procefi  in  Numbers,  whereby  (I  prefume)  'twill  plainly  appear 
that*  — ^  =  7*5. 

In  order  to  that,  let  the  Tranfverfc  73  =21/  ==121  then  rf  =  6 
foppofe  the  Abfciffa  S ./rr  *  =  4,  and  the Semi-ordinate  ABzzx 

fS-^SAxSAi  QJB::TS:L^  perSftf?2^  . 

12-4-4-  X4  =  64  :  9  :  :  12  ;  1,6875  =  ^ 

^dd+ldL  =  d+a=:CF^  per Scft.  3. 

V' 36+5,0625  n  6,408  zz  C  F=i  z 

d^  jf+2  =  6  +  4  +  6,408  =  16,408  =:/^ 

J4.,--.flir:  6+4—6,408  =   3'592  =  -'^^ 

5©-« 


Firft 

I 

I,  viz. 

2 

Again 

3 

3,  wes. 

Then 

And 

4 

1 
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5i* 

69-* 

But 
7+9 
8+9 

lO  w»* 
-  11  iu.» 

ta— 13 


269,1224  =  a  fA 
12,9024  =  a  FA 

?=  Q  JBt  iot  AB  —  ^hj  Suppofltion. 
,2224=  UfJ-\-  U  AB=  OfB 
21,9024=  uFA-^-qABsi  uFB 
I2|   16,68  =:/B 
13     4,68  =  /"B 
14!  12,00  =/fi—/'5  =  75.  Which  was  to  be  provM. 


5 

9 
II 


If  this  Prop$jiti0n  be  truly  underftood,  it  muft  needs  be  eafy  Co 
conceive  how  to  defcribe  the  Curve  of  any  Hyperbola  very  readily 
by  Points^  when  the  Tranfrerfe  Dianuter  and  the  Foots  are  given 
(or  anv  other  Data  by  which  they  may  be  found,  as  in  the  prece- 
dent Rules)  dius : 

Draw  any  ftreight  Line  at  Pleafure,  and  on  it  fet  ofF  the  Lengdi 
of  the  given  Tranfoerfi  TS^  and  from  its  ^ 

extream  Points  or  Limits,  viz,  TS,  fet  off  Tf 

T/=  S  >;  the  Diftancc  of  the  riven  Fo-  I 

€us  (viz.  tbe  Point /without  ^  onaF  within 
thi  Seilion^  as  before)  ;  that  done,  upon 
the  Point  f  (as  a  Center)  with  arty  aflumM 
Radius  greater  than  TSy  defaibe  an  Arch  5| 

of  a  Circle;    then  from  that  Radius  take  ^*''''  <F'^'/ 

the  Tranfvcrfe  TSy  making  their  Diffc-  /       |        \ 

tence  a  fecond  Radius^  with  which,  upon  |  \ 

the  Point  F  within  the  Sedion,  defcribe  a-    $K;-  I  *!^ 

oother  Arch  to  cut  or  crofs  the  (irft  Arch,  "  * 

as  at  B  ;  then  will  that  Point  £  be  in  the  Curve  of  the  Hyperbola^ 
by  the  laft  Propofition.  And  therefore  ^tis  plain,  that,  proceeding 
on  in  this  Manner,  you  may  find  as  many  Points  (like  B)  as  may 
be  thought  convenient  (the  more  there  are,  and  nearer  they  are 
together,  the  better)  which  being  all  join'd  together  with  an  even 
Hand  (as  in  the  Parabola)  will  form  the  Hyperbola  requir'd« 

There  are  feveral  other  Ways  of  delineating  an  Hyperbola  in 
piano :  One  Way  is,  by  finding  a  competent  Number  of  Ordi^ 
nates^  as  by  SeSion  i,  fie.  but  I  think  none  fo  eafy  and  expediti- 
ous as  this  mechanical  Way :  I  fhall  therefore,  for  Brevity's  Sake» 
pafs  over  the  reft,  and  leave  them  to  the  Learner's  Prance,  as 
being  eafUy  deduced  from  what  hath  been  already  faid. 


Seft. 


Chap.  4.  Conceming  the  DppetiWla. 
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Sed.  5.    To  draw  a  CSttSCnt  ^0  anf  given  Point  in  the 
Curveof  a»p^jfi;ifya\^^ 

The  drawing  of  a  Tangntt^  that  will  touch  tny  given  Point  in 
the  Curve  of  an  Hyperbola^  may  be  eafily  perfoun'd  by  Help  of  a 
Tbionm',  as  in  the  Ellipfa^  Scd.  6.  Chap.  2. 

iDzzTS  tht'TranJvirfe  DiameUr. 
l^tjLzz  the  Lotus  Ri^um. 
^  y  =  S  J  the  M/ciJa. 

r  the  Dtftance  between  the 

And  %  :=;  jfp\  P'^f ''^  *«d  that  Point 
I  in  the  Tranfverfi  cut  by 
I  the  Tangent. 
Then,  if  y  be  given,  %  may  be  found  by 

thb  rbi^nm^  ^+22  =  %  [which  dificrs 
from  that  in  the  £%&  only  in  Signs,  nde 

Or,  if  «  be  given,  then  y  may  be  found  by  this  Tbt^rm 

«i«lem.y££±L^•  +  i:.  -  4  2)=y 
9>emonSrttiott^ 

Draw  the  Semi-oriinati  hoj  as  in  the  Figure,  and 
piitx  zzjfa 


Then 
That  is,  I 

I  ••• 

Again 
That  18, 


Per  Figure 
7  in  D's 

fiut 
Then  3, 9 


10 


10 


an  infinite  fmalt  Space  between  the  two  Semi-ords' 
nates ;  as  befire  in  the  Ettipfis^  &c. 
D:L::  DyJ^yyi  q  AB 

TS:L::  TS  +  SJxSJ:  D  Ah 

D:L  :  :Dy^yy^^yx^DxJ^xsc\  Uah 
TSiLiiTS  +  SaxsMinak 
t^yL^^yyL-^^yxL—DxL^xxL  ^  „    . 


ah 


z:  AB:\z-^^^iaiyV\%.PAiABz\  Pa 
z«: :  U  ABi\%z^^%  zx-^-xx  lOah 
x^  is  infinitely  left  than  jr,  and  nay  be  eveiy 
where  rejected  (as  in  the  EUspfis.) 
DyL+yyL 

\  ^ 

IDyLzz-^yyLzz — iDyLz^—tyyLz  _ 

6,  IX 


DyLzz-^yyLzz — 2DyLi 

D%% 
£  e  e 


□  «# 


1 
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12  reduced 

13  Analogy 


12 


16  O  C 


17  «»* 
i8  + 


{ 


19 


D 

DyCzz-^-yyLzz — iDyLz — 2yy  L% 

Dzz 

Dz+zy^Dy^yy 
D-^y.y  ::JDt+y:zyViz.  CJ:S/f:Tyf:AP 

z  c=  ~^  which  is  the  firft  Theorem. 

yy^Dy-^zy^^.Dz 

yyJ,Dy-zy^  ££ir^^?^^±^«££±« 

y  +  ^^D^i.^J{li±ll  . 

/^TzT;  f  which  IS  the  fe- 
^  -  V  — 5~"  •  ^  «— T^  I  ^jjd  Theorem. 
. Q.  E.  D. 


.5 


The  Geometrical  Effe<aion  of  the  firft  of  thcfe  Theorifms  is 
very  cafy ;  for,  by  the  14th  Sccp,  'tis  cvidentxhat  there  are  three 
Lines  given  to  find  a  fourth  proportional  Line.  [By  ProkUm  3. 
Page  308.J 

,     .  ^*    Scholium. 

From  the  Comparifona,  which  have  been  all-aloDg  made  in  thb 
Chapter,  between,  the  Hyperbola  and  the  ElBffisi  'twill  be  ekff 
(even  for  a  Learner)  to  perceive,  the  Co- 
herence that  is  in  (or  between)  thofe  two 
Figures ;  but,  for  the  better  underftanding 
of  what  is  meant  by  the  Center  and  Afymp^ 
totes  of  an  Hyperjfolay  confider  the  an- 
nex*! Scheme^  wherein  it  is  evident  (even 
by  Infpeflion)  that  the  oppofiie  Hyper* 
bola's  will  ali^ays  be  alike,  becaufe  they 
will  always  have  tTic  Tame  Tranfverfe  Di- 
ameter common  to  both,  is^c.  (fee  Se^. 
I.  of  this  Chap,}  Alfo,  that  the  middle 
Point,  or  common  Center  of  the  Ellipjis^ 
Is  the  common  Center  to  all  the  four^^;!* 
jugal  Hyperbola's, 

And  the  t^Vo  Diagonals  of  the  Right-angled  P^rtfZ&Afrtfw, 
which  circumfcribes  the  Ellipfts  (or  is  infcrib'd  to;  the  four  Hy- 
ferbola's)  being  continued,  will  be  fuch  J^ymptotes  to  tbok  Hyper^ 
bola*s  ajs  are  defined.  Chap.  i.  Se^.  5.  Ve/n.  4. 

Sea. 


Chap.  4. 


Concerning  the  |>ppCd}Ol{U 
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St&.  6.  r^irjw/A^a(^ptote0^/tf^li)ppetb(aai  &c. 

Having  found  the  Lotus  Ri^um  (by  Sefl.  2.)  and  the  CoDJu- 
gate  Diameter  n  SN'm  its  true  Pofition^  by  Seft.  3.  Then,  thro' 
the  Center  C  of  the  Hyperbola^  and  the  extream  Points  nU  61 
its  Conjugate  Diameter,  draw'  two  Right  Lines^  as  C  N  and  Cn^ 
infinitely  continued  (as  in  the  following  Figure)  and  they  will 
be  the  Afymptotes  required.  That  is,  they  are  two  fuch  Right 
Lifus  as,  being  infinitely  extended,  will  continually  incline  to  the 
Sides  of  the  Hyperbola^  but  never  touch  them. 

SDemonSratfon^ 

Suppofe  the  Semi-drdinates  tf  *  and  J  B  to  be  riehtly  apply*d 
td  the  Jxh  Tjf}  and  produced  both  Ways  to  the  A/ymptotes^  as 
tt/g  and  FGi  then  will  the  A  C  5iV,  A  C  agj  and  j^CAG 
be  alike. 
Let  1/  =s  C  5  =  TC:    And  L  t=  the  I/t/w  ^^^w/w  ;  as  before. 


Then 

finD's 

But 

a»3-* 

Again 

5*-* 

But  I 

8x9 

7,  10 

Again 

Thatisy 

But 


3 

4 

5 
6 

7 

8 

9 
10 
II 
\t 

13 

14 
»5 


d:  SN :  :  d-\-  t'.ag.ynn..  CS  :  SN  ..Cv :  ag, 
kd:  a  SN:'.dd-{-ide  +  *t:a^g. 
dL  =:  a  SN.   per  Seft.  3. 


Qtf^ 


2d:  L::2d*  +  *t.  a  ttb,  per  Sefl.  a. 
idtL-\-e*L  __ 


dL 


id 


I  ai 


Q  ag —  D  <»  *  =:  A/x  if 
bfxbg  —  dL 
dd'.USN:M+%dy\-yf:n  AG 
DCS:aSN::aC//:aJG 
ddL-i-  2di  L-^.L  ^^ 


2</ 

2</ :  Z. :  :  2</jf  +  77  :  Q  -^5,  per  Se£l.  a. 
%ifLJ^ffL 


2d 


—  a  AB 


£ee 


I3-IS 


ss^ 


Cottfdb  ^ttstifo^ 


Part  IV- 


13— IS 

AIfe{ 

17  X  18 
16,19 

II,&20V 


21 


JG-JB:=:BGS^^'^^ 

aJG^DJB^BFxBS 
BFxBGzzidL 


if 


AndBG=^ii^ 
BF 


From  the  laft  Step  'tis  evident,  that  the  J/ympMes  are  nearer 
the  Hyperbola  at  G  than  at ;,  and  coiifequently  will  Gondnuallj 
approach  to  its  Curve:  for  B  F) id L  {zz  BG'v^WtiiBMihf) 
\dL{'=zhg^  becaufe  the  Divijir  BFh  greater  than  the  Dnd^ 
fir  hf\  and  it  muft  needs  be  fo  where-ever  the  Or£naU$  aM 
produced  to  the  AfympUUs^  from  the  Nature  of  the  TriangUs. 

Again;  From  the  7th  and  1 6th  Steps  *d8 evident,  tbatdit 
JJympftis  can  never  resdiy  meet  and  be  co  incident  with  the 
Curve  of  the  Hyperbola^  altho'  both  were  infinitely  extended,  be* 
caufe  idL  will  always  be  the  Difference  between  the  Square  of 
any  Sitni-ordinati  and  the  Square  of  that  Stm-^rdinaU^  when  'tis 
produc'd  to  the  JJytnptou. 

Conftffary. 

From  hence  it  follows,  that  every  Right  Um  which  paftsthro' 
the  CiHtir  and  fidls  within  the  AfympMeSy  wOi  cut  the  Hx^- 
iola ;  and  all  fuch  Lines  are  czWi  Dtameters  (as  in  the  Ea^fo) 
i)ecaufe  die  Properties  of  the  Hypirbola  and  EJUjfis  are  the  iamc. 

Noie^  Every  Diameter,  both  in  the  ElSpfiu  fwaUU^  and 
Hypirbola^  hath  its  particular  luaus  Re&mm  and  OrdinaiiSi 
which  (ihould  they  be  diOioaiy  bandied,  and  the  Efleaionof  all 
fuch  Lines  as  relate  to  them,  as  alfo  the  Nature  and  Properties  of 
fuch  Figures  as  nuy  be  infcribed  and  circumfcribed  to  all  the  SeAi- 
pns,  with  the  various  Habitudes  or  Proportions  of  one  HyparhA 
to  another,  He)  would  afford  Matter  fufficient  to  fill  a  laige  Vo-« 
hime.  But  thus  much  m^y  fu£Ece  by  way  of  IntroduSion  ;  I  ihall 
therefore  def&ft  purfuine  them  any  further^  bdng  fully  latisfied, 
that,  ir  what  I  have  already  done  be  well  undmlood,  the  reft 
muft  needs  be  very  eafy  to  any  one  that  intends  to  proceed  far* 
thcr  on  that  Subjea^ 

AN 
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TH  £  Method  of  findiag  out  any  particular  Quantity  (vix. 
either  my%inz.  &ttperSC{e0»  or  ^o(fll)  by  a  regular 
Progreffion,  or  Series  of  Quantities  continually  approach- 
ing to  it,  which,  bein^  infinitely  continued,  would  then  become 
perfcAly  equal  to  it,  is  what  is  commonly  call'd  Jritbmgtuk  of 
In/butiSi  which  I  ihall  briefly  deliver  in  the  following  Lemma* $t 
and  apply  them  to  Prafiice  in  finding  the  fuperficial  and  iblid 
Contents  of  Geometrical  Figures  farther  on. 

L  E  M  M  A    1. 

In  any  Series  of  equal  Numbers  (reprefenting  Lines  or  other 
Quantities)  as,  x.  i.  i^  i.  &r.  or  2.  2.  2.  2.  i^c.  or 
3-  3-  3*  3%  ^^'  *f  ®"^  ^f  ^^^  Terms  be  multiply'd  into  the 
Number  of  Terms,  the  Pfodud  will  be  the  Sum  of  all  tim 
Terms  in  the  Series. 

This  is  fo  very  plain,  and  eafy  to  be  underllood,  that  it  need«  , 
no  Exampli. 

LEMMA    IL 

If  the  Series  of  Numbers  in  Arithmetick  Progreflion  begin  wi(h  a 
Cypher,  and  the  common  DUFerence  be  i ;  as,  o.  i.  2.  3. 4.  {^r. 
(reprefenting  a  Series  of  Lines  or  Roots  beginning  with  a  Point) 
if  the  laft  Term  be  multiply'd  into  the  Number  of  Terms,  the 
Produd  will  be  double  the  Sum  of  all  the  Series. 

That  is,  putting  L  =  the  laft  Term,  N  zz  the  Number  of 
Terms,  apd  £  z:  the  Sum  of  all  the  Scries : 

Then 


1 
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Then  will  NL:=:2S.     Confequently,  i  NL  =  S. 
viz.  one  Half  of  fo  many  times  the  greateft  Term  as  there  are 
Number  of  Terms  in  the  Scries. 

o+i+2^-3+4_  io  =  the  Sum  of  the  Series  =  ^NL. 

4+4+4+4-1-4'^  ^o  =  M. 
And  this  will  always  be  fo,  how  many  Terms  foever  there  are, 
by  Confer,  i.  Page  185. 

L  E  M  M  A    ni. 

If  a  Series  of  Squares, .  whofe  Sides  or  Roots  are  in  Arithmetick 
Progreffion,  beginning  with  a  Cypher,  (^c.  (as  in  the  laft  Lim- 
ma)  be  infinitely  continued  ;  the  lad  Term  being  multiply'd  in* 
to  the  Number  of  Terms  will  be  Triple  to  the  Sum  of  all  the 
Series,  viz.  NLLz=z'iS^  oi^NLLzsxS^ 
That  is,  the  Sum  of  fuch  a  Series  will  be  one  Third  of  the  laft 

or  greateft  Term,  fo  many  times  repeated  as  is  the  Number  of 

Terms  in  the  Scries. 


■I 


•i 


Inftanas  in  Square  Numhtrs, 
J  0+1+4      5      I       I 

'  •=— =^-H — 
4+4+4  12   3  12 

^0+1+4+  9  I4_  7   '   » 

9+9+9+  9  30  18   3  18 
0+1+4+  9+16  30   3   9   I   I 


>!! 


i6+i6-|-i6  +  i6    80      8    24.      3    24 
From  thefe  Inflances  'tis  evident,  that,  as  the  Number  of  Terotf 
in  the  Series  does  encreafe,  the  Fradion  or  Excefs  above  4.  does 

decreafe,  the  laid  Excels  always  being       /      •  which,  if  wcfup- 

o  iv  — 6 
pofe  the  Scries  to  be  infinitely  continued^  will  then  become  infi- 
nitely fmall,  viz.  in  EfFcS  nothing  at  all.     Confequently,  NLL 
may  be  taken  for  the  true  or  perfca  Sum  of  fuch  an  infinite  Sc- 
ries of  Squares. 

LEMMA    IV. 
If  a  Scries  of  Cubes  whofe  Roots  are  in  Arithmetick  Progreflion, 
beginning  with  a  Cypher,  isfc.  (as  above)  be  infinitely  cominu'd, 
the  Sum  of  all  the  Scries  will  be  |  NLLL  =  5. 

That  is,  one  Fourth  of  the  laft  or  greateft  Term  fe  many  times 
repeated  as  is  the  Niwbcj:  ^i  Terms. 

Inftaiuis 


^ 
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Inftances  in  Cube  Numbers* 
If  o  .  I  •  2  •  3  •  ^c.  be  the  Roets  of  the  Cubes. 

\   0+  1+  8  +  27      36      4     1         I 

Then  lA :3-_=_=_4.— 

(.27+27+27  +  27     108     12     4      12 
f   0+1+8+27  +  64    100     10     iS        II 

1 64+64+64+64+64    320    32    16        4    16 

0+    1+    8+  27+  64+125    225     45      3    6     I       I 


1: 


25  +  125+125+1254.125+125   750    150    10   20    4     20 

From  thefe  Examples  it  plainly  appears,  that,  as  the  Number  of 
Terms  in  the  Series  encreafes,  the  Fradion  or  Excels  above  j:  de* 

creaTes,  the  Excefs  being  always    ^J^    ;  which,  if  we  fuppofe 

4iV— 4 

the  Series  to  be  infinitely  continued,  will  become  infinitely  fmall, 
or  rather  nothing;  as  in  the  laft  Lemma.  Confequently,  4-^L 
LL  may  be  taken  for  the  true  and  perfed  Sum  of  all  the  Terma 
in  fuch  an  infinite  Series  of  Cubes. 

Corol,  Hence  the  Sum  of  o*,  a",  2^  ,  3^1  ,  4^  ,  bfc.  .  . . 

»fl  ,  an  infinite  Series  of  the  m  Powers  of  Quantities  in  Arith« 
metick  Progreffion  from  o  to  na  inclufive,  where  the  Number  of 

m 

fignificant  Terms  is  the  infinite  Number  n,  is  found  to  be 

«+i 

X  «*+'  zz  — ^ —  xan  y  01  putting  the  laft  Term  /,  viz.  an' 

:r  /,  equal  to  iLiii  =  s.    For,  if  s  =     ^*     x  ««+',  when 

the  Number  of  Terms  is  n^  that,  when  this  is  diminifhed  by  / 
(the  laft  Term)   or  the  Number  of  Terms  is  n  —  i,    (ball 

be  J  —  /  =  X  « —  I         ,  VIZ.  by  writing  1  —  /  for  x, 

and  n  —  i   for  » ;   but  n  —  i*"*"'  =:  »*+* ^^  n"*  + 

12  J  2  3 

forci— /=-^X»*+'  — ^L+Jn^  +  ^ilj.^llf^*--' 
i«+i  I  12 
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•—  &f.    Let  this  be  taken  from  $  =  — --.  x  »"'*'%  and  thece 

m+i 

reinauis  /  =&  ■.  x  ■  ■  n  — •  ■  •  *-  m  •+-  ■ 
w  +  i          I            .        I            2                          I 

,!L±2.!Zl=i«— "%  (Sc.    But,  fincc  by  Suppofidon  «  is  a 

Number  infinitely  great,  therefore  the  firft  Term  of  the  Aof^t 
Value  of  /  muft  be  infimtely  greater  than  any  of  the  fubfequent 
ones^  hence' all  of  them,  but  the  firfl,  may  be  negleded,  and 

thenwefind/=:  -fL  xfL±i»",  or/  =  75;*.    Now,  fince 


-« 


/  =  00  ,  let  /  be  put  for  aif    in  the  above  Value  of  $^  and  we 

«  X  / 
have  1  =  ;  that  is,  the  Sum  of  an  infinite  Seiiet  of  (theav) 

Powers  of  Quantities  in  Arithmetidc  Proffreflibn  from  o,  is  equal 
to  the  Produd  of  the  laft  Term  by-the*  Number  of  Terms,  and 
this  divided  by  the  Index  (m)  plus  Unity. 

Lemma-  V. 

If  a  Series  of  Biquadrates,  whofe  Roots  are  in  Arithmetick 
Progreffion,  beginning  with  a  Cypher,  fife,  (as  before)  be  in- 
finitely  continu^,  the  Sum  of  all  the  Terms  in  fuch  a  Series 
will  be  4  NL^.    For  here  m  is  equal  to  4,  and  therefore  s  ss 

Uli..    But  /  =  L^i  whence  |  NL^  is  the  Sum  of  the  piopofed 

Series. 

By  the  Application  of  thefe  Lemma's  to  Geometrical  Quan* 
titles,  and  admitting  the  following  Hypotbifisf  the  Menfuration 
of  Superficies  and  Solids  may  be  eafily  attained. 

I .  That  every  Line  is  fuppos'd  to  confift  (or  be  compos'd)  of  an 
infinite  Series  of  equidiftant  Points. 

2. '  A  Surface  (viz.  the  Area  of  any  Figure)  to  confift  of  an  infi- 
nite Series  of  Lines,  either  ftreight  or  crooked,  according  as  the 
Figure  requires, 

3.  A  Solid  to  confift  of  an  infinite  Series  of  Planes  or  Superficies, 
according  as  its  Figure  requires. 

I  Not 


applfd  to  gupecfiCfeg  ^w»^  aoUftg.         40X 

Not  that  we  fuppofe  X/ines,  which  have  really  no  Breadth,  caa 
fill  a  Space  or  Superficies ;  or  that  Planes,  which  have  not  any 
Thidcnefsy  can  conftitute  a  Solid :  But  hj  what  we  here  call  Lines 
are  to  be  underftood  foiall  Parallelograms  (or  other  Superficies)  in- 
finitely narrow,  ytt  fo  as  that  their  Breadths,  being  all  taken  and 
put  together,  muft  be  equal  to  the  Figure  they  ar^  fuppos'd  to  fill 
upu  And  thofe  Planes  or  Superficies,  which  are  here  fiiid  to  con- 
ftitute  a  Solid,  are  to  be  underftood'  infinitely  thin  ;  yet  fo  as  that 
their  Depths  or  Thicknefles  (which  are  kereafter  alfo  called  Lines) 
being  all  taken  together,  muft  be  equal  to  the  Height  of  the  pro- 

Ci'd  Solid.  Now,  in  order  to  render  this  Hypothefis  as  eafy  for  a 
arner  to  underftand  as  I  can,  I  (hall  here  propofe  a  very  plain  and 
familiar  Example ;  Vi%,  Let  us  fuppofe  any  Book  to  be  composed 
for  made  up)  of  lOO,  200,  300,  (more  or  lefs)  Leaves  of  fine 
raper  \  fuch  a  Book,  being  clofe  put  together,  will  have  Length, 
Breadth,  and  Depth  or  Thicknefs,  and  therefore  may  (not  impro- 
perly) be  called  a  Solid ;  and  each  of  its  Edges  (being  evenly  cut) 
Will  be  a  Superficies  composed  of  a  Series  of  fmall  Parallelograms, 
every  one  of  their  Breadths  being  only  the  Edge  of  a  fingle  Leaf 
of  raper ;  and  if  we  conceive  the  Thicknefs  of  every  one  of  thofe 
Leaves  to  be  divided  into  10,  or  lOO,  or' 1000,  Ve,  they  will 
then  become  fuch  a  Seriesof  infinitely  fmall  Lines  as  are  (l^  the  Hy- 
pothefis) faid  to  compofe  or  fill  up  a  Superficies.  And  all  the  Su- 
perficies of  thofe  infinitely  thin  or  divided  Leaves  of  Paper  will  be- 
come fuch  a  Series  of  Planes  or  Superficies,  as  are  faid  to  conftitut^ 
a  Solid,  vi%.  fuch  a  Solid  as  the  Bigneis  and  Figure  of  that  Book. 

Now,  according  to  this  Idea  of  Lines,  Superficies,  and  Solids,  one 
nay,  without  the  leaft  Prejudice  to  any  Dim^/lraiion^  admit  of 
the  following  Definiuens  and  Thiorems. 

I.  The  Area*s  of  Squares,  and  all  other  Parallelograms,  are  com- 
post or  fiird  up  with  an  infinite  Series  of  equal  Right  Linesi. 

n.  The  Area  of  every  plam  Triangle  is  composM  of  an  infinite 
Series  of  Right  Lines  parallel  to  its  Bafe,  and  equally  decreafing 
until  they  terminate  in  a  Point  at  the  vertical  Angle. 

m.  The  Area  of  a  CtrcU  may  be  compos'd  either  of  an  infinite 
Series  ofconcentrick  or  parallel  Circles,  or  of  an  infinite  Seriesof 
Chord  Lines  parallel  to  its  Diameter,  or  of  an  innumerable  Multi« 
rude  of  Sedors. 

\  Yif  IV.  The 


1 
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•  rV.  The  Area  of  an  EUipJis  maly  be  compos'd  cither  of  an  infi- 
nite Series  of  Ordinates  rightly  apply'd,  or  of  an  infinite  Series  of 
Right  Lines  parallel  to  its  Tranfverie  Diameter. 


V.  The  Area's  of  the  Parabola  and  Hyperbola  arc  composed  of 
an  infinite  Series  of  Ordinates ;  or  may  alfo  be  compos'd  of  Right 
Lines  parallel  to  its  Axis^  i^c. 

VL  A  Pri/m  is  a  folid  Body  contain'd  or  included  within  fede- 
ral equal  Parallelograms,  having  its  Bafes  or  Ends  equal  and  alike; 
and  it  is  generally  nam'd  according  to  the  Figure  of  its  Bafe :  That 
is, 

VII.  A.  Cuhi  (or  Solid  like  a  Dye}  is  a  Pnfm  bound  or  included 
ivith  fix  equal  fquare  Planes. 

VIII.  A  ParaUelopipedon  is  a  Prifm  that  hath  its  Sides  bounded 
or  included  within  four  equal  Parallelograms  and  two  fquare  Bafes 
or  Ends. 

IX.  A  Cylinder  (or  Solid,  like  a  Rolling-ftone  in  a  Garden)  is 
only  a  round  Prifm,  having  its  Bafes  or  Ends  a  perfedt  Circle. 

X.  The  Solidity  of  every  Prifm  is  compos'd  of  an  infinite  Sc- 
ries of  equal  Planes  parallel  and  alike  to  th^t  of  its  Bafe. 

XI.  A  Pyramid \%  a  Solid  bounded  or  included  within  fevcral 
plane  Triangles  fet  upon  any  Polygonous  Bafe,  having  their  ver- 
tical Angles  all  meeting  together  in  a  Point,  called  the  Vertex,  and 
takes  its  Name  from  the  Figure  of  its  Bafe,  vl%,  if  it  has  a  fquare 
Bafe,  'tis  caird  a  fqpare  Pyramid ;  if  a  triangular  Bkk^  'tis  call'd 
a  triangular  ^ramid,  ^c^ 

Xn,  A  Cone  is  only  a  round  Pyramid,  which  hath  been  already 
defined  in  Page  355,  (sTc. 

XIII.  The  Solidity  of  every  Pyramid  is  compos'd  or  conftitutcd 
of  an  ir^finite  Series  of  Planes  parallel  and  alike  to  that  of  its  Bafe^ 

'  equally  decreafing  until  they  terminate  in  a  Point  at  the  Vertex* 

XIV.  A  Sphere  or  Globe  (viz»  a  Ball)  is  a  Solid  bounded  or 
included  within  one  regular  Superficies,  being  form'd  or  genera- 
ted by  the  Rotation  of  a  Semi-circle  about  its  Diameter  (call'd 
the  Axis  of  a  Sphere)  and  its  Solidity  is  compos'd  or  conflituted 

of 
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of  an  infinite  Series  of  conccntrick  Circles,  whofe  Diameters  ard 
tbe  Chords  of  that  Circle  by  which  it  was  form'd. 

XV,  A  Spher$id  (or  Egg<like  Fisure)  is  a  Solid  bounded  with 
one  regular  Superficies,  form'd  by  tne  Rotation  of  a  Semi-zellipfTs 
about  its  Tranfverfe  Diameter,  (callM  the  Axis  of  the  Spheroid) 
and  its  Solidity  is  conftituted  of  an  infinite  Series  of  concentrick 
Circles,  whole  Diameters  are  the  Ordinates  of  that  Ellipfis  by 
which  it  was  formed. 

XVI,  There  is  another  Sort  of  Solid  calVd  ao  Oblate  Spheroid^ 
being  formed  by  the  Rotation  of  an  ElIipQs  about  its  Conjugate 
Piazaeter,  and  it  is  like  a  flat  Turjiep* 

XVII,  If  a  Semi-parabola  be  tum'd  about  its  Axis,  'twill  form 
a  Solid  caird  a  Paraholick  C$mid^  being  icompos'd  or  conftituted 
of  an  infinite  Series  of  Circles,  whofe  Diameters  are  the  Ordinates 
of  a  Parabola. 

XVm.  If  a  Parabola  be  tum-d  about  its  Bafe,  or  greatefi  Ordi- 
nate, 'twill  form  a  Solid  call'd  a  Pyramidoid^  bi|t  moft  commonly 
a  ParakoUck  SpindUj  which  will  be  conftituted  of  an  infinite  Se- 
ries of  Circles,  whofe  Diameters  are  Right  Lines  parallel  to  the 
Parabola's  Axis, 

XIX.  If  an  Hyperbola  be  (urn'd  about  its  Axis,  'twill  form  a 
Solid  caird  an  J^perholick  Conoid^  being  conftituted  of  an  infi- 
nite Series  of  Circles,  whofe  Diameters  are  the  Qrdinates  of  th^ 
Hyperbola. 

XX.  The  curve  Superficies  of  all  circular  Solids,  viz.  Cylin^f 
ders.  Cones,  Spheres,  iffc.  are  compos'd  of  an  infinite  Series 
of  the  Peripheries  of  thofe  Circles  which  conftitute  their  Solidities. 

Upon  thefe  Definitions  are  grounded  all  the  following  7/&^^-f 
rems  ;  and  therefqrc,  if  they  were  diligently  compar'd  with  their 
refpe6^ve  Figures,  it  mufl  needs  be  of  great  Help  to  the  Learner, 
and  would  render  all  that  follows  very  ea(y  ;  wherein!  (hail  be- 
gin with  what  hath  been  already  demonftrated,  by  way  of  iatr<ai*i 
rfucjng  the  reft. 
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THEOREM    I. 

The  Area  »/  tvtry  Right-angled  Parallelogram  is  eitatn'd  hj  rnvM- 
plying  tht  Ltngtb  intt  its  Breadth. 

That  is,  BDxFB  =theArea  of  the  Parallelogram  BD  FG, 
oyLemmt,oompu'dmthDe-      jr  % 

£nttion  I.'  ' ^ 


Example. 
Suppofe  BD=i6t  and/" 5=9, 
then  a6  x  9  =  234  the  Are* 
See  Frti.  1,  Pag.  339, 


B 


THEOREM    n. 

The  Area  »/  tvery  plane  Triangle  is  equal  to  half  the  Am  of  its 
ciramfcribing  Parallelogram.  That  is,  ££ii££  =  tht  Area  •/ 
J^  BCDy  in  the  fallowing  Figure. 

SDetitonSratfoit* 

Suppofe  the  Perpendicular  CA  to  be  divided  into  an  infinite 
M  umber  of  equal  Parts,  as  at  the 
P«int«  a,  <r,  a,  &c.  and  through 
thofe  Points  there  were  drawn 
Right  Lines  parallel  to  the  Bafe 
BD',  (viz.  bad,kad,bad,icc.) 
then  will  thofe  Lines  be  a  Series 
of  Terms  in  Arithmetick  Rrogref- 

fion,  beginning  at  the  PointC,Cwa.      _  ^  ^^ 

Sewiff  T^*''*  ^')  ««  ^y'^Jent  by  the  Figure,  wherein  BD 

bS"  tJ  J"\lh  '"^  ^'  ^  Number  If  Term,  =  N. 

JxampU.  Let  ^2)  =  ^6,  and  CA^^  as  above,  4en 
— ^  =  117,  or  V  X  9  =  n;.  Or  thus  26  x  ^  =  117 
the  Area  requir'd. .  [See  Prehlm  3,  Fage  330.] 


THfO, 


T  H  E  O  R  E  »i    III. 

The  Periphiriis  of  Cirdes  are  in  Proportion  one  to  another  as  their 
Diameters  are. 

SDemonftration^ 

Let  the  Periphery  of  a  Circle  be  divided  into  any  Number  of 
equal  Arches  by  Right  Lines  drawn  from 
the  Center  (viz.  Radii)  fuppofe  Vm  8, 
as  in  the  annexed  Figure^  wherein  A  B 
is  one  of  them  ;  then,  if  thro'  any  Point 
in  the  Radius  there  be  drawn  a  concen- 
trick  or  parallel  Circle,  its  Periphery 
will  alfo  be  divided  into  8  equal  Arches 
by  *tbo(e  Radii ^  one  whereof  will  be  a  h^ 
and  the  A  Ctf  *  will  be  like  to  A  CAB. 
Therefore  Ca  :  abwCAx  A  By  or  Ca  :  C  A  ::ab:  A  By 
confequently  2  Ca  :  2  C  A  : :  8  a  b  :  S  A B.  But  2  Ca=:  da 
the  Diameter  of  the  Circle,  whofe  Periphery  \sS  abi  and  2CA 
:ss  DAy  the  Diameter  of  the  Circle,  whofe  Periphery  is  8  ^A, 
Therefore,  (ffc.  as  by  the  Theorem.  Qi  E.  D. 

Eftample. 

In  Chapter  6,  Part  III,  it  was  found,  that,  if  the  Diameter  of  « 
Circle  be  2,  iu  Periphery  will  b^  6,2831853,  iifc.  Therefore^ 
2  :  6,2831853,  faTf .  :  :  I  :  3,14159265,  (^c.  the  Periphery  d( 
the  Circle  Ivhofe  Diameter  is  i; 

Corollary. 

Hen^  it  follows,  that  becaufe  Unity,  or  i,  may  be  nia()e  the 
firft  Term  in  the  Proportion,  therefore  39I41 59265,  (jTr.  may  be; 
made  a  conftant  or  fettled  FaAor  j  which,  being  multiply'd  into 
any  propos'd  Diameter,  will  produce  the  Periphery  of  that  Circle. 

Note  J  Infteadof  3;  141 59265,  i^c.  it  may  be  fufficient  to  tako 
pniy  3»'4i6. 

Or,  in  whole  Numbers  the  Proportion  xn^y  be. 
As  7  :  22  :  :  Diam  .  :  Periphery  I  I  thefc  Numbers  may  ferve^ 
Qr  113: 355;  :piam. ;  Periphery  f  J  and  are  often  ufed  in  com- 
'  "        '*  monPradice. 

THEOREM 

,»*•»♦  •■♦>.• 
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T  H  E  O  R  E  M    IV. 

Tbi  Area  £/"  tf»y  ScAor  of  a  Circle  «  /^a^/  to  half  the  Re£f angle 
of  the  Radius  into  its  ArcL  That  is.  9AJL13  =  the  Area 
of  ^C5. 

SDtmonftration* 

Suppofe  the  Radius  C^  to  be  divided  into  ^xi  infinite  Series  of 
equidiftant  Points,  as  a^  e^  y^  ice.  and 
through  thofe  Points  there  were  drawn  con- 
ccntrick  or  parallel  Arches,  as  tf3,  ed^  yf  &c. 
then  they  will  be  a  Series  of  Arches  in 
Arithmetick  Progreffion,  beginning  at  the 
Point  C  (viz.  o,  I,  2,  S^fe^f.^  ^s  plainly  ap- 
pears by  the  Figure,  wherein  tlje  greateft 
Term  is  j/B=iL,  and  Number  of  Terms  is 
Cj^  =  N.  B^t  iNLzz  S  the  Sum  of  all 
the  Series,  by  Lemmf^2,and  5=theSeAor's 
Area,  by  I?efiiiition  j.  Q;,.  E.  D. 

Example. 
Let  the  RaJiur  Cjt=  1 2,  and  the  Arch  JB  =:  8  ,then  11^ 

2. 

:»  48.   or  V^  X  8  =  48.     or  I  X  12  =  48,  the  Area  of  th; 

THEOREM    v.. 

The  Area  of  every  Circle  is  equal  to  half  the  ReHangle  of  the  Radius 

into  its  Periphery.     That  isy  according  to  Archimedes,  a  Circle 

is  equal  to  a  Right-angled  Triangle,  wbofe  Sides  containing  ihe 

.  Right-angle  are  equal,  one  to  the  Radius,  and  the  other  to  the 

Perimeter  of  that  Circle.    Pro.  i.  de  Dimenfione  Circuit* 

The  Truth  of  this  Theorem,  may  be  eafily  deduced  from  the 
laft  thus  ;  If  we  fuppofe  the  laft  Sector  to  be  one  Eighth-part  of  a 

Circle,  then  it  follows,  that  i£^£^=  4^/5  xCif  will  be 

2 
the  Area  of  the  whole  Circle.    But  4  ^£  =  half  the  Circle's  Pe^ 
fip'hery,   and  Ci/  =  half  its  Diameter  j  Therefore,  Wr.  As  per 
Theorem.  Q^  E.  D, 


Example* 

If  the  Diameter  be  Unity,  or  i,  the  Periphery  will  be  3, 14159265^ 

(stc.  by  niorm  3.    Thei  3iHiS9^6^  x  i  =  0,78539816, 

2 
C^f.  (or  0,7854  for  common  Ufe)  will  be  the  Area  of  that  Circle. 

Scholium^ 

'  From  hence  naturally  flows  the  following  Proportion  betweeil 
the  Square  and  its  infcrib'd  Circle. 

.    C  As  the  Perimeter  (viz.  the  Sum  of  the  four  Sides) 
^20p02t{On»jof  any  Square  :  is  to  its  Area::  fo  is  the  Peri- 
L  phery  of  the  infcrib'd  Circle  :  to  its  Area. 
That  is,  fuppofin^  JtBzsD^r  the  Side  of  the  Square,  and 
the   Diameter  of   its  infcrib'd   Circle; 
then  4  JD  =  the  Perimeter,  Z)  Z)  =  the 
Area  of  the  Square,  and  3,1416  Z>  =  the 
Periphery  of  the  Circle,    by  Thtorem  3. 
But  j^DiDDi:  3,1416/) : 0,7854 Z)Z> 
?=  the  Circle's  Area.     And  if  D  =  i ; 
then  4^=4,  and  JDDs=ixi  =  i, 
and  the  Periphery  will  be  3,1416.    Then 
4  :  I  : :  I  :  0,7854  &c.  as  in  the  Exam- 
pU  above.     And  from  hence  may  be  ea<- 
fily  deduced  the  following  Theonms, 

THEOREM    VI. 

Th€  Area's  of  all  Circles  an  in  Proportion  one  to  another  as  tbi 
Squares  of  their  Diameters.     (2.  /.  12.) 

For  if  JD  :=  the  Diameter  of  one  Circle,  and  d  =  the  Diameter 
•f  another  Circle,  then  will  0,7854  DD  be  the  Area  ofjoneCir* 
de,  and  0,7854  dd  will  be  the  Area  of  the  other  Circle ;  as  a« 
bove.  But  0,7854  DD  :  0,7854  ddiiDD  :  dd.  Or  thus,  let 
2>  =1  Che  Diameter,  and  i'  s  die  Periphery  of  one  Circle  i  dsK 
the  Diameter,  and  p  =  the  Periphery  of  another  Cir$:le  -, 

42)xiP  =  iZ)P*=-^,  the  Area  of  one  Circle. 
idx^p  =  dps:iai  the  Area  of  the  other  Circle. 
DP  rz  ±a  (P^^  ^^^  Theorem. 

dpzzz^a 

P^^ 
D 

4-/ 


\ 


Then 

I 

.And 

2 

1x4 

3 

aX4 

4 

3^^ 

5 
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4-^ 
But 

8  V 
9,  Analogy 


P 

D      d 

4.DDa  =:^idAy  that  is,  D  Ti  a  ssddJ 
DD\  Awdd-.a^  ox  A -.ax:  DDidd 
. Qj  E.  D. 


p::D:d,  per  Thetrtm  3. 
diztd'.L* 


Hence  it  follows,  that  becaufc  the  Square  cf  t  is  i  fv/2. 
I  X  I  =  j]  and  0,78539816,  f^c.  or  0,7854  is  the  Area  of  the 
Circle  whofe  Diameter  is  1  (as  before)  therefore  it  will  be 
i  :  0^7854  :  :  fe  is  the  Square  of  any  Circle's  Diameter  :  to  its 
Area.  And  hecaufe  I  is  the  firft  Term  in  the  Proporrion,  there- 
fore 0,7854  may  be  made  a  conftant  Fa£lor ;  which,  being  mud* 
tiply'd  into  the  Square  of  any  proposed  Diameter,  will  produce  the 
Area  of  that  Circle. 

Ifote^  The  four  laft  Theorems  do"  plainly  (hew  the  Reafon  of 
9]!  the  common  or  pradical  Problems  about  a  Circle,  which,  for 
the  Learner's  farther  Sati8fk€liony  1  have  here  inferted  together. 
Suppofing  as  before. 


That 


r  /:)  =  the  Diameter  1 

j  P  =z  the  Periphery  >  of  any  jfropofcd  Circle  i 


the  ^rea 


Then 


Excrmp. 
Then 

And 


^      Pro6L  t. 
I  :  3,1416:  :  D: 
3,141.6  Z)=  P 

f  SiippofC   /)  S=5  32 

(      the  Periphery. 


V>  being  given^  to  find  P. 
P,  per  Theorem  3. 

.*  Then  3,1416x32=  100,5312- 


Prot>L  2.    D  being  giveHi  to  find  A. 
I  :  0,7854  :\  D  D  ',  Ay  per  Theorem  6. 
0,7854 /)£>.=  i^ 
Suppole  Z)  =  32  (as  before.) 
D  D  z:::  ^2  X  yXZZ  IO24 
0,7854  X  I0i4  r:  804,2496,  the  Area  requirM* 


5  2>  = 


Prcbi,  3       P  being  given  ^  tofindD, 
P       \  Or  \  ^.«^^^"j^  T,TTt:5^  =  J'»3» 83 


X  therefore  0,3 183  P  =  D. 


3,1416 
This,  bring  onfyC^nvtfrfe  tothefirft,t]cedsno£jiaa 


%2 
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2©-» 


4-5- 

8 

For 

7,8 

9 

9X&C. 

10 

8tti>> 

II 

lOX&C. 

12 

12  Ml* 

13 

Prob.  4*    P  being  given,  to  find  A. 
9,869652)/)— PP 


DDzz 
DDz=z 


PP 
9,86965 


,  or  0,10131  P?=:Di) 


0^785+ 

PP  ^ 


or  1,2732  wfs  2)  i> 


IK  0,10132  PP  s=  1,2732  J 


9,86965      0,7854 

~_  =  ^,  or  0.07957  i^i^r:^ 


i)  =  v/    "^ 


Pr0^<  5.    ^  being  given,  to  findD. 
0.785?  "'^  =  ^''-7^'^ 


Pr9b.  6.    j/  being  given,  to  find  Pi 


PP  =  12,5664^,   or  PP  =  - 


P  =  V^  12,5664  if,  or  P  ;=  V 


0,07957 


0,07957 


Theie  fix  Prtthms  contain  all  the  Variety  that  can  be  pro- 
poTed  about  finding  the  Periphery,  Diameter,  and  Area  of  any 
Circle. 

But  if  it  be  required  to  find  tbe  Area  of  any  Segment,  or  Part  ' 
of  a  Circle  cut  off  by  a  Chord,  that  Work  will  require  a  farther 
Confideratioa. 

Fir/I^  As  to  the  Data^  there  muft  always  be  given  the  D:am$^ 
^ ;  or,  either  the  Peripbiry  or  Arta  of  the  Circliy  in  order  to 
find  the  Dianutir. 

Siomlfyy  There  muft  alfo  be  given»  eiAer  (he  Chords  which 
is  the  B/^  of  the  Segment y  of  the  verfei  Sine^  which  is  the  Height 
of  the  Segment.  That  is,  either  fi  G,  <a  A  Fy  in  the  following 
Scheme  J  muft  be  given,  that  fo*the  Area  of  the  A  BCG  mav  be 
found.  Then  it's  evident  (by  the  Figure)  that.  If  ihc  Area  0/  the 
A  B  C6  be  taken  from  the  Area  of  the  Seeior  CBAG^  the  Re- 
mainder will  be  the  Area  of  the  Segment  BAG.  And  if  the  Area 
of  the  Segment  B  AGhe  taken  from  the  whole  Area  of  the  Circtey 
the  Remainder  will  bc^  the  Area  cS  the  other  Segment  DBQ. 


Sg 


Exam- 


410 
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Examples  in  Numbers. 


Let  there  be  given  l>J^p 
Prob,  I.  and  the  verfedSime  AF^ 


Hz. 


12.  ts  in 

:6; 
then  i  D  J  =:  BC :=  C  J  ^  i6^  ani 
Cjf—AF=sCFsx:to.  BfitnBC 
—  g  CF=  g  B F.    Confequendy 

V  D  ^^*—  Q  CFsBFf  vht.  V  156  = 
12,49  =  5/*. 

Then,  by  the  DoArine  of  plane  7ri* 
aff^^/,  the  jb-ch  B  A zz  jLBC A mzy 

be  found  in  Degrees  and  Decimal  Parts.  Thus  RC :  Radius  : : 
£F:  AVi/  L  BCF=:s1j21  Degrees.  And  then  it  will  al- 
ways hold  in  this  Prpportioa ; 

'  As  the  Circle's  Periphery  in  Degrees  :  is  ie  its  Peripierj  in 
equal  Parts  (aocoiding  to  the  Dimenfions  taken)  ; :  £«  £1 
the  Arch  in  Degree^  (viz.  JL  BCA)  ;  to  the  fame  Arch 
.  in  e^ual  Parts, 

That  is,  360®  :  100,5312  :  :  51,31®  :  14*3284  :=z  B  A- 
Then  14,3284  X  16  :s  229,2544,  the  Area  of  the  Se^er  BCAG ; 
and  12,49  X  10  =  124^9  tihtArea  of  the  A  BCG.  Hieir  Dif- 
ference 104,3S44  =  the  Area  of  the  Segsn.  BAG, 

Or  the  Area  of  any  Segment  may  be  otherwife  found  (as  moft 
ufually  it  is)  by  a  Table  of  the  Segments  of  a  Circle,  whofe  Area  is 
Unity,  or  i.  The  Cenftrss^en  or  making  of  fuch  a  TaMe  is  very 
well  laid  down^n  Mr.  Darie*»  Book  of  Gauging^  Chap.  9,  which 
he  performs  in  this  PrebUm.. 

PROBLEM, 

In  a  Circle  whefe  Area  is  Unity,  and  its  Diameter  cut  by  Cberd  Lines 
into  1000  equal  Parts,  to  find  the  Segment  to  any  verfedSine  pr§^ 
poid,  net  exceeding  500  rf  thofe  equal  Parse. 

1.  Multiply  the  wiy^iS/ir/propos'd  by  0,002,  and  fubtrafi  the 
Product  from  an  Unit^  or  I. 

2.  This  Remainder  you  (hall  feek  in  the  common  TaUe  of  Na- 
tural Sines,  (the  Arch  being  divided  into  Degrees  and  CentcfimaSs) 
which  being  found,  let  its  Co-arch  be  doubled,  and  called  A, 

3.  You  muft  find  the  correjpondent  Sine  to  Ai  which  Sino  being 
foun4  you  may  call  S,  and  thpnit  holds  6,2831853)  0,017453 
2925  if —  S  {zzthe  Sejgsmia  required. 

Ntiw 
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Now  this  Stjpmm  being  thus  found,  if  you  fubdud  it  from  an 
Vnii^  ]F0U  have  the  C^ftgmtm^  &c 

Nstt^  Notwithftanding  what  has  been  faid  in  the  fecond  Precept 
af  this  PrStim^  it  Very  often  Mis  out  that  the  Remainder  there 
ipoken  of  cannot  be  truly  found  in  the  Table  of  Natural  Sines^ 
thorefere  in  this  Cafe  my  Advice  is,  that  you  make  two  Opera- 
tions, one  with  a  Sine  the  next  mater,  and  one  with  a  Sine  the 
next  lefi ;  and  in  fo'doing  vou  wul  be  fure  to  have  th^  Segment 
required  bounded  between  the  Refults  of  thofe  two  Operations. 

Example.  LHitie  fr^p^fid  to  find  the  comj^ondini  Si^ment  U  tbi 
vtrftd  Sim  26^. 

Pir/l^  263  X  0,002  =  0,526,  and  i  —  0,526  =  6,474,   id 
^rci(  is  28,29^  being  lefs  than  juft;  its  Complement  is  6 1,71  ^^ 
which  being  doubled  is  123,42  =  J. 
Then  ,0174533  /#=  2,154086286 

:^  0,8346556  =  S  the  Sin0  of  J. 
6»283i853)  =  1,319430686  (o>209993  the  S^»i^;j/. 

Now  I  mah  aficond  Work. 
263  being  multiplied  with  0,002  is  0,526.  and  i — 526=0,474.  its 
jfrcb  is  28,30^  being  greater  than  juft ;   and  its  Complement  is 
61,70^,  which  being  doubled  is  123,4  =  J. 
Then  0,0174533  if  =2,1537372  ,    „.      ,  , 

—  0,8348478=  S  the  Stm  of  J. 
6,2831853)    1,3188894  (0,209907  the  Segment. 
So  you  fee  by  thefe  two  Operations  that  the  Segment  is  bounded^ 
and  'tis  very  probable  it  may  be  o,2C995. 

But  to  abbreviate  this  large  FaSfoVy  and  this  large  Divi/or,  I 
(ball  here  infert  two  Tables  of  them^  which  will  be  ready  for 
Ufe,  and  cxad  enough  too. 


Divifir. 

6,2832 

12,5664 

18,8495 

3MI59 
37*6991 
43^9823 
50,2655 

56,5487 


Faefor. 

,0174533 
,0349066 

^0523399 
,0698132 
,0872665 
,1047197 
,1221730 
,1396263 
,1570796 


Thus  far  Mr.  Parie^  which  I 
have  here  inferted  to  fhew  the 
Learner  how,  by  the  Help  of 
thefe  two  TabUs^  and  a  TMe 
of  Natural  SineSy  he  may  eafily 
make  a  TabU  of  Segments^  whofe 
Ufe  (hall  be  Ibewed  farther  on, 
viz.  when  I  come  to  treat  of 
prafiical  Gauging.  In  the  nsean 
Time  I  fball  here  lay  down  ano* 
ther  Method  to  find  the  Area  of 
G  g  g  2  any 


4ia 


rbe  atit^Htfttt    ^fltmXH        Party. 


tvf  Sfgrnnttoi^  Circh  (nery  ncitr)  by  a  nevT&ttram  wicbout 
the  Help  either  of  zTMcolSinmu &^me9$s^  hma%  the  ikne 
Djte  as  before  in  Pttgi  404. 

C  iS^  the  RiMuu  or  ^  Dianutmr  of  the  gpvcn  Gmfr. 
fiz.  Lets  1/  s  the  Dtffareocr  between  the  vetfid^itu  and  RaHm. 

L  Css  half  the  Chard  of  At  Sigmenf%  Bafi. 

Example.  Suppofe  X  =  ifC  rs  16,    ^z  /"<?  s  lO,   and 
C  =:  5/"=  I2>49  ;  as  before. 
Then  2  4.  Jt  «  =  597i3333-    r  4  iW  t=  aJ3^33J3-  ^5=  »<» 

— 113:3333=1  T^+^ 
>  4,  iJ  +  4/=  34)  284^0000  (8,3529,    Laftly,  8,3^  X  1^9 
=  104,3276  the  Jna  of  the  Sffmeni  BdG^  as  before. 

THEOREM    Vn. 

Ai  Squares  are  to  the  Area's  of  their  infcrihed  Circles^  /i  are  Pa- 
rallelograms  to  the  Area's  0/ their  infcribed  EBiffes^ 

C  As  the  Square  of  the  Diameter  of  any  Circle  :  is  to  its 
That  \%j\  Area  :  :  io  is  th^  ReAangle  of  the  Tranfverfe  and  Coa- 
V  jugate  Diameters  of  any  EUipiis :  to  its  Area. 


9>emonSrdtion^ 

Circumfcribe  any  Ellifjii  with  a  Circle  \  and  fuppofe  an  infinite 
Number  of  Chord  Lines  drawn  therein,  all  parallel  to  the  Qm- 
pigate  Diameter^  as  thofe  in  the  annexed  Figure  j   then  it  will 

{As  (D  A)  the  Dimeter  of  the  Circle  :  Is  to  (N  n)  the 
Conjugate  Diameter  of  the  EUipJis  :  :  fo  is  (B  a  B)  oHf 
Chord  in  the  Circe  :  (b  a  b)  its  refpeifive  Ordinate  in  the 
EUipfis.  ^ 

For  according  to  the  Property  of  the  Circle^  * 

it  is 
An^ 


It  IS 

3,  Hence  4 
Confeq, 
That  isfe 


Put 

Then 


by  the  Property  of  the  Ellipfo 


aTCiONCiiTS—TaycTaiDba 

a  TC:  dA'C  : :  D  BA:  q  ba 

TCiNC:  :  Baiba 

^TC:2NC::!iBa:2ha 

D4:Nn::BaB:bab 

I>z=izTC,^r\dd:=:%NC 

D:di:  Chord BaB  :  Ordinatihahy  &c 


But 


B«t  the  Sum  at  aa  infiute  Smn  of  fiich  ChrJs^  MS  BaB^  d<^ 
coaflitiite  the  Jna  of  the  Circliy  by  Difimtim  $ :  tnd  the  Sum  of 
the  like  Strifs  of  their  refpedi  ve  Ordinaits^  9»hahy  do  coqAitute 
die  EMif^'s  Arta,  by  D^itsiB  4.  Therefdie  D:d::  Cirdis  Ana  r 
MUipfii's  Jreoy  hy  Lifoma  f>.  B^tDiJiiD D.Dd,  Wfaenco 
it  follows^  that X>i>:Cird[f'iwfm::i>  4/:  £%S^x^^ 
Confequently,  as  i :  is  to  0,7854  ^. :  fo  i$  tb^MM^mgk  oxPmbfit 
of  the  Tranfotrfi  and  Conjugate  Dianutirt  of  any  £i!Sj^  :  to  its 
Area. 

Example.  Suppofe  73=36.  and  JV»=:£i6}  then  36  x  16=576, 
ipd  576  X  0,7854.  =:  452>3904  the  .^^^  of  the  ElBpfis^ 

C^eOaries. 

I.  Hence  it  is  eafy  to  conceive,  that  the  fquaie  Root  of  tk^ 
Rcaangk  ox  Froin^  of  the  Tranfretfe  and  Ceyt^aie  Diameten 
will  be  the  Diameter  of  a  Cfrr/r  whofe  Aai  will  be  equal  to  the 
EUipfis*s  Areay  viz.  ^  576  9  24  the  Diame$er  of  a  CiWZf  —  to 
the  £/%&. 

a.  All  SegmettU  of  an  £Ztf/^  and  its  cireumjir thing  Cirde  (whoft 
6?res  are  parallel  to  the  Cenjiigate  Diannter^  and  of  the  ftoii  might) 
are  in  Proportion  one  to  another,  as  their  Bafes  are.  That  is, 
Ba  B  :  bat:  :  Area  Segment  B  N  B  :  Area  Segment  b  Nb ;  or 
TS:  Nnii  AreaSegment  B  NB:  AreaSegmem  bNb. 

THEOREM  vnr. 

The  Area  of  every  EIHpfis  is  a  mean  Proportional  between  the  Area^ 
0/  its  circumfcribing  and  infcribed  Circles. 

The  Truth  of  this  Theorem  may  beeaflly  deduced  from  the  lad  | 
for  fuppofmg  D^TS^  znAdzz  Nn^ 
as  before;  then  it  is  already  proved, 
that  D  D  :  D  d  :  :  circumfcribing 
Circle's  Area  :  EUipJis's  Area,  But 
D  D  :Ddi:Dd:dd.  Therefore 
Ettipjiis  Area  :  infcribed  Qrcle's  A- 
na  i:  D  d  :  dd.     By  Theorem  6« 


y^ 

UZ"- 

=/f  « 
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»•*  ^^' 
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Example.  Let  7^5  =:  2>  =  36.  and  Nn's,  d:=>  16,  as  before ; 
tlien  i>i>s:  1296,  and  ^4^=1=256. 

Then 


J 


4i4  The  atftSmetlCfc  of  %VSxm»         Part  V, 

TK-.«  «,:ii)  1^96x0,7854=  1017,8784  the  great  Grde's  Area. 

inenwiu^   256x0,7854=  201,0624  the  Icffcr  Cirri's  Area. 

Suppose  if  :z  the  EUipfu'%  Ana  \  then,  according  tt>  the  7Zi»- 

rm,  it  will  be,  1017,8784  \A'.\A\  201,0624.    Erg9  AA^tl 

<;^      .     1017,8784  X  aoi,o6^  =2  204657,07401216.     Confeqaendj 

•  204657,07401216  =r  452,3904  =55  if,  the  ifnw  of  the  EU\f^ 

/r,  as  before  ia  the  laft  ExampU. 

CorJlarj. 

From  hence  it  fellows^  that  aH  Sigmeitts  of  an  EBrpJls  and  \ti 
infcribid  Circli^  whoTe  Bafts' tut  parallel  to  the  Tranfoerfe  Diam- 
fir  J  and  have  the  fame  Height,  are  in  Proportion  one  to  another 
as  the  Arm^s  of  the  Ellipjis  and  GreU  are.  That  is,  Ana  of  Crr*. 
tie  :  Area  of  ftfi)^  :  :  Segment  bNb  :  Segment  B  N  B.  Or, 
NniTSz:  Area  Segment  b  Nb  :  Area  Segnmt  BNB^ 

T  H  E  O  R  E  M   IX. 

iT)e  SeUd  Centent  ef  any  Prifm  (what  Figure  foever  its  Bafe  is 
of)  is  ebtaim'd  by  mstbiplyif^  the  Area  ef  its  Bafe  int$  its 
Height. 

For  inftance,  a  Paredlebpipeden  (or  Iqiiare  Pri/m)  is  coriftitated 
of  an  infinite  Series  of  equal  Squares  i  that  of 
ite  Bafe  BA  beincr  one  of  the  Terms^  and  its 
Height  DB^  otGA^  the  Number  of  all  the 
Terms.  Confcquendv,  the  Area  of  B  A  bax 
D  B^ss  the  Sum  of  all  the  Series  (bv  Lemma  i.) 
which  is  the  Solidity  of  the  PandleUpipedan  DB 
(SAj  hyDefinitien  lO. 


n 

Y 
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:             ; 
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Example.  Suppofe  the  Side  of  the  Bafe  B  A 
=:  16  and  the  Height  DB^ ^2  \  then  will 
16  X  16  =:  256  be  the  Area  of  the  Bafe,  and 
256  X  41  :=  10752  the  Solid  Content  of  the 
Parallelopipedon  DBG  A. 

In  this  Manner  you  may  find  the  Solidity  of  all  regular  Polyge* 
nous  Prifmsy  whofe  Bafes  (or  Ends)  are  parallel  and  alike,  what 
Form  foever  they  are  of,  that  is,  whether  their  £/?/>;  are  TrMm^i, 
Pentagons,  Hexagons,  or  Oilagons,  &c, 

T  H  E  O. 
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T  H  E  O  R  E  M    X. 
Ewry  Pyrmmd  is  tbi  third  Part  of  tht  Prifm^  that  Uth  tbi  fmt 
Baft  and  Hiigbt  whb  it.     (7, /.  la.) 

That  i^  the  SoUd  Cmtent  of  the  Pjr&fmd  BVA  (in  the  laft 
Figure)  U  one  Third  of  its  circumfcribing  Priftn  DBG  A. 

9DemonSrat{on. 

For  every  Pyramid ihzt  hath  a  fquare  Bafi  (as  BJb  j»  in  the  laft 
Figure)  is  confiituted  of  an  infinitt  Series  of  Squares^  whofe  Sides 
or  Roots  are  continualljf  increafing  in  Arithmettci  Progreffion^  be- 
ginning  at  the  Vertex  6t  Point  V  (See  Theor.  2.)  its  Bafe  B  ABa^ 
being  the  greateft  Term^  s^LL  \  and  its  perpendicular  Mght  VC^Oic 

DB^  the  Number  of  all  the  r^rr/n/,  =  Ni  but  £l!=~  =£die^«m 

of  all  the  SerieSy  by  Letmna  3,  and  S  =s  the  Solid  Content  of  the 
Pyramid  BVAi  by  Definition  13. 

Example.  Suppofe  the  Side  of  a  Pyramids  Bafe  he  B  Ass  i6f 
and  its  /£r/;i&/  be  FC  =r  42,     Then  16  x  16  s=  256  the  Area  of 

its  Bafe  BAB  and  ^56x43  _  ^^g^^  or  ^  X  4*  =  353+ 

3  3 

or  thus,  256  X  V  ^  35^4«  is  the  fo/firVx  of  that  Pyramid  B  V4* 

Corollary. 

From  hence  it  will  be  eafy  to  conceive,  that  every  Pyramid 
is  7  of  its  circumfcribing  Prifm^  what  Form  foever  its  Bafe  \$  of» 
vi%.   whether  it  be  a  Square^  Trianglcy  Pentagon^  &c. 

T  H  E  O  R  E  M    XI. 

The  Solid  CffnteTit  of  every  Cylinder  is  obtained  by  multiplying  the  Area 
0/  its  Bafe  into  its  Height. 


.  For  every  Right  Cylinder  is  only  a  round 
Prifm^  being  conftituted  of  an  infinite  Series 
of  equal  Circles }  that  of  its  Bafe  or  End  be- 
ing one  of  the  Terms^  and  its  Height  BD  is  the 
Number  of  all  the  Terms.  Therefore  the  Area 
of.  its  Bafe  B  Ay  being  multiply *d  into  D  By 
will  be  its  Solidity^  by  Lemma  i.  viz.  Let  D  zz 
BAy  ztsAH^GA.  Then  0,7854  DJDx// 
en  its  Solidity. 


Example. 


4i6.  Tie9ie01lmti£ktfWMlW  Pan  v. 

Example.  Let  the  Diameter  of  its  Safe  be  Z>  :=  i6,  and  its 
Height  Hisz  42.  Then  i :  0,7854 : :  16  x  16  =  256  :  201,0624 
the  Area  of  its  Ba/e.  And  201,0624  x  42  =  8444,6208  Cke 
Selid  Ceutent  of  that  Pylmder  DBG  A. 

..  CereUary. 

Hence  it  is  evident,  that  every  (quare  -Parallelepipedom  is  lo  its 
infcribed  Cylinder^  as  i  :  is  to  0,7854.  Or  in  whole  Numbers^  m 
452  :  to  355  very  near.  And  that  all  Prtfins  are  in  Proportion  to 
tbdir  infinibtd  Cylinders^  as  the  Area^s  of  their  Safes  are. 

THEOREM    XIL 

T%e  Curve  Superficies  ef  every  Right  Cylinder  is  efual  to  tAeUe^- 
angle  made  of  its  Height  inte  the  Periphery  if  its  Bafe. 

That  is,  DB^  multiply'd  into  the  Periphery  of  the  Diametir 
B  Aj  will  produce  the  Curve  Superficies  of  the  laft  Cylinder  DB 
G  A.  For  the  Cylinder  is  conftituted  of  an  infimte  Series  of  eqoal 
Circles  (according  to  the  laft  Theorem,)  Therefore  its  Curve  Sa- 
perficies  is  compos'd  of  the  Peripheries  of  thofe  Circles j  by  Definition 
20.  But  the  Periphery  of  its  Bafe  BA\&  one  of  the  Terms^  and 
its  Height  £>  B  is  the  Number  of  Terms.  Therefore,  (fe.  as  by 
Lemma  i.  To  which  if  there  be  added  the  Area^s  of  both  its 
Ends  (or  Bqfes)  the  Sum  will  be  <he  Superficies  of  the  whole  Cy- 
linder. 

Example.  Suppofe  the  Diameter  of  its  Bafi  to  be  J3  if  =:  16, 
and  its  Height  DB:zz  42,  as  before ;  then  1  :  3,1416  :  :  16: 
50,2656  the  Periphery  of  its  Bafe.  Again,  i  :  0,7854  :  :  16  X  16 
=:  256  :  201,0624  the  Area  of  each  End  or  Bafe. 

Then  50,2656  x  42  =  2x11,1552  the  Curve  Superficies^  to 
which  add  201,0264  x   2  =    402,0528  both  the  End  Area's. 

The  Sum  =:  2513,2080  is  the  Superficies  of  the 
whole  Cylinder. 

THEOREM    XIIL 

Every  Cone  is  the  third  Part  of  a  Cylinder^  having  the  fitme  B^fi 
with  fV,  and  their  Altitudes  equal.     (lO.  e.  12.) 
1 

3>emon* 
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SDemonSratfott^ 

The  Truth  of  this  Htnmn  may  be  cafily  concciv'd  by  only 
coniidcring  a  Cvm  as  a  round  Pyramid'^  and  therefore  it  muft 
needs  have  the  fame  Ratio  to  its  circumfcribine  Cylinder  as 
thefquare  Pyremi  hath  to  ttsctrcumfcrtbing  ParalMopipedm^  vis. 
as  I  :  to  3*  However,  to  make  it  yet  dearer,  let  it  be  farther 
confidered,  that  every  Right  Cone  is  confiituted 
of  4n  infinite  Series  of  Circles^  whofe  Diameters 
do  continually  increafe  in  Aritbmetick  Pregref- 
ftam^  beginning  at  xht  Vertex  or  Point  V^  the  Area 
of  its  Bafe  BA  being  the  greateft  Term^  and 
its  perpendicular  Height  rC  the  Number  of 
nil  the  Tenm ;  therefore  the  Area  of  the  C\r^ 
cXtBAx^VC  will  be  the  Sum  of  all  the  5#- 
ri$s^  by  Limma  2^  which  is  th^  Clone's  Solidity. 

Sxmnple.  Let  ^he  Diameter  of  its  Baje  be   B^ 
BA  =  x6,  and  its  Height  TC  =  42 ;   Then 
I  :  0,7854  :  :  16  X  16  =  256  :  201,0624  the  i/rra  of  the  £iS/#  I 
and  ^Q'^Q624X42  _  ^g  j^8736the  SoUJity  of  ih:  Corn  BFA. 

3 
Or  thus,  201,0624  X  Y  =  2814,8736,  (sfc. 

Corolutrym 

Hence  it  follows,  that  every  fquare  Pyramid  is  to  its  inlcrib*d 
Cone,  as  i :  0,7854.  (Or  as  452  :  355)  confequent'y,  that  all 
Pyramids  have  the  fame  Ratio  to  their  inlcribM  Cones  as  the  AreaU 
cf  their  fiafes  have. 

THEOREM    XIV. 

The  Curve  Superficies  of  every  Right  C9ne  is  equal  to  half  the  Reff* 
ungle  of  the  Periphery  of  its  Bafe^  into  the  Length  of  its  Side. 

The  Truth  of  this  Theorem  is  felf-evident  from  the  Definitsoso 
ofaCone,  Cifttf^.  i.  Part  IV.  where  it  appears  that  the  Curve 
Superficies  of  every  Right  Cone  (as  BFA)  is  equal  to  the  Area  of  a 
Seffor  of  that  Circle  whofe  Radius  is  the  Side  of  the  Cone  (FB) 
and  its  Arch  equal  to  the  Periphery  of  the  Cone's  Bafe  (BA).  But 
the  Area  of  any  SeSlor  is  equal  to  hzU  the  Re^angle  of  the  Reditu 
into  its  Arch,  by  Theorem  4.     Therefore,  &c* 


H  h)i 


£uasn* 


4i8 


rhe  atttDmetfClt  of  JlllfintttlS  Part  V. 


Example.  Suppofe  the  Length  of  the  Cone's  Side  V  By  at 
r^/ss  42,7551,  and  the  Diameter  of  its  Bafe,  v/'z.  BAz=.  16 
(as  before)  then  will  50,2656  be  the  Ptripbery  of  its  Bafe,  and 
»0.«656X42,75Si  _.  ,07^5553,  y^.  ^je  C«wof  the  Supers 

2 

ficiis\  to  which  if  there  be  added  the  Ana  of  hs  Bafe,  the 
^m  will  be  the  Suptrfidis  of  the  whole  (vi£.  M  tki)  Cone. 

That  13  1074,5553  ^     ,       .  .    „  . 
4-201^0624  the  jf jrwf  of  the  Bafi. 

Sum   127596177  is  the  total  Superficies^  &c. 
Note,  ^e  Truth  of  this  Theorem  may  be  pro^i  from  the  Ctrnfi^ 
deration  of  the  loft  Theorem^  and  Definition  20. 

ScbeSum* 

From  the  loth  and  13^1  Theorems  may  be  etfily  deduced  iereral 
Theorems  for  finding  the  foUd  Content  of  any  FruJIum  or  Pare  et* 
ther  of  a  Pyramid  or  Cone^  cut  by  a  Plane  parallel  to  its  Bmfe. 

V 

Suppofe  a  fquare  Pyramid^  as  B  VJ^  to  be  .A 

cm  by  a  PAr»4  at  a  h^  parallel  to  its  Bafe  /i\ 

B^,  and  it  were  required  to  find  the  Solidi^  /  j  \ 

ty  of  the  FruJIum  or  Pirr/  tf  ^  j#B ;  letthere 
be  given  Z>  =  J?^  the  Side  of  the  greater 
Bale,  ^  =  ^41  the  Side  of  the  lefler  Bafe, 
/f  «=s  6P  the  perpendicular  Height 


FirftJ 


Then 

And 

Hz.  I,  2 

And  I,  3 


.4-5 
6  X^iwt . 


D^d.H.id 


\ 


£ii  =  re  by  the  Figure. 


the  whole  Pyramid  £  K^. 


3 
Bf  T%ttrem  lo. 

«ax  I  ^C=  the  Pyramid  a  Vh  cut  off. 
{  £^£:^  =:  the  whole  Pyramid  £  VA. 

{  —^  =  the  Pyramid  a  Vk. 

«^^^^~''^''«=thcFruftu«»3^5. 


3/>-W 


DZ>-)-^</  +  i/rfxf  ff=:the  Fruftum**^^. 
Which  in  Words ^ver  this  following  Thetrm. 

T  H  E  O- 


appifd  to  dttpetfioes  Md  %m».      41 9 


T  H  E  0:R  E  M    XV, 

T9  the  Rg&angk  of  the  Sides  ef  tffe  two  Bafes,  adJ  the  Sum  of  their 
Squares ;  thea  Stm^  heing  mubipifd  into  one  third  of  the  rruT- 
lum'x  Heigjht^  mllpye  its  SoBdrty. 

ExMsipIe.  Suppofe  the  Side  of  the  greater  Bafe  B  jf  zz  j6  and 
the  Side  of  the  leOcr  Bafe  (or  Top)  a hzz  12  the  Hei^t  CP=,  9. 
Then  16  X  12  =:  19a.    16  X  16  s  256.  and  I2  x  I2  =  144. 

Next  192  +  256  +  144  =  592.  and  i2USt=  1776.   Or  592 

X  I  =  1776  the  Content  of  the  Fru/htm  of  a  (qaare  Pyramid. 

And  if*  it  were  the  like  Frufium  of  a  Right  Cone^  it  may  be 
found  by  the  fame  Theorem.   Suppofing  D  =  the  Diameter  of  the 

Stater  Bafe,  dss  the  Diameter  of  the  lefler,  and  /f  =  tK<e 
eiffht  of  the  Frufium^  then  the  Sum  of  all  the  Squares  which 
conftitute  the  Frujium  of  a  fquare  Pyramid^  are  to  the  Sum  of  all 
the  Circles  which  conftitute  the  like  FruJIum  of  a  right  Cone,  in 
the  Ratio  of  i  :  to  0^7854  (or  of  452  :  to  355)  therefore  it  will 
be  I .:  0.7854  ;  :  D  D  4-  .P/t^  +  4/^x4/^^:0,7854  V  D  + 
0,7854 />rfH|-o,7854^4/x4/r=theCone's/irij/Jtf4Pi,  that  it, 
in  the  laft  Example^  i  :  0,7854  : :  1776  :  1394,8704  the  like 
Fr^xr^nofa  right  Cone.  Or,,  bccaufe  ^^y^  =  1^273236,  (stop 
Therefore  it  may  be  mad^  i>273236)  D  V  +  Dd -i- dd  X  ^  ff 

Ln  the  fame  Frufium ;  that  is,  1,273236)  1776  (1394,87,  kfc.  at 
fore.    And  if  yon  ttke  the  YVi^/f  of  this  Divifer,  viz.  1,273236 

X3,  it  will  be  3,8197)  DD  +  hd+dd:xH{n  ihcFnifium, 
&c. 

Again, 

Suppofe 
Then 


I  ^s 
a~3 

4H-3 
5X// 


X  =  D  — 4/,  and  /=  the  Frujbm 

DDJ^Dd  +  dd^^  by  the  7th  Step  o^  the  iaft 

xxz::DD^2Dd+dd 

3DJ=^— *jf 

Dd:^^^ixx,  orZ>rf  +  4;rx«Z 


Dd+-^xx%H=F the Frujhm  ahAB. 
Hence  wc  h^ve  another  ealy  Theorem  for  finding  the  fiu^t 

Fruffum^ 

Hbba  THfiOr 
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THEOREM    XVL 

To  tbt  RiaangU  of  tbo  Sides  of  the  two  Bafos^  add  ono  tbtrJ  Part 
of  the  Square  of  their  Differtnu ;  that  Sum^  heing  mat^^dJnf 
the  Height^  will  produce  the  Solidify.  ,      . 

Example.   Let  D—\6.    rf=i2.   and  jH  =  9„  as  before; 

thcni)rf=i92.  /)  — rf=4  =  *.  i*jr=-l-li.  =  5,3333,aiid 
•  3 

I9«  +  5^3333  =  197^333-  La%  I97i3333  x  9  =  i77Si 
9997  the  SoUdtty  of  tht  Frujlum  of  xht  fquarc  Pyraltaid,  as  before. 
And  3,81968)  1775»9997  (X394»87  fcff..  ^^  ^'^^^  Fruftum  of  a 
right  Cone,  a$  before. 

Either  of  the  two  laft  Theoirems  fteing  rightly  apply'd)  wiH 
.produce  the  true  Solid  Content  of  all  Fruftums  of  any  kind  of 'Py- 
ramids, that  are  intercepted  between  two  parallel  t&A  alike  PAia^ 
'or Safes:  As  above. 

.  But  if  fuch  Fru/tums  ar^  cut  through  the  Extreinities  of  both 
Bafes  bv  a  Diagonal  ftane  (as  yfh  in  the  '  ^  fr 

^annexed  Figure;  into  two  Parti,   Jah  / 

MdJBh^   caH'd  Hoofs;  then  the  Soli^  /        j/ 

dity  of  thofe  Hoofs  is  ufualiy  found  by  /    y^ 

-dividing  the  middle  Term  Dd  of  the         J  x 
JEquation  DD  +  Dd  +  dd  into  two       J/ 

Parts,  and  adding  one  of  thofe  Parts  to  the     AT. ^ 

Square  of  each  Bafe.  Thus,  i?I> -I*  i/)//xi  Was lh«irf****» 
LfABK  ana  ^^+^2)*^  x  |  5 1  C\^r^^ci 
he  Frvftum  of  any  Iquare  PyrwnW.  Then  3,8197)  DD-\-i.D3x 

/f(=).theieflerfl«fl^  &c. 

Tbefe  an  theTiwrn*  madje  tTfeof  by  Mr.  Darw,  in  hu  Book 
of  Gauging,  and  are  pretty  near  ^he  Truth,  but  not  exadly  fo  1  for 
they  give  the  5*/,^/y  of  the  upper  Hoof  Ja  it  fnall  Matter  too 
big,  and  the  lower  Hoof  jfBi  as  much  too  little. 

Now,  in  order  to  reAify  that  fmall  Error,  I  (hall  here  propofe 
the  two  following  T»w«wx,  which  are  exadly  iruty  and  we 
TSiTB/ii  than  thofe  propofed  in  anyfirmtr  Jmpreffim 

Fir«, 


X 


afplfd  to  !dt9erfiCie$  and%[mfL  49  <  ^ 


Firft,  zD-^dx  ^JLIL  will  be  the  S0lidky  of  the  greater 


HopfABb. 


Secondly,  2d  +  Dx 


dxH 


will  give  the  Solidity  of  the  Icfler 


Hoof  J  a  by  of  the  Frvftum  of  any  fquare  Pyramid. 

•     And  for  the  like  Hoofs  of  the  Fru/lum  of  any  right  dngy  It  will  be 

Thus  ,261 8)  DD^d^Dd  n    ^^.^    •  ( =  the  greater fli^/. 
ZxD--d 

,0618)  D^^TTd^dd  X  ^£iL£=  (=  the  tefler /6^. 

ZxD-^d 
Note,  Inordir  t9  avoid  ma^  Wards  hi  thefoUowing  Demonflra- 
ttonst  let  0  fgttify  any  Circle  /«  gemrai ;  tfir^f  ^  tfxry  Kcw  Litters  lo 
joiMid'uity  thus^  0  ^  if,  &c.  it  then  dmotis  the.  Area  of  fucb  a 
CitcU  as  tbtfg  two  LittiTs  riprofimt  the  Radius  of 

THEOREM    XVIL 

Tho  Sstpirfaa  of  every  Sphere  (or  Globe)  is  e^l  to  filer  Times 
the  Area  of  its  greate/i  Circle. 

That  is,  of  a  Circte  whofe  Diameter  is  the  Axis  of  the  Sphere. 

9Dttnanftratfon. 

If  any  Semicircle  (as  ATG)  be  turned  or  moved  about  its 
Diameter  (TS)  it  will  defcribe  afbltd  Body  call'd  a  Sphere^  which 
will  be  conftituted  of  an  infinite  Se- 
ries of  cofuentfici  or  parallel  Grcles^ 
whofe  Diameters  are  Chords,  vix.  0 
tf^»  (S>  ody  Q  of  &c.  by  Definition  14* 
Confequenily,  the  Superficies  of  the 
Sphere  will  be  composM  of  the  Peri* 
fieries  of  thofe  Circles  which  confti- 
tute  its  Solidity^  by  Definition  20. 

Let  D  zz  TS9  the  Axis  of  any 
Sphere.  Then,  according  to  the  Pro- 
perty of  a  Circle,  it 

wilIbei|SIIfixr*=  nab 
That  is,  2  DxTb—^  uTb  =.  Q  ab 
Therefore 


fc"*\« 

i > 

/ 

aI  .....V.V.*::V>i 

f 

c 

B     .i 

.VS^^^ 

[71 

And^ 


Z>xr*  =  ritfT;  for  D«*-f  D  T'*^  D  tf  7". 

DxTd-zrDeT 

DxTf=nyT,  &c. 

•  ^n  fomier  Enon  ia  the  7:&fWMtt  f«t  vcsiTanni  Hp^  ve  by  tbe  above  Rukt 

Hence 
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Hence  'tis  evident,  that  the  Serus  Dtf7>a^7>  Dj^?^  &c. 
are  in  the  fame  tiaii$  with  Th^  Tdy  Tf,  &c.  vix.  io  Aridmutick 
Progreffkn :  Whence  it  follows,  that  tht  O  a  Tzz.  die  Sum  of  all 
the  Circle's  Ptripberies  between  T  and  A,  and  0  g  T=  the  Sum  of 
all  the  Circle's  peripheries  between  T'and  d,  &e.  Confequcmlj,  that 
the  o  if  7=r:the  Sum  of  all  the  ClrcWs  Peripheries  included  between 
T'and  C ;  tliat  is,  0  JT  =  the  Superficies  of  the  Hmsjphere.  Ai%i 
becaufe  D  AC  +  D  TC  =  Q  AT^  and  Q  AC  =  O  tC^ 
Therefore  ©  ATzz  2  0  ACis  the  Superficies  of  the  Hemi-Jphere. 
Confeqiiently,  ^®AC  will  be  the  Svperfiaes  of  the  wbtA^^bere. 

Example.  Suppofe  the  Axis  T^^Dzzid.  Then  DDssicG. 
And  I  :  0,7854  : :  256  :  201,0624  c=  0  ACy  for^.  D  =  AC 
Then  201,0624  x  4.  =  80492496^  the  Supetjlcies  of  the  whole 
^fphere.  Or,  becaufe  3,1416  is  four  times  0,7854,  therefore  It 
mUl  aivfZjM  be  i :  Syi\i6  :  :  DD  :  3)i4i6  DP,  the  Superfides of 
the  Sphere  (as  before)  $  and  it  is  equal  to  the  cur^  Superfides  of  die 
right  Cylinder y  whofe  Diameter  and  Height  ate  each  s/>  the  Axis 
of  the  Sphere.  For  3,1416  />  =  the  Periphery  of  the  CyBndar^t 
Bafe,  and  that,  muUiply'd  with  Dits  Height,  will  be  3,1416  i>2> 
the  curve  Superficies  of  the  CylinJery  by  T'J/^im  1 2.  And  if  to  this 
there  be  ad^ed  the  Area  of  its  two  Bafes  (or  End$X  fuz.  ttSjd 
DDy  then  'tis  evident,  that  the  whole  Superficies  of  the  Cylinder 
will  be  to^  that  of  the  Sphere  in  the  Proportion  of  3  to  %. 

•  Scholium. 

From  the  Method  here  ufed  in  proving  die  laft  Tbeerem  'twill 
be  eafy  to  find  the  cstrve  Superficies  of  any  Segment  or  Part  of  a 
Sphere  that  is  cut  off  by  a  Bight  Line  or  Plane,  Vfs.  fuch  as  the 
Segment  aTm  in  the  laft  Scheme^  whofe  curve  Sulfides  is 
0f  tf  r(as  above).  Therefore  (becaufe  D  « *4-  D  Th=^  HuT) 
k  will  hcQah-^-QThzsithe  curve  Superficies  of  Aat  $^^- 

But  if  the  Axis  TS9  and  Height  Tb^  of  the  Segment  are  given, 
riien  will  it  be  TS  X  7**  =  D  tf  7*;  as  in  the  third  Step  abov<« 
l^bich  gives  this  Proportion  or  Theorem  s 


Viaj, 


-  ^  As  the  Axis  rf  the  Sphere  :  is  to  the  wbele  Superficies  of  the 
Vis.  <     Sphere  :  :fo  is  the  Height  of  tmy  Sigmnt :  to  its  curvi 
L    '  Superficies. 
To  which  if  there  be  ad^ed  the  Ana  of  the  Segments  Ba(e,  the 
Sum  will  be  the  Superficies  of  the  whole  Segment. 

THEOREM    XVm. 
Evirj  Sphere  is  efual  to  two  Thirds  of  its  eiratmfcribing  CfSmlerm 

That  is,  of  a  Cylinder  wfaofe  Height  and  Diameter  of  its  Bale 
mre  each  equal  to  the  Axis  of  the  Sphere. 

Accordinff  to  the  Work  in  the  laft  Theorem  it  appears,  that 
®ah^Qed^®yficc.  doconftitute  the  JTT' 

Solidity  of  the  Sphere ;  and  therefore  if  a^^^^^\     Njt 

the  indefinitely  fmall  equal  Parts Cf^fJj        |J^y     j'"  ' 
sthjicc  intowhich  C^is  fuppofed  tobe      ^7 •;;'.••'       L 

divided,  beeachcalled  AT,  and  r  or-  be  put     A[^ jC- 

z 
for  the  Radius  of  the  generating  Circle,  we 
ihall  haver r<—;rjr,  rr  — 4Jrjr,  rr^^ 
9  jTjr,  &C.  for  the  refpedive  Squares  of  -^ 

Cy^  C/,  Ctf,  &c.   Bu(,  by  Lemma  3.  the  '^ 

Sum  of  rr — 4x+ rr— 4;r4r +  rr— >9;rAf,  &c.  where  the 
Number  of  Terms  is  reprefented  by  TC  or  r,  is  expreiled  by  r>-* 
ri  XX  ^  ar3^  ^  ^      expounded  by  Unity;  therefore  *7^54  x  Z)» 

.33  3 

b  the  Solidity  of  the  Hemi-fphere  ATG^  and  confequently  ,7854. 

-  2  2)3 

X that  of  the  whole  Sphere. 

3 
Again,®  rCx I rc=  0,7854 DZ>  x ^D  =0,13092) 2>Z), 
theno,3927  D2)2)— 0,1 309  D2)2)= o,a6 18  Z)2)Z)  the  Solidity  of 
the  Semi-JphereATG J  confequently,  0,2618  DDD  x  2  =  0^5236 
DDD  will  be  the  folid  Content  of  the  whole  Sphere^  which  is  equal 
to  two  Thirds  of  the  Cylinder  whofe  Diameter  of  its  Bafe  and 
Height  =  D.  For  0,7854  DDD  t=  the  Solidity  of  the  Cylinder, 
by  Theorem  n.  But^^pf  0,7854 2>Z)2)  =10,52362)2)2)^  asbe- 
foi>e.    Therefore,  (fc.  as  by  Theorem* 

Exam^ 
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*  Example.  Suppofe  the  /txis  D  zz  1 6,  then  DDDz=z 4096, and 
X  :  0,5236  :  :  4096  :  2I44>6656  ti^zJolidConunt  of  ^AtSpbeti. 

CorcllarUs. 

'  I.  Hence  it  appears,  that  the  folid  Content  of  every  Sphere  it 
equal  to  its  Superficies  mulciply'd  into  one  fixch  Part  of  its  Axis. 
For  its  Superficies  is  3,1416  D  Z>«  by  Tbe9rem  17.  But  3»i4i6  X 
^  Z)  =  0,5236  Z>Z)  2)  the  Ibiid  Concent,  as  before. 

2.  And  hence  *tis  alio  evident,  that  there  is  the*  like  Rathos 
Habitude  between  the  Cute  and  its  infcrib^d  Sphere^  as  is  betwixt 
the  Squan  and  its  infcriVi  CircU  \  and  that  is,  as  the  Superficies  of 
any  Cube  :  is  to  the  Superficies  of  its  infcrib'd  Sphere  ::  fo  is  the 
Iblid  Content  of  that  Cube  :  to  the  folid  Content  of  the  jj^^ffy.  [See 
the  Circle's  Proportion,  Page  407.]  For  if  Z>  =  the  Side  of  the 
Cuhe^  then  6  DD  s=  its  Superficies,  and  i>i>  2>  =  its  Solidity ;  and 
3,1416 DD  =the  Sphere'^  Superficies.  But  6  i)i)  :  3,1416  DD 
:  :  DDD  :  0,5236  X>/>i>  the  Solidity  of  the  5^£^#i  as  above. 

ScbQiiwn. 

From  the  Proof  of  this  Theorem  'twill  be  ea(y  to  deduce  or 
itMc  Theorems  for  finding  the  folid  Content  of  any  Fruftum  or  Seg^ 
ment  of  a  Sphere ;  as  a  Tm  in  the  laft  Figure.  For  we  there  fup- 
pofe  the  Segment  tf  T'^  to  be  confiittited  of  an  infinite  Series  of 
Circf  es,  which  have  the  fame  Ratio  with  ail  thofe  Circles  that  con- 
fiitute  the  SemiJ^cre.  Therefore  it  follows,  that  ®  <i/  x  iTb 
—  ®  bT  X  yTb  will  be  the  Sum  of  all  the  Circles  intercepted 
between  T  and  b.  Colifequently  'twill  be  the  Solidity  of  that  Seg- 
ment. And  hccaufe  d  ab  +  Q  T b  =:  U  a  T  :  therefore 
®  a  b  +  QTb  X  iTb—(S)Tb  X  ib=the  fame  Solidity. 

Let  er=:  ab  half  the  Segment*!  Bafe  ^  h  =  Tb  its  Height  s  and 
iS=  the  Solidity  of  the  Segment  or  Frujium :  Then  0  a^  =  3,14 
x6  ccj  and  (•-  Tb  :z:  3,141 6  M*     Confequently, 

i£il^f±t^llli^-ilIii^  =  S.  which  being  reduced 

2 3 

will  become  3t<:A-t-/>*Axo,5236  =  S.  Of  1,909855)  30*  4-  bbi 
(  ■=  5.  for  0.5236)  1,0000  ( i»909855,  Which-  is  one  Thtfrem 
for  finding. the  Fni/lum's  S*IiJ(tjf. 

Nrtty 


oppb'd  to  a<ipetfltfeg  and  %fSSttlU  4^5 

Nqu^  Here  we  fuppofe  the  Height  of  the  Segment,  and  the 
Diameter  of  its  Bafe  to  be  given ;  but  if  the  Axti  pf  the  Sphere^ 
and  the  Height  of  the  Segment  be  given,  then  putting  D  =:  the 
Sphere's  Axis,  ift  =  the  Segment's  Height,  and  c  as  before,  'twill 

be  Z> — ift  X  i(  rr  tf,  viz.  Db--bhsscc.  Therefore  3  Vbb^ibhb 
'=3ccb^bib.  confequently  3  D bb^^zbbb  x  0,5236  =: 5, 
the  Fruftunet  Solidity.  Or  1,90985)  %D  bb  —  %bbh  {zz  S^ 
as  before.  Which  is  a  fecond  fbeoram  for  finding  the  lame  Fri^ 
Jium  a  Tm. 

And  if  it  be  required  to  find  the  middle  Part  a  m  NK^  ufually 
caird  the  middle  Zpne  of  a  Sphere,  then  T* 

becaufe 'tis  fuppofed  that  4rm=:iNrj!r,  or  ^x'^"^ 

which  is  all  one,  that^CrzC^,  there* 
Sore  it  is  plain,  that,  if  twice  the  S^- 
mmtnTm  be  taken  from  the  Solidity 
of  the  whole  Sphere,  there  will  remain 
the  Middle  Zom  amNK.  But,  be- 
caufe  that  Work  is  a  little  trouble-  ^ 

feme,  I  fliall  here  ihew  how  to  raife  a         *         

Theorem  for  the  doing  it.  ^ 

Firft,  Becaufe  AC-yC^iC-aCz=^ TC.  Therefore  it 
will  be  D  i/C— .  D  Cf=  a  >/.  D  if  C—  D  Crf  =  D  ed. 
a  AC—  uCb—n  A^  &c.  Here  becaufe  Q  AC.  Q  AC. 
O  ACy  &c.  are  a  Series  of  Equals^  and  Ck  the  Number  of  all 
the  Terms,  therefore  n  ACnCt^ikt  Sum  of  all  that  Series, 
by  Lmma  i.  And  Q  Cf.  Q  Cd  .  u  CA,  &c.  beingaSeries 
of  Souares  whole  Roots  are  in  Aritbmitick  Progreffion^  beginning  at 
die  Uenter  or  Point  C,  viz,  o,  Cf^  Cdy  Cb^  &c«  wherein  the 
greateft  Term  is  D  C^,  and  Number  of  Terms  isC^.  Ergo  a 
C  ^  X I C  4  =3  the  Sum  of  all  the  Scries,  by  Lmma  3.  Confe- 
qwntly,  t\it  ®  AC  x  Ch  —  (S>Cbxi  Cb  =  the  Sum  of"  all 
rtie  Series  ®yf.(Qed.Qab^  &Ct  which  do  conftitute  the  So- 
lidity of  the  balfZont  am  AG.  And  becaufe  n  AC^  uCh 
as  D  ah.   Ergo®  AC  —  0tf^=  ©  Cb.  Confequently  ©  if  C 

^  ^y^  QAC—®ahxGb  :^  ^  (S^dC-^Ci^ah  x  ^  Cb  will  be  the 

3 
Solidity  of  the  half  Zone. 

Put  D  =  AG  :=:tAC.x  =  am.2BiHz::bB=z2Cb, 
Then  0  ^  C  =  0,7185+  DD.  Q  ab=z  0,7854  xx.  And  if 
we  turn  the  common  Fa^or  0,7854  into  the  Diviibc  1,27323, 

I  i  i  and 


;426 


Xbe  Mtomettcfe  ^  imxnm  ,     I'^t  v. 


and  then  ti^ietiic  Trij)le  of  that  Divifor,  i/7z.  3,8197  (as  before  in 
the  Fruftums  of  Pyramids)  the  Rcfult  of  the  precedent  Work  will 
product  this  Allowing  Thcorcrfu 

-      ^  r  H  E  O  R  E  M    XX. 

Spheres  ere  in  Proportion  one  to  another  as  the  Cubes  of  their 
Diameters.    {i%.  e.  r2.) 

SDemanffcatfoit^ 

Suppofe  D  ==  the  Diameter  or  Hxis  of  any  Sphere^  and  d  =rthe 
Diameter  of  another  Sphere^  either  greater  or  left.  Then  is 
0,5236  DDD  =:\he  Solidity  of  ont  Sphere,  and  0,5236  ^((/= the 
Solidity  of  the  other  Sphere^  bv  Thedrem  1 8.  But  ^  i>  D :  i/i/^ : : 
0,5236  DD  D  :  0^236  dda^ 

THEOREM    XXL 

Thefolid  Content^/  every  Spheroid  is  e^ual  to  two  Thirds  of  its  cir^ 
ctimfiribing  Cylinder. 

SDemouttrarfom 

Suppofe  the  Figure  NTnSN  in  the  annex'd  Scheme^  to  rc^ 
prefent  a  Spheroid^  formed  by  the  RoUtion  of  the  Semi^Ettififis 
TNSj  about  itsTranfzfer/e  AxisTS  (as  by  Definition  15.) 

Let  D  n:  TS^  the  Length  of  the  Spheroid,  and  the  Axis  of  its 
circumfcribing  ^here ;  and  rf—  Nn,  th«  Diameter  of  the  greateft 
CiVde  of  ihc  Spheroid,  Then  becaufe  D  fC  :  NC  :  :  Q  Ahi 
oak,  by  Step  %  xnTheor.  7,  therefore  it  will  bcDDidd::  O  M 
:  a  ah  ::  ®  Jtif^  ah.  Sec.  But  theSumof  an  ir^ntttSeries 
of  fuch  Circle  asi0  Ab  (whofe  Diametert 
are  Chords)  do  confiitute  the  Solidity  of 
the  Sphere,  (as  before  at  Theorem  18)  and 
the  Sum  of  an  infinite  Series  of  fuch  Cir- 
cles as  0  i7  ^  (viz.  whofe  Diameters  arc 
Ordinatcs  of  the  Ellipfis)  do  conftitute 
the  Solidity  oC  the  Spheroid,  by  Deffnitiou 
15.  Ergo  DD:  dd  :  :  0,5236  DDD: 
0,5236  dd  D  =1  the  Solidity  of  the  Sphe- 
roidp  by  Lemma  6. 
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*^     i 

^ 

I 

A 

1     c 

B     / 

*»    ^v 

y  •* 
^^,««^ 

n   r 


But 


apptf'd  to  g)lipCrfiC(0iB{ 'tf»i 'SajflliBr/"   '   T^7 

But  Qy^2^ddD  =  y  of  the  XHyUndir  whofe  Diameter  is  =  ds  au'd 
Hci^t  =  Dy  by  Theorem  1 1,  Q^  E.  D. 

Now,  from  this  Proportion  between  the  Sphere  and  its  infcrib'd 
Spheroid^  'twill  be  very  eafy  to  deduce  Theorems  for  finding  the 
£^//^  Content  cither  of  the  Segment  or  middle  Z^w^  of  anj  Spheroid^ 
having  the  (ame  Height  wicli  th&t  of  the  Sphn^,  > 

r  As  the  Solidity  of  the  whole  Sphere  :  is  t^  the  Solidity  of  the 
For  i  whole  Spheroid  : :  fo  is  any  Part  of  the  Sphere  :  to  the  lUe  Purt 
L  $f  the  Spheroid^  by  the  Converje  to  Lemma  6. 


As^  Inftance ;  Suppofc  it  were  required  to  find  th«  middle 
'  Zone  of  any  Spheroid :  tit  DzzzTS^  and  d  zz  Nh^  as  above  -,  and 
/f  =  hBy  xzsAMy  as  in  Theorem  19,  and  let  ^  =:  ^  jn.    Then 

iJL^:t!!l  xH^the  middle  ione  of  the  5/A^r^..  And  o^s^^eDDD 

:  0,52^^2)  ::l£^tl'xH^^  =   the 

middle  Z^n/  of  the  Spheroid, 

Again,   DD :dd::xx: ccy  therefore         -.■  z=itc.  confequent- 

ly,  ^7^  <  — o —  =     o^      ^  H,  which  being  taken  inftcad 
DiJ      -^,8197      3,8197 

fxxddx  H   ^^^^^  ^jj,  ^^.^^  ^.^  following' 

3>«i97^^  * 

THEOREM  XXII.  { if^hl :  x  /^=  j  ^^/ J*"''!!^;  ^^^^ 

^   318197  i  of  the  Spheroid, 

being  the  very  feme  with  Theorem  19. 

Note,   /if  the  fame  Manner  you  may  raife  Theorems  for  finding  the 
Segment  of  a  Spheroid,  cut  qfeit  either  of  its  Ends^  &c. 

THEOREM    XXIII. 

The  Area  of  every  Parabola  is  equal  to  two  Thirds  of  Its  circum* 
fcvibing  Parallelogram. 

SDemon(lt:ation« 

Let  the  Figure  SAB  rcprcfent  half  a  Parabola.  Make  D  B 
parallel  to  the  Axis  S  A^  and  Sd  parallel  to  the  Semi-Ordi- 
note   J B^    ar)d   fuppofc   Sd  to  be    divided    Into    an   infinite 

l\  i  %  S<fiit 
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the  ommtnai  of  %tmitt» 


PartV. 


-•i» 


l 


be 
But 
3* 


SUh/ 


Series  of  equidiftant  Points^  as  /,  g^  b^  &c.  and  from  thofe  PntUs 
iipagine  a  Series  of  Parallels  to  the  Axis  SA^  viz.  fm^  gn^  bf^  &c. 
drawn  to  the  Curve  of  the  Parahla^  and  meeting  tl^  Semi-^rJi- 
nates  ma^  ne^  jp^  &c.  Then^  according  to  the  Property  of  tbe 
Parabola^  it  will 

i\SA\Q  ABi  :Sa:  a  ttm 
2  8A:  a  ABi  :Se:  n  in 
SA:  uABiiSy:  Qyp^kc^ 
Sa^Jm.  Sezzgn.  Sf=ibp.  SA-=idB 
Therefore  alternately  it  will  be 
D  AB:dB\  :  Uyp  ibp 
\\a  AB  :  dB::  O  e  n  :gn 
rU  ABidB::  Oamifmy  &c. 


'•II 


In  thefe  Prepertions  O  «  ^9  D  i  n^  D  yp^  &c.  are  a  Seriesof 
Sf stores  whofe  Roett  SA  Sg^  Sby  ice.  are  in  Aritbmetick' Pre^ 
greffioHy  beginning  at  the  Point  S.  And  becaufe  the  Lines  bp^ 
g  fSf  f^9  &c.  have  the  fame  Ratio^  therefore  they  are  as  ftich  a 
Series  of  Squares^  wherein  dB  it  the  greateft  Term^  and  Sd  the 

dB  yt  Sd 

Number  of  Terms.    Cpnfequently  tzJl =  the  Sum  of  all  thofe 

Lines,  by  Lemma  3.    Bnt  S Ax  AB  z=:  d B  x  S  d.    Therefore 

^^^^^  =  the  Sum  of  all  that  Series  of  Lines ;   but  all  thofe 

.3 
Lines  do  conftitute  the  Area  of  the  Semi-Parabold's  Complement^  vis. 
the  Area  of  what  half  the  Parabola  wants  of  compleating  or  filling 
up  the  Parallelogram  SdAB.    Wherefore  SA  xAB  -^  4.  SA 

^AB-ildJLilmllhcthcArea  of  hz\ftht  Parabola  SAB. 

3 
Confequently,  \SA%bB  will  be  the  Area  of  the  whole  Para* 
bolabSB.    Q,E.  D. 

Example.  Siippofe  the  Bafe^  or  greateft  Ordinate^  of  a  Para- 
bola to  be  i  B  =  24,  and  it's  intercepted  Diameter  (or  Axis)  be 
SA  z=2Z\  then  2SAxbBu^bbx%^:=:  1584.  and  3)  1584 
(528  the  Area  of  that  Parabola. 

THEOREM    XXIV. 

Every  Parabolick  Conoid  is  equal  to  one  Half  of  its  circumfaribing 

Cylinder. 


SDemoO' 


apply' d  to  Superficies;  and  dOia«f^  4^9 


9)nnonff7atCon. 

If  any  Semi-Parakcla  (as  BSJ)  be  turn'd  or  movM  about,  its 
Axis  (S  A)  'twill  form  a  ParaMick  Conoidj  conftituted  of  an 
irtfiniu  Series  of  Circles^  viz.  ©  i  tf ,  ©/^>  ©  f  J^>  &C.  by  D^- 
/w»  17. 

Now,  according  to  the  Property  of  every  Petrabola^  it  will  be^ 

SA:JB::AB:^^^L,  the  Lotus  Return. 
SA 

(Sa  X  L  zz  Q  ba 

ThtnjS  e)C  Lzsz  u  fe 

LSy  X  L  =:  a  gy^  itc. 

Here  Sax  Ly  SixL^  Sj  x  L^  &c.  are 
a  Series  of  Terms  in  Arithmeiick  ProgreJJion : 
therefore  D  *tf,  Of ^9  D  ^y»  &c»  arcalfo 
a  $enVi  of  Terms  in  the  fame  ProgreJJion^^  be- 
ginning at  the  Point  S\  wherein  Q  ^5  is 
the  greatefi  Term^  and  S  i/  the  Number  of  all 
the  7>rmj.  Therefore  D^Bx^S-^^thc  S/yw  of  all  the  Se- 
rieSf  by  Lemma  2,  Confequcntly,  ®  AB<^  S  Azzihe  Sum  of 
all  the  Series  ®  ba^  ®/^»  ©f  J>  &^-  which  do  conftitute  the 
SoIieUty cftht  Conoid.  And  putting  D  zz  2  AB^  md  H=  SA^ 
Then  0,7854 DDx^H^  0,3927  DDH  will  be  the  folid 
Content  of  the  Conoid^  which  is  juft  half  the  Cylinder  whofe  £^  ::: 
2)  and  ////[g^A/  =  H.    [See  Tiwr^ir^i.]  Q^  E.  D. 

This  being  underftood,  'twill  be  cafy  to  raife  a  Theorem  for 
finding  the  Frujlum  of  any  Parabolick  Conoid,  For  fuppof- 
ingbzzaA  the  /£r/]^/^/  of  the  PruJiuMy  and  ^  =  5  a  the  i£r//^/  of 
the  Part  ^  SA  cut  off;  then  b '^-p  ^  S  A^  tht  Height  of  the 

whole  Conoid.    Confequently,  ®^S^^f®^^^P  ^  .^ndity  of 

the  whole  C^«diV.    And  tfJ!ii  =  the  Mr 

2 

dity  of  the  Part  cut  off.  .     ^    • 

®  AB  <  A+  ®  ABxp—maxp_  hf — P^— \C^ 

2 

the  Stf/iVi/x  of  the  Frujlum. 
b^pi  U  AB\  ipxnba 
b  +  p:®  AB::  p:Q  b,q        fff,^ 
qAS  xpzz  (S>baxh-\'Q}  baxp  , 


Ergo 

But 

Confcq.'s 

3  v. 4 


r 


43^ 


The  atttfjmetiCfc  of  anfittfteSf  Part  V. 


®ABxh^®4Bxp—(S>baxp^zF 
®JBxb=:2F—®  baxb 
@AB%b+®  baxb:=:  zF 

®di±^y,h:=.Ft!^tFrufiunCs  Solidity. 


L 


J^-^®baxp   5 

1X26 

6  — s   7 

7  +  ©AtfxA  8 

Let  D  r=  2  y/jB,  as  before,  and  ^  r:  2  3  ^  the  Diameter  of  the 
Part  cut  off;  then  we  fiiall  have  this  following 

THEOREM  XXV.  50,3927^^  +  0,3927  ddy^b  =  the 
C      Solidity  of  the  Frt^um  required. 

Or| ~-  X  Arrthe  Fruftum  \  for  ,3927)  1,0000 (=^2^5464 

^15404 
and  becaufc  2,5464 +  215464^  2^8  j^.  therefore  it  may  be 

2 
made  3,8196)  S^D+^x 4^ A (=  the  fame  Fnj/firm,  fer^. 

Note,  The  Reafen  wby  I  bave  reduiced  ibis  Theorem  to  have  the 
fame  Divifor  witb  tbofe  at  tbe  Fruflums  ofPyramdiy  &c 
will  hejl  appear  farther  ouy  viz.  when  they  all  come  to  be 
apply  d  to  Pra^ici  in  Gauging. 

THEOREM    XXVI. 

Every  Parabolick  Spindle  (or  Pyramidoid)  is  equal  to  eight  Fifteenths 
of  its  circumfcribing  Cylinder. 

SDcmortffratton. 

If  any  aeute  Parabola^  as  *  S  5,  be  turn'd  or  mov'd  about  its 
grcatcft  Ordinate  bjfBy  it  will  form  a  Solid  call'd  a  Parabolick 
Spindle^  conftitutcd  of  an  infinite  Series  of  Qm  a,  ©  »  /,  ^Py^ 
&c.  by  Definition  18. 

'  Let  us  fuppofe  the  Line  S  d^  parallel  and  equal  to^f  B^  diirided 
inro  an  indefinite  Number  of  equal  Parts  in  the  Points  /  g.  h. 
&c.  as  at  Theorem  23)  then  it  hath  already  been  provcdi,  th.  { 
the  Lines /w,  g  n^  h'p,  &c.  are  z  Series  of  Squares  whofe  Roots 
are  in  Jriihmetick  Progrejfton  :  confequently  their  Squares^  vi». 
a  frrii  U  gn^U  hp,  &c.  will  be  *    • 

a  Series  of  BiquadrateSy  whofe  Roots 
will  be  in  Arithmetick  Progrejfton : 
which  being  premised,  we  may 
proccej  thus. 

r  \i\S  A — fm  zzm  a 
Firft,  J  W\SA—gn  —  ne 

i\z\SA—hpz=zpy,  &c, 


apply  d  to  idupecficiesf  ^nd  %(Am^        43  < 


3®-* 


a  5y/—  2SJxgn  +  D^«  =D«  r 

D  SA  —  ^SAxbp  4  D  A^  =:  b#/,  &c. 


1.  In  thefe  Mquatians  xhtuSAf  U  S  A^  B  SA  being  a  &nVx 
of  Equals^  and  if  5  the  Numbiroi  all  the  7>nnj ;  therefore  it  will 
be  D  5  A%  AB  =  the  Sum  of  the  5^/>x,  by  Lemma  i. 

2.  Becaufe/m,  gn^  hpy  &c*  afe  as  a  Seriis  of  Squares  where* 

in  5 if  is  the  great^  Term^  and  AB  the  Number  of  the  Tirmx  s 

.      -,      %SIaSA^AB  _  2  p  &A<AB  _3„  .    a.    c        r  II  *!.  * 
therefore  ...^— -^-^-ii.-.^  =    t  will  be  the  Sum  of  all  that 

3  3 

Series^  hy  I>«»i«  3. 

3.  And  the  Q  /»,  U  gn^  U  bpj  See.  will  he  a  Series  of 
Timiii  in  the  Rath  of  BiquadraieSi  as  above ;  D  /£  =  Q  S  yf 
being  the  greatf/i  Term^  and  AB  the  Number  of  all  the  Trrmi  s 

therefore  it  wiD  h^BMldE  zr  the  Sum  of  ;ill  that  Series,  by 

5 
Lemma.$. 

Whence  it  fpllows,  that  Q  SJ  x  AB- 

2l^dR  =s  the  Sumof  all  the  Series  o(  Q  m  a,  Q 
5 


2nSAx  AB 


net 


npy^ 


fcff.  That  is. 


IS 


=  the  JK/ff  of  all  the  Seriesof  Urn  a. 


Une^Dbp.uJB.  &c.  confequendy,  ^®^^^^^  —  the  Sum  , 

of  all  the  &nV/of  0  m^,  ©»^>  0^J^*  ^^*  which  do  conftltute 
the  Solidity  of  half  the  Spindle,  viz.  of  Syf-B.  Therefore  putting 
D  =r  25./,  and  /^=  2.^5,  (vix.  hAB)  it  will  be  0,41888  DDH 
==  the  5tf//V//y  of  the  whole  ParaboUck  Spindle  hSB,  being  «  of 
0,7854Z>2)/f  the  Solidity  of  its  circumfcribing  Cylinder.  Q^  E.  U. 

From  hence  we  may  alfb  raife  a  Theorem  for  finding  the  FruJIum  ' 
^Apy  of  the  laft  Figure.    For  Q  SA  being  the  greatcit  Term,' 
®  py  the  leaft  Term,  and  Ay  the  Number  of  all  the  Terms  or* 
Circles  included  between  >f  and  y. 


1*herefore 
I  X  i 


I  S  Q  SA^^'ld^t  +  °^  X  Ay-^iheSum. 
^  3  5 

all  the  Series  U  S  ^^   Q  m  a,   Q   n  e.   Up  y 


tofi 


2     -i-    y// 
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,P 

But  4 
3-4 


^ie  9tftimttUk  of  3!nfinfteje! 


ParcV. 


3QSA^iS^xhp+A2^::z^ 

5  -*/ 

D  SA—  zSjfxhpzzQ  py—  a  bpfhj 6th  Sup. 

2a5^  +  3JEi£t=5f-  ap,+  a  ip 

5  ^J 


5+&C. 

Confcq.  7  2^~S^  +  ©  jT;  —  |.  ®  A/)  X  |  i/y  =  «,  the 
&um  of  all  the  Sirhso(  0  ^^,  ®  m<?^  ®  'v^*  0  py%  wbkh 
do  conftitute  the  Solidity  of  the  fruflum  SApy.  Therefore  put- 
ting D  =s  2  S  i/,  as  before,  C  =  2^jy,  x  =  2  A^;  an3  Hsst  ^j^ 

it  will  be  i,s7o8  DD  +  0,7854  CC-.o,3f4i<>;»»f  x  4.  /r=  the 
Jry//rw  S  J  py.  And  if  we  make  Z,  rn  2  H*  Then 
1,5708  />D -I- 0,785406*  — 0,3 1416 X*  X  4I  =  DouUeof 
that  Fruflum^  being  the  miiiUZf  Zd)i/.  And  by  turning  thefe  FaSvn 
into  one  common  Divifofy  as  in  the  Frujium  of  the  Conoid  zt  Thi^^ 
nm  259.  Pogi  4309  there  will  arife  this  following  Tbeonm. 

T  H  EO  REM    XXVn. 


t  3,8196)  2  DD  +  CO  —  0,4**  X  Z  (=» 
C     the  /niVi2f  ZtfAT  of  a  Parabolick  Spindle. 

It  may  be  here  expeded  that  I  (hould  now  nroceed  to  (hew  how 
the  ifrftf  of  any  Hyperbola^  and  the  Contents  of  fuch  S^/rVx  as  may  be 
formed  by  the  Rotation  of  that  Figure  about  its  Axis^  &c.  may  be 
found  ;  butbecaufe  thofe  Things  cannot  be  exadly  performed  by 
any  certain  or  fettled  Theorem^  as  thefe  of  the  Circky  ElRpJis^  and 
Parabola  have  been,  I  have  therefore  omitted  them,  and  refer  the 
Reader  to  Dr.  IVaUa's  Algebra^  Chap.  20,  Wf.  or  to  the  Philofipb. 
Tranfaif.  Numb.  34,  wherein  he  may  find  the  Method  of  forming 
infinite  Series  relating  to  the  fquarin|of  an  Hyperbola^  &c*  which 
are  too  tedious  to  be  fully  explatnM  and  demondrated  in  this  fmall 
Tra6i,  it  being  only  intended  as  an  Introdu^fion^  the  which  I  fliall 
Kere  conclude.  ' 
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A  N 

APPENDIX 

O  P 

PraSlical  Gauging. 

THE  Art  oi Gauging  is  that  Branch  of  theMathematicks 
calFd  Steriomitry^  or  the  Meafuringof  Solids^  becaurt 
the  Capacities  or  Contents  of  all  forts  of  Veflels  ufed  fot 
Liquors,  Crf  r.  are  computed  as  tho'  they  were  really  fo- 
lid  Bodies  ;  which  any  one  that  hath  made  himfelf  Mafter  of  tha 
foregoing  Parts  of  this  Treatife  may  eafily  underftand,  widiout 
any  farther  Diredions. 

However,  becaufe  *tis  not  to  be  fuppos'd  that  every  one,  who 
defigBs  to  undertake  the  Office  or  Imployment  of  a  Gauger,  hatli 
made  fo  great  a  Progrefs  in  Mathematical  Learning,  I  have  there* 
fore  prefented  the  young  Gauger  with  this  Appendix,  wherein  I 
have  only  inferted  fuch  Rules  as  are  ufeful  in  Gauging,  and  have 
been  already  'demonftrated  in  this  Treatife.  But  herein,  I  pre- 
fuppofe  that  he  hath  acquired  (or  if  not,  'tis  very  neceflary  he  fliould 
acquire)  a  competent  Knowledge  both  in  Arithmetick  and  Geo- 
metry :  That  is, 

L  In  Arithmetick  he  Ihould  underftand  the  principal  Rules  very 
well,  efpecially  Multiplication  and  Divifion,  both  in  whole  Num-^ 
bers  and  Decimal  Parts,  (which  may  be  eafily  l«arnt  out  of  the 
2d,  3d,  and  5th  Chapters  of  Part  1.)  that  (b  he  may  be  ready  at 
computing  the  Contents  of  any  VefleU  and  cafiine  up  his  Gauges 
by  the  Pen  only,  viz,  without  the  Help  of  thofe  Lines  of  Num*. 
bers  upon  Sliding  Rules,  fo  much  applauded,  and  but  too  much, 
pradis'd,  which  at  bed  do  but  help  to  guefs  at  the  Truth ;  I  mean 
fuch  Pocket-Rules  as  are  but  nine  Inches  (or  a  Foot)  long,  whofe  • 
'Radius  of  the  double  Line  of  Numbers  is  not  fix  Inches ;  and  there* 
fore  the  Graduations  or  Divifionsof  thofe  Lines  are  fovcry  c1ofe» 
that  they  cannot  be  well  diftinguifli'd.     'Tis  true,  when  the  Ru'e^ 
arc  made  two  or  three  Foot  long  (I  had  one  of  fix  Foot)  there  they 
may  be  of  fome  Ufe,  efpecially  in  fmall  Numbers ;   altho'  even 
then  the  Operations  may  be  much  better  (and  almoft  as  foon) 
done  by  the  Pen:  For,  indeed,  the  chief  Ufe  of  Sliding  Rules  is 
only  in  taking  of  Dimcnfions,  and  for  that  Purpofc  they  are  very 
convenient. 

K  k  k  II.  In 
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II.  In  Geometry  the  Gauger  fliould  uxiderftand  not  only  how  to 
take  Dimenfions  (which  is  bed  learnt  by  Pradice)  but  alfo  bow 
to  divide  any  irregaiar  Figure  or  SuperficicSy  as  Brewers  Backs  or 
Coolers,  ISc.  into  the  cafieft  and  fc#cft  regular  Figures  they  will 
admit  of,  that  fo  their  Area's  may  be  truly  computed  with  the  leaft 
Trouble.     And  this  may  be  IcarnM  (with  a  little  Care  and  Dili- 

gnce)  out  of  the  ift,  2d,  and  5th  Chapters  of  Part  III,  which  the 
auger  fhoiild  be  well  acquainted  with.  Alfo  he  ought  to  have  fo 
much  Skill  in  Solids^  as  to  be  able,  even  at  fight  (but  this  rouft  be 
acquir'd  by  Experience)  to  determine  what  Sort  of  Figure  any  Vcf- 
fel  is  of  (vizrzny  Tun,  or  clofe  Ca(k)  or  what  Figures  it  may  be 
beft  reduced  to,  fo  that  its  I)imenfions  may  be  truly  taken,  and  tht 
Content  thereof  cothputed  with  the  leaft  Error.  I  fay,  with  tht 
leaft  Error,  becaufc  'tis  very  difficult,  if  not  impoffible,  tod«itex* 
,  aflly ;  for  there  is  not  any  Tun,  or  Cafk,  &c.  fo  regularly  madci 
is  by  the  Rules  of  Art  'tis  requir'd  to  be. 

III.  Befides  the  aforeifiention'd,  the  yoong  Gauger  muft  know, 
that  all  Dimenfions  uleful  in  Gauging  .are  to  be  taken  in  Inches, 
and  Decimal  Parts  of  an  Inch  ;  and  if  they  are  taken  in  any  other 
Meafares,  as  Feet,  Yards,  faTr.  thofe  Meafures  muft  be  reduced  to 
Inches,  (feeSea.4.  Pag.  42,)  bccaufe  the  Contents  of  all  Sorts  of 
VefTels  (faken  notice  of  in  Gauging)  are  computed  by  the  StandanT 
GalloA  of  Its'  Kifid,  whofe  Content  is  known  to  be  a  certain  Num« 
ber  of  Cubick  Inches  :  That  is,  the  Beer  or  Ale  Gallon  contains 
182,  the  Wine  231,  and  the  Corn  Gallon  268,8  Cubick  Inches* 
[See  the  five  Tables,  &c,  in  Pages  34^  35,  36,  which  I  here  fttp- 
pofc  the  Gauger  to  have  learnt  perfeSly,  by  heart.]  Confequentl/, 
if  cither  the  Superficial  or  Solid  Content  of  any  Vcflel,  as  Back, 
Tun,  Calk,  fefr.  be  once  computed  in  Cubick  Inches,  'twill  be 
eafy  to  know  how  many  Gallons,  either  of  Ale,  Wine,  or  Com, 
that  Vcflel  will  hold. 

Ndie,  I  have  here  faid,  the  Superficial  Content  in  Cubick  Inches^ 
tvhich  may  feem  to  be  very  improper,  according  to  the  Definition 
give/1  of  a  Superficies  in  Page  279  ;  but  you  muft  know,  that,  in 
the  Bufinefs  of  Gauging,  all  Superficies  or  Area's  arc  always  under* 
flood  to  be  one  Inch  deep,  otherwife  it  could  not  be  faid  (as  in  the 
Gangers  Language  it  is)  that  the  Area  of  firch  a  Back,  or  of  fucb 
a  Circle,  bfc,  is  fo  many  Gallons. 

Thefe  Things  being  very  well  underftood,  the  young  Gaugef 
will  be  fitly  prepared  to  underft^^nd  the  following  A W^wx,  which 
are  fuch  as  have  (moft  of  them)  been  already  propos'd  in  the  'fore- 
going Parts  of  this  Tfeatife,  and  only  are  here  apply *d  to  Pra(flice; 
and  therefore  I  fliall,  fpr  Brevity's  Sake,  often  refer  10  ihofc  Thco- 
sutxu  and  Problems; 
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Se£2.  I .  To  find  the  Ana  of  any  right-lined  SMperficies  in  Gallons. 

PROBLEM    I. 

Jo  find  the  Area  of  any  fquare  Tun,  Back,  or  Cooler,  i^c.  eithor 
jin  Ale,  Wine^  or  G>rn  Gallons. 


%ySx\ 


r  Multiply  the  given  Length  or  Breadth  (being  here  .e«* 
qual)  into  itfelf,  and  the  Prx>dud  will  be  the  Area  in 
Inches ;    then  divide  that  Area  by  282,   or  231,   or 

t  268,8  and  the  Quotient  will  be  the  Area  required. 


Example,    Suppofe  the  Side  of  a  fquare  Tun,  Back,  or  Cooler 
be  124,5  Inch^,  what  will  its  Area  be  in  Gallons  ? 


Firft  124,5  ^  i*4j5  =  1550^*25  the  Area  in  Inches. 
Then  282^  ^  54.96  ^r^.V  ^Jle  Gallons. 

And    231  y  15500,115 ")  76,10  b^c.  >the  Jrea  m<  fflne Gallons. 
Or  268,8  3  (isjM^c.)  L  Corn  Gallons. 


.  But  if  any  one  wouM  rather  work  by  Multiplication  than  hy 
Divifion,  he  may  turn  or  change  any  Divifor  into  a  Muhiplicator, 
if  he  divide  Unity^r  i,  by  that  Divifor.  (Vide  ProbL  3.  Pag.  402.) 

TlniB  zBz  J  C  0,003546  J  \Ale  Gallons. 

And  231  y  1,000000  <  0,004329  Whe  Mipltiplica.  for<  ^.  Gallons. 
Ox    268,83  C.o>oP372*J  iC.  Gallons. 

Confcquently  15500,25  x  0,003546  =:  54,96  Wc.  the  Area  in 
Ale  Gallons  j  as  before  j  and  fo  on  for  the  reft. 

PROBLEM    IL 

To  find  the  Area  of  any  Tun,  Back,  or  Cooler  in  the  Fornf,  of  0 
Right  angUd  Pfiralldogram  in  Ale  Gallons,  ^c. 

See  the  Rule  for  finding  its  Area  in  Inches,  at  Probl.  i,  P.  339, 
then  either  divide  (or  multiply)  that  Area,  as  abov.e,  and  you  will 
hay«  the  Area  in  Galions, 

Example,  Suppofe  the  Length  of  a  Brewer's  Tun,  Back,  or 
Cooler  be  217,5  Inches,  and  its  Breadth  85,6  Inches,  what  wili 
its  Area  be  in  Ale  or  Beer  Gallons,  ^c? 

Firft  217,5  X  85,6=18618.  Thicn  282)  18618  (66,02,  CsV, 
O/    i86jg  %  0,003546=66,02  faTr.  the  i/r#fl  required,  £!ff. 
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PROBLEM    III. 

To  find  the  Ana  of  any  Triangular  Tun,  Batk,  or  Cooler, 

in  Ale  Gallons,  ^c. 

See  the  Rule  for  finding  itis  Area  in  Inches  at  Prob.  3,  p.  340 ; 
then  divide  (or  oiultiply)  that  Area  as  before,  and  you  will  have 
the  Area  required. 

Example.  If  the  Length  of  the  Bafe  of  a  Triangular  Cooler 
be  86,4  Inches,  and  its  perpendicular  Breadth  be  57  Inches,  what 
will  its  Area  be  in  Ale  Gallons  ? 

Tirft,  86,4  X   V  =  2462,4.    Then  282)  2462,4  (8,73  »c. 
Or  2462,4  X  0,003546=8,73  &r.  the  Area  in  Ale  Gallons. 

Proceeding  thus,  you  may  eafUy  find  the  Area  of  any  Tuo, 
Back,  or  Cooler,  whether  it  be  in  the  Form  of  a  Rhombus,  Rbom- 
boides,  Trapesiuin,  or  pf  any  other  Polygon,  either  r^ular  or 
irregular,  in  Ale  or  Beer  Gallons,  &f.  if  you  firft  divide  it  into 
Triangles,  and  then  find  the  Area's  of  thofe  Triangles ;  (as  in  the 
2d,  4th,  5th,  and  6th  Problems  in  Chap.  $,  Part  III.)  the  Sum 
of  thofe  Area's  being  divided  (or  multiply'd)  by  its  proper  Divi- 
lor  (or  Muhipiicator)  as  above,  will  give  the  Area  requir'd. 

Now,  the  Practical  Way  of  dividing  any  Polyzonous  Tun, 
Back,  i^e.  into  Triangles,  is  by  help  of  a  chalk'd  Line,  iiidi  as 
the  Carpenters  ufe,  and  may  be  thus  perform'd. 

Suppofe  any  Brewer's  Tun,  Back,  or  Cooler,  in  the  Form  of 
the  annex'd  Figure  ABCD  FG.  Let  one  End  of  the  chalk'd 
Line  be  faflen*d  with  a  Nail  (or  otherwife)  in  any  Corner  or  An« 
gle  of  the  Back,  as  aty/;  then  flrain-  ^ 

ing  it  to  the  Angle  at  C,   ftrlke  the  ?-. jtt^a 

Diagonal  Line  AC  upon  the  Bot-             /:••'*         ^\ 
torn  of  the  Back}  and  flraining  it  a-        >4^*.i... Qd 

g"  in  to  the  Angle  Z>,  flrike  another  ^L. \'']y^ 

iagonal  Line,  as  AD^  and  fo  on  for  (^^^"""--^Jx''^ 

the  Diagonal  Line  G  Z),  &c.     Then  3^ 

having  mark*d  out  all  the  Diagonals, 

the  Perpendiculars  may  be  thus  found  :  Faflen  (as  before)  one  End 
of  the  chalk'd  Line  in  the  Angle  fi,  and  then,  by  moving  it  to 
MAfro  upon  the  Stretch,  find  out  the  ncareft  Diitance  between 
.  the  Angle  at  B  and  the  Diagonal  Line  AC\  and  there  0rikc  a 
Line,  and  it  will  mark  but  the  Perpendicular  from  B  to  the  Line 
AC\  and  fo  on  for  the  other  Perpendiculars:  Which  being  all 
iwrk'd  out  upon  the  Bottom  of  the  Back,  mcafurc  them  and  each 

Diagonal 
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Diagonal  by  a  Line  of  Inches,  &c.  and  then  the  Area  of  ftat 
Back  may  be  computed  $  as  diredled  above. 

And  here,  by  the  Way,  it  may  be  obferved,  that  the  Number 
of  Triangles  will  always  \k  lersi>y  two,  and  the  Number  of  the 
Diagonals  lefs  by  three,  than  the  Number  of  the  Sides  of  any 
Rieht-lin*d  Figure  that  rs  fo  divided. 

Having  found  (as  above)  the  tpue  Area  of  any  Brewer's  Back  or 
Cooler  (which,  according  to  the  Laws  of  Excife,  ought  always  to 
be  fix'd  or  immoveable)  the  next  Thing  will  be  to  find  out  the  true 
dtpphng  or  gauging  Place  in  that  Back,  that  fo  the  true  Quantity 
of  Worts  may  be  computed  (or  caft  up)  at  any  Depth  ;  which  may 
be  thus  done. 

1.  When  the  Bottom  of  the  Back  is  cover'd  all  over  (of  any 
Depth)  either  with  Worts  or  Liquor  (viz.  fVatir)  then  dip  it 
in  eight  or  ten  feveral  Places  (more  or  lefs  according  to  the  Large- 
nefs  of  the  Back)  as  remote  and  equally  diftant  one  from  another 
as  you  well  can,  noting  down  the  wet  Inches  and  decimal  Parts 
of  every  Dip, 

a.  Divide  the  Sum  of  aH  thofe  Dips  or  wet  Inches  by  the  Nttm* 
ber  of  Places  you  dipp'd  in,  and  the  Quotient  will  be  the  mean 
Wet  of  all  thofe  Dips. 

3*  Laffly,  find  out  fuch  a  Place  by  the  Side  of  the  Back  (if  you 
can)  that  juft  wets  the  fame  with  that  mean  Dip,  and  make  a 
Notch  or  Mark  there,  for  the  true  and  condant  Dipping- place  of 
that  Baok.  Then  if  any  Quantity  of  Worts  (which  da  cover  the 
%vhoIe  Back)  be  dipp'd  or  gauged  at  that  Place,  and  the  wet  Inches 
ib  taken  be  multiply *d  into  the  Area  of  the  Back  in  Gallons,  the 
ProduA  will  ftew  what  Quantity  (viz,  how  many  Gallons)  of 
Worts  are  in  that  Back  at  that  Time,  provided  the  Sides  of  the 
Back  do  fland  at  Right  Angles  with  its  Bottom. 

Se£l.  2.  To  find  the  Area  of  any  Circular  and  Elliptical 
Superficies  in  Gallons » 

1. 1  have  demonflrated  in  Chap,  6,  Part  III,  and  Theorem  3,  5, 
6.  Parr  V,  that  the  Periphery  of  the  Circle  whofe  Diameter  \% 
Unity,  or  I,  is  3,14159265  faT^.  (or  for  common  Ufe  3,1416) 
and  that  its  Area  is  0,78539816  bfc.  (o>  O^jS^^fere.) 

2.  Alfo,  that  the  Peripheries  of  all  Circles  are  in  Proportion 
one  to  another  as  their  Diameters  are ;  and  their  Area's  are  in 
Proportion  to  the  Squares  of  the  Diameters.  That  is,  as 
I  :  3,1416  : :  the  Diameter  of  any  Circle  :  to  its  Periphery.  And 
I  :  0,7854  :  :  the  S<)uace  of  the  Diameter  :  to  the  Area. 

^  Upon 
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Upon  thcfe  two  Proportions  depend  the  Solution  of  all  the  com- 
mon or  praflical  Queftions  about  a  Circle.   [&/  Page  408, 409.J 

P  R  O  B  L  E  M    IV. 

TA^  Diameter  of  any  Circle  being  givfu  in  Jiubes^  ufind  the 
Periphery. 

«.lil£    \  ^^^'''P'/  *«  g«^«n  Diameter  vith  3,1416,  and  the  Pror 
*^**^*  I  dua  will  be  the  Periphery  required.  \^u  Prob.  1 .  p.  408. 

Example.  Suppofc  the  Diameter  of  a  Circle  be  54,5  Inches, 
and  it  were  required  to  find  its  Periphery.  Then  54,5  x  3,1416 
==  171,21,  Jsfr.  Inches  is  the  Periphery  rcquir'd.  The  Converfc 
6f  this  is  eafy,  viz.  by  having  the  Periphery  given,  to  find  the  Di- 
ameter.   [See  Prob.  3.  Page  408.] 

PROBLEM    V. 

The  Diameter  of  any  Circle  being  given  (in  Inches)  to  find  its 
Area  }n  GaUons. 

{Multiply  the  Square  of  the  propos'd  Diameter  into 
0,7854,  and  the  Prodjud  will  be  th^  Area  in  Inches  i 
[See  Frobl.  jt,  P.  4Q8.J  that  Area  being  divided  hy  282, 
or  231,  tjc.  the  Quotient  will  be  the  Area  required. 

Example.  Suppofe  the  given  Diameter  be  54,5  Inches  as  above. 
Firft  54,5  X  54,5  =  2970,25.  And  2970,25  X  0,7854  = 
^332,83  the  Area  in  Inches :  ^^  ^         '^  ^* 

Then  282^  f   8,27240  f  ^/ir  or  J«r  GaHont. 

^^  /J'  f  ^33».83  -J  10,0988  J.  the  Aaain  i  Wine  Gallons. 
fhxi%fi%  t    8,6788)  Zc.r,GaUo^ 

But  thefe  Area's  iq  Gallons  may  be  much  eafier  found  without 
knowing  the  Circle's  Area  in  Inches,  as  above,  by  havina  the 
Square  of  the  Diameter  of  that  Circle  whofe  Area  is  one  Ga?lon ; 
which  may  be  thus  found,  by  Theorem  6,  Page  407 
^.785398  :  I  :  :  182  =  359.05  «*e  Square  of  the  Diameter  of  the 
Circle  whofe  Area  is  282  cubicle  Inches,  vt%.  one  ^ii  Gallon. 

And  from  this  Proportion  will  arife  the  following  Divifors } 

J  282,000000(359,051  r^.G. 

rm.  0,785398^  231,000000  (294,12  J. will  be  «  Divifir  fpr^  WjG 

Ic.G. 
U 


f  282,000000  {ss99<>S  1 
3<  231,000000(294,12  Cwii 
(.  268,800000(5^2,;^) 
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If  the  Square  of  the  Diameter  of  any  Circle  be  divided  by  zny 
one  of  thefe  confiant  or  fixed  Divifors,  the  Quotient  will  (he^ 
that  Circle's  Area  in  their  fefpedive  Gallons.  As  for  inftance» 
in  the  laft  Circle,  whofe  Square  of  its  Diameter  is  2970,25. 

Then  359,05  1  f   8,2725  7  C  ^.  G.  1 

And  294,12  >2970,25<  10,0988  Vthe  Areaisk<  ^. G.  S^  as  befoie^ 

Or    342,24  3  i  8,6788  3  LcG.y 

Now  thefe  Divifors  maybe  turn'd  into  Multiplicators  by  divir 
ding  Unity  or  i,  as  in  Page  435 :  Or  rather  by  dividing  the  Ar^9 
in  Inches  of  that  Circle  whofe  Diameter  is  i. 

That  18,  0,785398  by  282.    Or  by  231,  bfc. 

Thus  282  7  f  0,002785  7  C  Ak  Gal. 

And  231  Vo,785398<  0,003399  \  HiitMubipUeater^  I  Hlne  Gal 
Or  268,^  3  i  0,002922  3  C  C^rm  Gal. 

Thefe  Multiplicators  arc  the  refpedive  Area's  of  a  Circle  whole 
Diameter  is  x  ;  and  therefore,  if  the  Square  of  the  Diameter  of 
any  Circle  be  multiply'd  with  any  of  thefe  Numbers,  the  Product 
will  be  that  Circle's  Area  in  Gallons  of  the  fame  Name : 
Vi%.  2970,25  X  0,002785  =  8,2725  the  Area  in  A,  G.  as  above. 
And  2970,25  X  0,003399  =  10,0988  the  Area  in  ^.  Gal.  &c. 

Thus  you  fee,  that,  if  the  Diameter  of  any  Circle  be  given  in 
Inches,  there  are  three  fcvcral  Ways  of  finding  its  Area  in  Gal- 
lons, and  ^11  equally  true ;  but  that  which  is  performed  by  the 
€onfiant  Divifors  is  moft  generally  pradlis'd. 

P  R  O  B  L  E  M    VI. 

Thi  Tran/verfi  (or  longed  Diameter)  and  the  ConjugaU  (or  fhort^ 
eft  Diameter)  of  any  Elliptical  Superficies  being  ghen^  to  find 
its  Area  in  Gallons. 

{Multiply  the  two  Diameters   (vix.   the  Length  and 
Breadth)  together,  and  divide  their  Prod  oft  by  359,05 
for  Ale  Gallons,  or  294,12  for  Wine  Gallons,   ^c. 
the  Quotient  will  be  the  Area  requir'd.     [^See  Theo* 
rem  7,  Page  412.] 
Example.     Suppofe  the  longeft  Diameter  to  be  73,5  Inches, 
and  the  (horteft  Diameter  to  be  51,6  Inches  ;    what  will  the 
Area  be  in  Ale  Gallons  ? 

Firft  73»S>^  5^63=3792,6.  Then  359*05)  379i>6{io,56 
the  Area  in  Ale  Gallons.  Or  294,12)  3792,6  (12,89  the  Area 
in  Wine  Gallons,  Vc. 

Nitty 
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Niftij  The  two  laft  Problems  are  of  great  Ufe  in  gauging  of 
Worts  amongft  country  Vifhia^lers,  who  generally  brew  but  fliort 
Lengths  of  Ale  (perhaps  between  20  and  60  Gallons  at  a  Brew- 
ing) an<l  cool  their  Worts  in  feveral  fmall  open  Veflels  or  Tubs, 
whofe  Bafes  or  Bottoms  are  either  a  Circle,  or  an  Ellipfis,  faavit^ 
thetr  Sides  but  low,  and  are  moft  coflNQooly  wider  a(  the  Top 
than  at  the  Bottom. 

Now  a  praAical  Way  of  cooipsiting  the  Quantity  of  Worts, 
that  are  at  any  Time  ia  one  of  thofe  open  Tubs,  is  briefly  thus : 
When  the  Tub  is  dry,  find  the  true  Area  of  its  Bottooi  according 
to  its  Figure  (as  above)  and  either  mark  that  Area  on  the  Outiide 
of  the  Tub  (which  was  the  Way  I  generally  us'd  to  order,  be- 
cauie  the  Viauallers  did  often  lend  their  cooling  Tubs  one  to  ano^ 
ther)  or  dfc  number  the  Tub,  and  enter  its  Area  (and  its  Num« 
her)  into  the  Stock- book  ;  then,  when  any  of  thofe  Tubs  hath 
Worts  in  it,  take  the  Diameter  of  the  Surface  or  Top  of  the 
Worts,  and  find  that  Area,  adding  it  and  the  bottom  Area  toge* 
ther.  If  cither  the  half  Sum  of  thofe  two  Area's  be  multiply'd 
with  the  Depth  of  the  Worts  (uken  as  near  the  Middle  of  the 
Tub  as  you  well  can)  or,  if  the  Sum  of  thofe  two  Area's  be  mul- 
tiply'd  with  half  the^  Depth  (fo  taken)  the  Produd  will  (hew  th« 
Quantity  of  thofe  Worts  very  near  the  Truth. 

PROBLEM    VII. 

Thi  Diameter  of  any  Circle,  andthi  verfedSine^  viz.  (the  Height) 
of  any  Segment ^  being  giviMy  to  find  the  Area  of  that  Segment  in 
Gallons. 

tn  the  4.10th  ancl  412th  Pages  you  have  two  Ways  (and  their 
Examples)  of  finding  the  Area  of  any  Segment  of  a  Circle  in 
Inches  ;  then  if  that  Area  in  Inches  be  divided  by  282,  or  231, 
i^c,  the  Quotient  will  be  its  Area  in  Gallons.  But  becaufc  the 
Area  of  any  fuch  Segment  may  be  readily  found  in  Gallons  (with- 
out finding  its  Area  in  Inches)  by  help  of  a  Table  of  Segments, 
whofe  Conftru6^ion  is  laid  down  in  the  Problem,  Page  41 1,  iic. 
I  have  here  inferred  a  Compendium  of  fuch  a  Table,  which  will 
ferve  very  well  for  common  Pradice,  not  only  to  And  the  Area 
of  any  Segment  of  a  Circle  in  Gallons,  but  alio  to  find  theNum- 
ber  of  Gallons  that  are  either  drawn  out,  or  remaining  in  any 
Cyi'ndrick  Vcffcl  lying  along  ;  or  of  any  clofc  Caflc  (being  firft 
reduced  to  a  Cylinder)  its  Axis  lying  parallel  to  the  Horizon,  ufu- 
ally  caird  thtJJllage  of  a  Caflc  j  as  ftiall  be  flicw'd  farther  on. 

ATaUe 
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A  Table  of  the  Segments  of  a  Circle  whofe  Area  is  Unity  or  i, 
the  Diameter  being  divided  bj  parallel  Chord«>Line8  into  100 
equal  Parts. 


V.S.    St^tM 

y.s. 

Stgmiiu 

KS.   S^nt 

KS, 

■  SipniM 

1  0,0017 

,26 

o,2o66 

51  0.5127 

76 

0,8155 

2 

0.0048 

*7 

0,2178 

5* 

o,52|5 
0,5382 

77 

0,8262 

3 

0,0087 

28 

0,2292 

53 

78 

0,8369 

4 

0,0134 

«9 

0,2407 

54 

0,5509 

P 

0.8474 
0,8576 

5 

0,0187 

30 

0.2523 

55 

0.5635 

80 

6 

0,0245 

3» 

0,2640 

56 

0,5762 

8t 

0,8677- 

7 

0,0308 

3a 

0,2759 

57 

0,5888 

82 

0,8776 

H 

0,0375 
0,0446 

33 

0,2878 

58 

0,6014 

»3 

0,8873 

1   9 

34 

0,2998 

59 

0,6140 

84 

0,8968 

.0 

0,0520 

35 

0,3119 

60 

0,6265 

85 

0,9059 

/  "' 

0,0598 

36 

0,3241 

61 

0,6389 

86 

0,9149 

IX 

0,0680 

•37 

0.3364 

62 

0,6636 

87 

0,9236 

»3 

0,0764 

38 

0,3486 

63 

88 

0,9320 

>4 

0,0851 

39 

0,3611 

64 

0,6759 

89 

0,9402 

»J 

0,0941 

40 

0.3735 

65 

0,688 1 

90 

0,9480 

16 

0,1032 

4« 

0,3860 

66 

0,7002 

9' 

0.9554 

»7 

0,1127 

42 

0,3986 

^7 

0,7122 

92 

0,9625 

18 

0,1224 

43 

0,4112 

68 

0,72AI 

0,7360 

93 

0,9692 

>9 

0,1323 

44 

0,4238 

69 

94 

0.975S 

a« 

0,1424 

45 

0,4365 

70 

0^477 

9i 

0,9813 

21 

0.1526 

46 

o,449» 
0,4618 

7» 

0.7593 

96 

0,9866 

22 

0,1631 

47 

72 

0,7708 

97 

0.9913 

*3 

o,r738 

48 

0.4745 

73 

0,7822 

98 

0,9952 

*4 

0,1845 

49 

0.4873 

74 

0.7934 

99  0,9983  1 

«S 

0,1955   '  50 '0,5000'  1  75| 

0,8045   1  looi  1,0000  1 

The  Ufe  of  this  Table  of  Segments  depends  upon  the  following 
Proportion, 

f  As  the  Diameter  of  any  proposed  Circle  :  is  to  100  (the 
viz.  ^  Diameter  of  the  tabular  Circle) :  :  fo  is  the  Height  of  any 
t  Segment  of  the  propos'd  Circle  t  to  a  verfed  Sine  in  the  Table, 
Then,  if  the  tabular  Segment,  which  ftands  againft  that  verfed 
Sine,  be  multiply'd  into  the  Circle's  Area  (either  in  Inches  or 
Gallons)  the  ProduA  will  be  the  Area  of  the  Segment  required 
(rf  the  fame  Name]  viz.  If  the  Circle's  Area  be  Inches,  the  Seg- 
ment will  be  Inches  ;  if  Gallons,  the  Segment  will  be  Gallons* 

L  1  1  Example. 
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Example.  Let  the  Diameter  of  the  given  Circle  be  DA  =  62,5 
Inches^  and  the  Height  of  the  Segment 
fought  be  FA  =:  20  Inches ;  What  will 
its  Area  be  in  Ale  Gallons  ? . 

Firft,  the  Area  of  the  whole  Circle 
will  be  10,8793  Ale  Gallons  (by  Pro- 
btem  5.)  and  the  Proportion  will  ftand 
thus,  62,5  :  100  :  :  20  :  32  thcverfed 
Sine  of  the  Table  whofe  Segment  is 
0*2759.  Then,  10,8793  x  0,2^59= 
3, 0016  Ale  Gallons,  being  the  Area  of  the  Segment  BAG  Fj  as 
was  requir'd.  The  like  may  be  done  for  Wine  Gallons,  Com 
Gallons,  or  Inches. 

And,  upon  Occafion,  the  like  Segments  of  tny  Elltpfis  may  be 
eafily  found.  See  the  Proportions  in  the  Corotlaties  to  the  7lh 
and  8th  Theorems,  Page  412,  ^c.  to  which  I  here,  for  Brevity's 
Sake,  refer  the  Reader. 

SeA.  3.  To  compute  the  Contents  of  fuch  Veflels  (viz.  Ton^ 
Backs,  Vc.)  as  are  in  the  Form  of  the  foUowiig  Solids. 
Note^  Before  the  young  Gauger  proceeds  to  thefe  Comfputai- 
tions,  he  (hoi^d  be  well  acquainted  with  fuch  Solids  as  aredefin'4 
in  P.  402  and;  403,  and  then  he  may  eafily  undeiftand  what  Soic 
of  Figures  are  meant  in  the  following  Problem^  without  the  Re- 
petition of  many  Words,  |    \ 

\      PROBLEM    Vni.*    • 

To  find  the  Content  of  anf  Priffn  whofe  Sides  are  parallelpgram% 

'    what  Formfoetuer  its  Baft  is' of    * 
'  '  That  is,  to  compute  the  Content  (in  Gallons)  of  any  Tun,  && 
whofe  Sides  ane  Parallelograms  which  ftand  uprigkt,  or  at  Right 
Angles  with  itis  Bottoni.  .    ; 

*  Firft,  find  its  folid  Content  in.Inches,  by  Thedrebi  9,  Page  414} 
then  divide- that  Content  by  aSir^i'  231,  orb^26S,S  \  tl^  Qu»> 
tient  will  ihe  w  the  Content  in  their  refpedlive  Gallons,  viz.  in  Ale, 
Wine,  or  Corn  Gallons.^ ' 

Or  ejfe  multiply  the -Content  in  Inches  with .  0,003546,  or 
0,004329,  i^c.  [Seethe  Mu^tiplicators,  Page  435.]  ihofePro- 
dudts  will  be  the  Content  in  their  refpeflive  Gallons. 
Or  otherwife  thus :.. 

Find  the  true  Area  of  the  T-un's  Bafe  or  Bottom,  asdiredcd 
in  Sed.  i,  P.  435  ;  that  Area  being  multiply^d  with  the  Tun's 
JH eight  (viz.  Depth  within)  will  pioduce  the  Cgnippt  in  Gallons, 
a4  before. 

Itake 
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.    I  uke  the  Work  of  this  Pjfoblcm  to  be  fo  very  cafy,  that  it 
needs  no  Example. 

PROBLEM    IX. 

T^  find  tbi  OinteiU  rf  any  Pyramii :  {\n  .G^Mons)  ivhofe  Baft  is 
hounded  uritb  Right  Lints. 

■  Every  Pyramid  is  one  Third- part  of  its  drcumfcribing  Prifm, 
by  Theorem  lo,  Page  415.  Therefore,  if  the  Area  of  the  fiafe 
ef  any  Pyramid,  in  Gairons,  be  multtply'd  into  one  Third  of  its 
perpendicular  Height ; .  or  if  one  Third  of  that  Area  be  multiply'd 
with  the  whole  Height,  either  of  thofe  Produds  will  be  the  Con- 
tent of  the  Pyramid  in  Gallons,  b^c.  But  the  Content  of  any 
Iquare  Pyramid  may  be  eafily  found  in  Gallons  by  this  Rule. 

{Square  the  Side  of  its  Bafe,  and  multiply  that  Square 
with  the  perpendicular  Height ;  then  divide  that  Pro- 
dud  by  846rr282X3  for  Ale  Gallons,  or  by  693^=231 
X  3  for  Wine  Gallons,  or  by  806,4=268,8  x  3  for  Corn 
Gallons,  the  Quotient  will  be  the  Content  required. 
Or,  if  you  multiply  the  faid  Produ£l  with  0,001 182  fot  A.  G. 
or  with  o»ooi443  for  /^.  G,  or,  lafily^  with  0,001241  for  C.  C 
the  Refult  will  be  the  Content  requii'd,  as  before. 

PROBLEM    X. 

To/nd  thi  Content  (in  Gallons)  of  the  Fruftum  of  any  fquan 
Pyramid^  cut  off  hy  a  Plane  parallel  to  its  Bafe. 

Firft,  Either  by  Theorem  15,  P.  419,  or  Theorem  16,  P.  420, 
fknd  the  propo8*d  Fruflum's  Solidity  in  Cubick  Inches ;  then  di- 
vide that  Content  in  Cubick  Inches  by  282  or  231,  (5V.  and  the 
Quotient  will  be  the  Content  of  the  Fruftum  in  their  refpeftive 
Gallons. 

But,  from  the  forefaid  Theorem  15,  there  may  be  eafily  dedu- 
ced the  following  General  Rule  for  finding  the  Content  of  the  like 
Fruftum  of  any  Pyramid,  what  Form  foever  it*s  Bafes  areof  (iiip- 
pofing  them  parallel)  and  being  alike  and  alike  fituated. 

{To  the  Sum  of  the  Areas  of  the  Ends  or  Bafes*  add 
four  Times  the  Area  of  a  Se£lion  thereof,  by  a  Plane  in 
the  Middle  betwixt  the  two  Ends,  multiply  this  laft  Sum 
by  one  Sixth  of  the  Frufium's  Height^  and  the  ProduA 
will  produce  the  Content. 

L  I  1  2  ExampU. 
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ExampU,  Suppofe  a  Tun  in  the  Form  of  the  Fruftum  of  a 
Pyramid,  whofe  Bafes  are  equilateral  Triangles :  Let  tHe  Side  of 
the  Top  be  42  Inches,  the. Side  of  the  Bottom  be  63,4  Inches^ 
and  its  Height  \yi%.  Depth]  be  33  Inches  i  What  will  the  Con- 
tent of  that  Tun  be  in  Ale  Gallont  ? 

Firft,  find  the  Area  of  each  Bafe  in  Inches,  by  Probl.  7,  P.  343  ; 
then  find  whatthofe  Areas  are  in  Ale  Gallons,  by  Probl.  3.  P.  436. 
and  from  thence  the  Area  of  the  middle  Sedbn,  life,  as  ia  "jhis 
Example. 

Ex4mpU.  The}   Botwm    X    ^'"'"    \       eJilX  Ale  Gallant 
t    Mean     3Areaxby4{   is  16,97  j 

Their  Sum  25,80 

Thcna5,8x^  =  141,9.  Or^ii^x^^  =  141,9  the  Coa- 
6  32 

tent  required. 

PROBLEM    XI. 

To  find  the  Content  of  any  right  Cylinder  in  Gallons. 

That  is,  to  compute  the  Content  of  any  round  Tun,  fitc,  whole 
Diameters  at  Top  and  Bottom  are  equal,  and  at  Right  Angles 
with  its  Sides. 

The  Content  of  fuch  a  Tun  may  be  found  by  Theorem  11, 
Page  415 ;  or  otberwife  by  the  following  Rule. 

{Multiply  the  Square  of  the  Diameter  into  the  Height* 
and  divide  the  Produ6l  by  359*05  (or  multiply  with 
0,002755)  i^c.  as  in  Page  439,  that  Qiiotient  (or 
Produd)  will  be  the  Content  required. 
Exam.  Suppofe  the  Diameter  be  42^5,  and  the  Height  31,5  Inches. 
Firft  42,5 X42,5  =  1 806,25.  And  1 806,25 x 3 1 ,5  =  56896,875. 
Then  359,05)  56896,875  (158,46  the  Content  in  Ale  Gal.  (fcm 

PROBLEM    XII. 
To  find  the  Conimt  of  any  right  Cone  or  round  Pjrramid  in  Galkns. 
Becaufe  every  Cone  is  one  Third  of  its  circumfcribing  Cylin- 
der, [See  Theorem  13,  Page  416]  therefore  its  Content  may  b% 
truly  found  by  the  following  Rule. 

^  Multiply  the  Square  of  the  Diameter  of  its  Bale  into 

the  perpendicular  Height,    then  divide  their  Produd 

ISluIe.  'J  by  10^7,15  =  359,05  x_3  for  Ale  Gallons,   or  by 

c  Gallonsi  iic.  and  the 
equired. 

Or 


Or  if  the  faid  Produft  be  jnultiplyM  with  0,000928  =  <^^^^^7^ 

3 

or  irith  0,001 133  =  ?'^?f  tbore  ProduSs  wUl  be  the  Content 

3 
in  their  refpe^ve  Gallons. 

Example.  Suppofe  the  Diameter  of  the  Bafe  be  42,5,  and  the 
perpendicular  Height  be  31,5  Inches,  what  will  the  Content  be 
in  Ale  Gallons  ? «  (as  before. 

Firft  42,5X42,5=11806^5.  And  1806,25x31,5  =  56896,87^ 
Then  1077,15)^56896,875  (52,82.    Or  56896,25  x  0,000928 
^  52,82  the  Content  in  Ale  Gallons,    And  fo  on  for  Wine  oc 
'  Corn  Gallons. 

PROBLEM    Xm. 
To  find  the  Centent  of  the  Fruftum  of  any  Cone  in  GaUons* 

That  is,  to  compute  the  Content  of  any  round  Tun,  tiTr.  whofis' 
Diaoneters  at  Top  and  Bottom  are  parallel,  but  unequal. 

The  Content  of  fuch  a  Tun  may  be  found  by  the  Rule  at  Pro^ 
blem  10 ;  but  from  Theorem  16,  Page  420,  'twill  be  eafy  to 
deduce  this  following  Rule* 

{To  the  uiple  Produft  of  the  Top  and  Bottom  Diameters^ 
add  the  Square  of  their  Difference;  multiply  that  Sum 
into  the  Height  (or  Depth} :  then  divide  the  laft  Pro- 
duct by  1077,15  for  Ale  Gallons,  or  by  882,36  for  Wine 
Gallons  ;  the  Quotient  will  be  the  Content  required. 
Example*  Suppofe  the  Diameter  at  the  Top  to  be  52,4  Inches^ 
the  Diameter  at  the  Bottom  44,6,  and  the  Height  30  Inches, 
Firft,  52,4X44,6=2337,04;  and  2337,04 x  3  =  7011,12  l  ^  ,. 
Alfo,s2,4- 44,6*8  7,8;       and  7,8     X  7,8  c     60,84; 

The  Height  30  X  707 1*96=2 12158,81 

And  fo  on  for  either  Wine  or  Corn  Gallons,  as  Occafion  requires. 
But  if  the  Tun  (or  Veffel)  be  not  truly  circular,  that  is,  if  its 
Top  and  Bottom  be  elliptical,  and  alike  fituated,  the  Content  of 
fuch  a  Tun  may  be  truly  found  by  the  general  Rule  at  Problem 
10. 

PROBLEM    XIV. 

The  Axis  or  Diameter  of  any  Sphere  or  Globe  being  given  in  Inches, 
to  find  its  Content  in  Gallons. 

Every  Sphere  is  two  Thirds  of  its  circumfcribing  Cylinder,  by 
Tbeor.  i8^  Page  423  \  from  whence  and  Theor.  20,  Page  426,  *tts 

proved^ 
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proved,  that  if  the  Cube  of  the  Axis  of  any  Sphere  (taken  in 
Jnches)  be  multiply'd  into  0,5236,  the  Product  will  be  the  Con- 
tent of  that  Sphere  in  Inches.  Confequently,  if  that  Content  be 
divided  by  282,  or  by  231,  ^c.  the  Quotient  wiUl>e  the  Content 
in  Gallons. 

_But  thofe  t.wq'WoFks  of  multiplying  with  0,5236,  and  then 
dividing  by  282,  or  by  231,  &c.  may  be  contra^ed  into  one. 

From  hence  arifes  this  following  Rule. 
r  If  the  Cube  of  the  Axis  of  any  Sphere  be  divided  by 
I  538*57  ;w  multiply'd  with  0,001856  :  or  divided  by 
%\At*  1  44J»i7  >  orelfe  multiply'd  with  0,002266}  the  Quotient 
I  or  Pmdu6l  will  be  die  Sphere's  Content  ip  their  re- 
'^fpcclivc  Gallons. 
Example.  Suppofe  the  Axis  or  Diameter  of  a  Sphere  or  Globe 
ic  22  Inches,  how  many  Ale  Gallons  may  it  hold  ? 

Here  22  X  22  x  22=10648;  and  538,57)  10648(19,76  if.  (?• 
Or  1064&K  0,001856=19^76  Ale  Gal.  the  Content  required. 
And  fo  for  either  Wine  or  Corn  Gallons,  as  Occaiion  requires, 

PROBLEM    XV. 

To  find  the  Content  of  a  Segment  of  a  Sphere  in  Gallons. 

In  the  Scholium,  P.  424,  there  are  two  Theorems  for  reiblving 
this  Problem  according  to  the  Data. 

.  I.  If  the  Diameter  of  the  Segment's  Bafc  and  its  Height  art 
given,  the  Content  may  be  found  by  the  firft  of , thofe  Theorems, 
which  gives  this  Rule : 

iTo  the  triple  Square  of  half  the  Diameter  add  the 
Square  of  the  Height  \  then  multiply  that  Sum  into 
the  Height,  and  divide  the  Produft.  by  538,57  for 
yf.  Gn  or  by  441,17  for  W.  G.  &c.  as  above. 

2.  But  if  the  Axis  of  the  Sphere^  and  the  Height  of  the  Seg* 
ment  are  given,  the  Content  may  be  found  by  the  fecond  of  thofe 
Theorems.    • 

{From  the  triple  Prodad  of  the  Axis  into  the  Height^ 
fubtrad  t\Vtce  the  Square  of  the  Height ;  then  mul* 
tiply  the  Remainder  into  the  Height,  and  divide  that 
Product  by  538,57,  is^c.  as  in  the  laft  Problem. 

Either 
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Either  of  thefe  Rules  will  produce  the  Content  of  the  Segment 
in  Gallons. 

ExampU.  Suppofe  the  Diameter  of  the  Segment's  Bafe  be  28 
Inches,  and  its  Height  be  6  Inches,  what  may  it  contain  in  ^k 
Gallons  ? 

Firft  2)  28  fi4.  Then  (by  Rule  i.)  14  x  i4x?  =  588. 
And  6x6=36.  Next  588  -f-  36=624.  Again  624x6=13744. 
Xaftly,  538,57)  3744  (*»9S  the  Content  required. 

'  Note^  This  Problem  may  be  of  Ufe  in  gauging  the  Crovqy 
of  Brewers  Coppers,  He. 

Seft.  4.  The  praffical  Method  of  Gauging  any  fhfd  Tun  or  Copper^ 
'     tmd  mating  a  Table  to  Jbew  what  it  wiU  bold  at  tuery  Inch  daf^ 
MfiudOj  caWd  Inching  of  a  Tun^  &c. 

Firft,  you  muft  know,  that  moft  (if  not  all)  Brewers  Tuns  are 
fo  fix'd  as  to  lean  a  little  for  Conveniency  of  cleanfing  their  Drinic, 
which  is  ufually  call'd  the  Drip  or  Fall  of  the  Tun.  Now  this 
Drip  or  Fall  of  any  Tun  is  the  Hoof  of  fuch  a  Solid  as  that  Tuii 
is  fuppos'd  to  r^prefent,  and  under  that  Confideration  it  may  be 
found,  as  in  Theor.  16,  P.  420  :  But  the  praftical  (and  indeed 
the  heft)  Way  is,  to  meafure  into  the  Tun  (when  'tis  dry)  fo 
much  Liquor  as  will  juft  cover  its  Bottom  ;  for  by  that  means  you 
do  not  only  find  the  true  Fsdi,  but  alfo  a  true  horizontal  or  level 
Plane-over  the  Bottom  of  the  Tun ;  from  which  if  the  Depth 
of  the  TunYv/z.  the  neareft  Diftance  from  the  Top  of  the  Tun 
to  the  Surface  of  the  Liquor)  be  fet  off  upon  every  one  of  its  Sides, 
you  will  then  have  a  true  parallel  Plane  at  the  Top  of  the  Tun 
to  that  of  the  Liquor.  Then,  if  the  Sides  of  the  Tun  are  ftrcighjt 
from  the  Top  to  the  Bottom,  take  as  many  Dimenfions  in  the 
aforefatd  two  Planes  as  are  needful  to  find  the  true  Area  of  each  ; 
and  by  thofe  two  Areas  and  the  aforefaid  Depth  find  fo  much  of 
th2  Tun's  Content  (by  the  general  Rule  at  Problem  X.)  as  is  be- 
twixt thofe  two  Planes. 

Next,  to  inch  that  Tun,  divide  the  Difference  between  the  Top 
and  Bottom  Areas  by  the  aforefaid  Depth,  and  the  Qiioiient  vrill 
be  an  Addend  or  fixed  Number;  which  being  added  to  the  Icffer 
Area,  the  Sum  will  be  the  Area  of  the  next  Inch ;  and,  being  ad- 
ded to  that  Area,  their  Sum  will  be  the  Area  of  the  third  Inch  ; 
and  fo  on  from  Inch  to  Inch,  until  the  Area  of  every  finglc  Inch 
be  fouTd  i  the  Sum  of  thofe  Areas  (if  the  Work  be  true)  will 
amount  (or  be  equal)  to  the  Content  found,  as  above..  *  And  if 
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the  Tun's  Drip  or  Fall  be  added  to  the  Sum  of  all  thole  Areas^ 

that  Sum  will  be  the  whole  or  full  Content  of  that  Tun. 

Now,'  from  hence  it  mufi  needs  be  eafy  to  conceive,  that  if  i, 
2,  3,  dr  any  Number  of  thofe  Areas  (accounted  from  the  Bottom) 
be  added  to  the  Fall^  that  Sum  will  (hew  the  Quantity  of  Liquor 
or  Drink  that  is  in  the  Tun,  to  fuch  a  Number  of  wet  Inches 
from  the  Bottom  sis  there  were  Areas  added  together*  Or,  if 
the  Sum  of  any  Number  of  thofe  Areas  (being  accounted  from 
the  Top)  be  fubtraded  from  the  Tun's  whole  Content^  the  Re- 
mainder will  (hew  what  Quantity  of  Liquor  or  Drink  \%  in  the 
Tun,  when  there  is  fuch  a  Number  of  dry  Inches  from  the  Top  as 
there  were  Areas  fubtra^ied. 

This  being  well  confider'd,  it  will  be  ^fy  to  make  a  Table  ei- 
ther to  every  wet  or  dry  Inch  of  any  regular  1  un  {vi%,  whofe  Sidei 
are  flreighc  from  Top  to  Bottom)  what  Form  foever  its  Baies  are 
ef,  and  whether  it  ftand  upon  the  greater  or  lefler  Bafe. 

But  if  the  Sides  of  the  Tun  are  irregular  (v\%.  not  fireight  ftoiir 
jcs  Top  to  the  Bottom)  then  the  heft  and  eafieft  Way  will  be  to  di- 
vide or  part  the  Tun  into  (everal  Fniftums,  each  of  ten  Inches 
deep;  and  finding  the  Content  of  every  fmgleFruflum,  by  taking 
the  Diameters  in  the  Middle  of  every  one  of  thofe  ten  Inches  (that 
is,  the  firft  Diameter  at  5  Inches  from  the  Top ;  the  fecond  Dia- 
meter at  15  Inches  from  the  Top,  ^c.)  and  multiplying  thar  nfr- 
fpedive  Areas  with  10,  (.which  is  done  by  only  removing  the  iepa- 
rating  Commas  one  Place  forward  to  the  right  Hand)  if  the  Sum 
of  all  thofe  Fruftums  be  added  to  the  Fall  (as  before),  that  Sum 
will  be  the  whole  Content  of  the  Tun. 

NQte^  If  you  take  the  Height  of  the  'forefaid  ten  Inch  Fruftums 
in  the  Side  of  the  Tun,  you  muft  allow  for  the  Difference  between 
the  flant  Height  and  the  perpendicular  Height  in  every  Fruftum. 

Laftly,  If  from  the  whole  Content  of  the  Tun  you  fubtraS  tha 
mean  Area  of  the  firft  Fruftum  ten  Times,  and  from  the  Remain- 
der fubtra£l  the  mean  Area  of  the  fecond  Fruftum  tep  Times,  and 
from  the  laft  Remainder  fubtrad  the  mean  Area  of  the  third  Fru* 
ftum,  ^c.  until  there  remain  nothing  but  the  Fall  orHoof  of  the 
Tun,  you  will  then  by  that  Means  have  a  Table  that  will  (hew 
what  Quantity  of  Drink  is  in  the  Tun  to  any  Number  of  dry  Inches» 
And  this  is  alfo  the  Method  of  Gauging  and  Inching  Brewers 
Coppers,  v\%,  by  firft  meafuring  into  the  Copper  fo  much  Liquof 
as  will  juft  cover  its  Crown,  and  then  dividing  its  perpendicular 
Height  into  Fruftums,  and  its  Sides  into  four  equal  Parts,  that  (b 
crisis  Diameters  may  be  taken  in  the  Middle  of  each  Fruftum : 

But 
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but  if  the  Copper  be  oiuch  wider  at  the  Top  than  at  the  Bottom, 
and  its  Sides  fpheroidal  or  arching,  as  generally  all  large  Coppecs 
are;  then,  infiead  of  taking  thofe  mean  Diameters  in  the  Middle 
6i  tvery  ten  Inches,  a3  above,  you  muft  take  them  in  the  Middle 
of  every  fix  Inches,  and  proceed  on  as  before. 

Now  the  Quantity  of  Liquor,  that  would  cover  the  Crown  of 
the  Copper,  may  be  found  nearly  without  meafurin^  it,  as  above.' 
In  order  to  that,  I  do  fMppofe  the  Crown  to  be  the  Segment  of  a 
Sphere,  and  the  lower  Part  of  the  Copper  wherein  the  Crown 
arifeth,  to  be  the  Fruftum  of  a  Parabqlick  Conoid ;  then,  if  the 
Diameter  at  thb  Top  6f  the  Crown,'  arid  its  perpendicular  Heigl^t 
are  given,  the  Quantity  of  Liquor  ^ay  be  found  by  this  following 
Rule : 

{From  the  Area  pf  the  Plane  at  the  Top  of  the  Crown 
fubtraS  'y  of  the  Area  of  the  Crown's  Heiehtj  theRe^ 
mainder,  being  multiply'd  into  half  the  Height  of  the 
Crown,  wilt  produce  th^  Quantity  or  Number  of  Gat* 
Icfns  that  will  cover  the  Crown»  very  near; 

This  Rule  is  deduced  from  ^cboUumy  Page  424,  and  Theorem 
»5»  Ph^  430- 

ie^*  5.  To  compute  the  Content  ot  atny  clofe  Ca(k  in  Gallonsr^ 
viz.  of  any  Butt,  Pipe,  Hoglhead,  Barrel,  C^r. 

In  order  to  perform  this  difficult  Part  of  Gauging,  the  three 
following  Dimehfions  of  the  propofed  Cafk  muft  be  truly  taken  in 
Inches,  and  Decimal  Parts  6f  ari  Inch. 

f  The  Biilge  or  Bung  Diameter  *^ithin  the  Cafk. 
Viz.  -s  Either  of  the  Head  Diameters,  fuppofingthem  both  equal. 
L  And  the  Length  of  the  Caflc  within. 

Note^  In  taking  of  thefe  Diriienfions,  it  muft  be  carefully  obferv*d, 

1.  That  the  Bung- hole  be  in  the  Middle  of  the  Caflc  j  alfo  that 
Ihe  Bang-ftafF  and  the  StafF  over-againft  the  Bung-hole  are  both 
legular  or  even  within. 

2.  That  the  Heads  of  the  Caflcs  are  equal  and  truly  circular ;  if 
fl>,  the  Diftarice  between  the  Infide  of  the  Chine  to  the  Outfide 
of  its  oppofice  Staff  will  be  the  Head  Diameter  within  the  Calk, 
^try  near. 

3.  With  a  Hiding  Pair  of  Calipers  (niiade  on  purpofe  for  that 
tlfe)  take  the  fhortcft  Diftance  at  Length  between  the  Outfides  of 
the  two  Heads;  (fuppofirg  them  even)  from  that  Length  fub- 
traft  I  y  Inch  (more,  or  lefs,  according  to  the  Lurjenels  of  the 

M  m  m  Cafk) 
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Cafk)  for  the  ThrckffefsGf  Che  two  Heacfo^  the  Remainder  wiUte 
Wxt,  Length  of  this  Calk  tt^ilhin. 

Now«  by  thefe  Dirnefilibfi9,  6ne  %oiiId  fuppofe  die  Content  of 
the  Cafk  were  perfeAly  tliiiited  ;  hoc  it  will  be  eafy  to  perceive^ 
^yy  the  following  Pig^r'^)  that  (he  Diameters  (abovefaid)  and  the 
•Length  of  one  Cafk  hiay  be  equal  to  thofe  of  another,  snd  yet  ont 
of  thbfe  Cafks  may  contain  or  hold  feveral  Gallons  mort  than  die 
other. 

Asforlnfence,  fuppofe  the  wincx'd  Yl^xtABCBGF^  Xb 
teprefent  a  Caik ;  then  it  h  plain,  that,  ^ 

rf  the  outward  curved  Lines  ABC 
and  PG  D  arc  the  Bounds  or  Staves  of 
%he  Cdfk,  it  )nuft^n6e'dsltold  iliorethan 
if  the  inher  ftrcight  or  ddtttd  'Linfes 
Vire  its'Boilhds'or  8Wvt*s  ^  and  yet  the 
Bung  DlahftJfer  BG^  ^Mcad  Diaih^ter 
C  D  and  JF^  %irtd  -tfhe -Length  VHy 
are  the  fan^  in  both  thofe  Cafks. 

Whence  it  plainly  appears,  that  no  one  certain  or  ^eralRiile 
eau'be >refcfibM  Cb  find  the  true  Content  of  all  Sorts  bf  Cafls, 
and  therefcve  Gauger^do  Ufually  fuppofe  every  Cafk  to4»e  in  Foro 
of  fame  one  of  thefe  following  Solids. 

X    L  The'iniddfe  Zone  or  Fruflum^of  a,Sphcit>id. 
y.    J   IL  The  middle  Z^ne'orFruftum  of  a  Parabolick  Spindle. 
^'^'  j  in.  The  lower  Fruftums  of  two  equal  Parabolick  Conoids. 
L IV.  The  lower  Fruftums  of  two  equal  Cones. 

Now  the  Way  of  GudHirig-at  the  Gafk's  Form,  ^nd  computing 
its  Content,  according  to  its  fuppos'd  Form,  I  fbali  here  fliew  in 
their  Order. 

,  L  If  the  Staves  of  the  Cafk  are  very  much  curved  or  arching 
(as  the  outward  Lines  of  the  laft  Figure)  then  the  Cafk  is  fuppos'd 
to  be  in  the  Form  of  the  middle  Zone  or  Fruftum  of  a  Spheroid, 
wliofe  Content  may  be  computed,  by  Theorem  22,  Page  427, 
which  gives  thefe  two  Rules, 

rTo  twice  the  Squ^ire  of  the  Bunj;  Diameter  add  the 
I  Square  of  the  Head  D i dimeter  ;  multiply  that  Sunn  in- 
jiUllC  I*")  t<^  'he  L<*i)gthf  and  divide  the  Produd  by  1077,15. 
/  Fix.  3,8197  X  282  for  Ale  Gallons  ;  and  by  887,3^ 
^Fiz.  3,8197.x  231  for  Wine  Gallons.     Or  thu«. 


iTo  twice  the  Area  of  the  Bung  Cir<;]e,  add  the  Area 
of  the  Head  Circle;  multiply  their  Sup' into  one 
Third  of  the  Length,  and  the  Bro^^a  will  b^  the 
Content  in  their  reipe£tive  Qa]lom« 

ExatfipU  u  Suppofe  a  Ca(k  in  th^  Forin  of  t.b^  n^idOle  Zone 
ef  9,  Spberoid»  whoic  Bung  £)iaaaeter  i^  31,5,  Bead  Diamctear 
24>5)  and  its  Length  44  In^h^. 

Firft   31,55131,5x2=1984,5.     And  24,5x24,5=600^25 
JVgain  1984*5 +600,25= 2584,75.  And  2584,75x42=108559,5 
Then  1077,15)108559,5  (100,78  the  Coptent  in  Ale  Galbni, 
And  ^82,35}  108559,5  (123^03  the  Cppiei^t  in  WineGaNona. 

Or  thus,  by  the  Secpnd  Rule* 

Bung  DiHAeter  31,5  twice  ita  Circle's  Area  is  5,5270 

He^d  Diameter  24,5  its  Circle's  Area  is        1,6718 

The  Length  42  divided  by  3  is.  14  7,i988=their  Suni. 

Then  7,1988x14=100,78,  the  Content  rn  A.  Gallons  as  before. 

And  fb  the  Contient  in  Wine.Galions  914^  ^  found. 

IL  If  the  Staves  of  the  Cailc  are  not  quite  fo  much  curved  or 
arching,  as  was  fuppos'd  before,  the  Caik  is  then  tal^e^  for  the 
middle  Frufium  of  a  Parabolick  Spindle,  and  its  Content  is  com- 
puted, as  by  Tbeortm  27,  Page  ^yi.     Which  gives  this  Ruk. 

*  To  twice  the  Square  of  the  Bung  Diameter,  ad^  thj^ 

I  Square  of  the  Head  Diameter ;  from  their  Difference 
Uttilf  y^^^c^^^  ^our  Tenths  of  the  Square  of  the  Difference 
iSS,\x\x.  ^of  the  Diameters;    multiply  the  Remainder  into  the 

'Lengthy  and  divide  the  Product  by  1077,15,  ^c.  as 

^above. 

Example  2.  Suppofe  the  Dimenfions  the  fame  as  before.  Theo 
3i»5  ^  3^5  X  2  :  +  24,5  x  24,5  =  2584.75.  And  31,5  — 
24,5—7.  Again  7x7x0,4=  19,6.  And  2584,75—19,6  X  42  = 
107736,3.  Then  1077,15)  107736,3  (100,01  theCont.  in  A.G. 
l^c.  fQr  W.  G. 

III.  When  the  Staves  of  the  Cafk  are  but  very  little  curved  or 
arching,  then  it's  fuppos'd  to  be  in  the  Form  of  the  Fruftums  of 
two  equal  Parabolick  Conoids,  abutting  or  joining  together  upon 
one  common  Bafe  at  the  Bulge,  and  the  Content  may  be  found  by 
near  em  25.  Page  430.     Which  gives  thefc  Rules. 

M  m  m  2  IBluU 
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r  To  the  Square  of  the  Bung  Diameter  add  the  Square 
I  of  the  Head  Diameter ;  multiply  their  Sum  into  thp 

%Ult  I.  •{  Length,  and  divide  the  Produft  by  718,08  fvix. 
I  2,5464  X  282)  for  Ale  Gallons  ;  or  by  588,22  (wx. 
^  2,5464  X  231 )  for  Wine  Gallons.     Or  thus, 
r  To  the  Area  of  the  Bung  Circle  add  the  Area  of  the 

JBiUlt  2.  "J  Head  Circle ;  multiply  the  Sum  into  half  the  Length'^ 
(.  and  the  Produft  wil^  be  the  Content  required. 

Example  3.     With  the  fame  Dimenfions  as  before.    Then 

3i>5X3if5-|-3t4,5X24,5=i592,5.     And  1592,5x42  =  66885 
And  718,08)  66885  (93,01  the  Content  in  Ale  Gallon^. 
Or    588,22)  66885  (113,7  the  Content  in  Wine  Gallons. 

IV.  If  the  Staves  of  the  Cafk  are  (Ireight  from  the  Bulge  to  the 
Head,  as  the  inner  dotted  Lines  in  the  laft  Figure  (if  fuch  a 
Caflc  can  be  made)  it  is  then  taken  for  the  lower  Fruftums  of  two 
equal  Cones,  abutting  or  joining  together  upon  one  common  Bafe 
^t  the  Bulge.  And  its  Content  may  be  computed  as  at  ProbUm 
'13,  P<J§'^445.  orby7l&/^r^/».i5.  Page j^ii).     Thus, 

fTo  the;  Sum  of  the  Squares  of  the  Head  and  Bung  Dia- 
meters add  their  Product;  then  multiply  that  Sum  io- 
to  the  Length,  and  divide  the  laft  Prod uS  by  1077,15. 
Or  multiply  by  882,36.    The  Quotient  will  be  the  Con^ 


Example.  4.     With  th$  fame  Dimenfions  as  before. 

Firft  3i>5><3^5+3t4»SX24,5+3i,5X24,5=2364,25 

And  2364,25x42=99298,5.     Then  1077,15)  99298,5  (92,1? 

^he  Content  \n  AIq  Gallons,  and  fo  on  for  Wine  Gallons. 

Thus  you  l^ave  the  Methods  of  computing  the  true  Contents  of 
the  four  Solids,  in  whofe  Forms  all  Cafks 
arc  fuppos'd  to  be.  And  by  the  ExSim- 
jples  it  appears,  that  four  fuch  Cafks  as  have 
their  Dimenfions  all  equal,  and  the  fame 
with  thofe  above-mentioned,  their  Con- 
tents will  be  as  in  the  Margin. 

From  the  Difproportion  or  Inequality  of  thefe  Differences  it 
yt\\\  be  eafy  to  conceive,  that  there  may  be  f^verai  Cafks  whofe 
Contents  cannot  be  truly  found,  according  to  the  aforefaid  fup- 
pos'd Forms ;  and  therefore,  in  order  to  reiiify  the  faid  Inequall* 
fies,  fome  Authors  (that  have  written  upon  this  Subjed)  have 
aid  down  Theorems  of  their  own  Invcntiqn  (and  y^t  call'd  theiu 


Ale  Gallons. 

f.    100,78 

Differ. 

II.      100,01 

0*77 

HI.      93,01 

7iOO 

ly.      92,18 

0,83 
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\>y  thcfc  Names)}  others  have  proposed  Tables  for  the  fame  Pur- 
pofe.  But  fincc  it  is  fo,  that  we  can  only  guefs  at  the  Truth,  the 
plaineft  and  eafieft  Way  is  to  be  preferred  in  Practice ;  and  that 
is,  by  finding  fuch  a  mean  Diameter  as  will  reduce  the  propos'd 
Cafic  to  a  Cylinder. 

Multiply  the  Difference  between  the  Head  and  Bung 
Diameters,   with  0,7,  or  with  0,65.  or  with  0,6.  o^ 
-Thus    J^^^^  ^>55-  according  as  the  Staves  of  the  Caflc  are 
'  S  more  or  lefs  arching ;  add  the  Produd  to  the  Head  Dia- 
'  meter,  and  the  Sum  will  be  the  mean  Diameter  required. 
^Then  find  the  Concent,  as  at  PM.  u.  Page  4^^. 

Exampfe.     With  the  feme  Dimenfions  as  before.     Then  thp 
Bung  Diameter  lefs  the  He^d  Diam,  is  3i9S"^24.,5=7.      And 
M.  D.  A.  G.  Cont.     Dif 

•7x0,7  .=  29,40 its ^fivtf 2,4073x42=  101,10 


!7  X  0,7  .=  29,40  Its  4iytf  2,4073x42=101,10 
7  X  0,65  =  29,05 -2,3504x42=  98,71 
7x0,6  =128,70 2,2941x4.2=96,35 
7  X  o»S5  =  28,35 2,2385x42=  94,02     _ 

From  thefe  it  may  be  obferv'd,  that  the  Difference  between 
each  Calk's  Content  is  regular,  and  very  near  equal ;  which  plain- 
ly ihews,  that  there  is  not  fo  much' Room  left  for  Error  this  Way 
of  computing  their  Content^,  as  was  by  the  aforefaid  Forms. 

Now  the  firft  of  thefe  four  (viz,  with  0,7)  is  very  commonlv 
pled  amongft  Gangers  for  all  Sorts  of  Cafks ;  but  I  did  never 
gauge  any  Caik  that  would  contain,  quite  fo  m\xc\\  as  that  Rule 
did  make  it  j  and  the  Reafon  doth  appear  very  plain  from  -Theo^ 
rem  22,  Pagf  427,  being  compared  with  Theorem  19,  Page  426, 
and  the  laft  Figure ;  viz.  that  no  Calk  (being  regularly  made) 
can  hold  more  than  the  middle  Fruftum  of  a  Spheroid.  But  I 
always  found  by  Experience,  that  if  the  fecond  and  third  of  thefe 
Rules  (viz,  with  0,65  and  0,6)  were  duly  apply'd,  they  would 
anfwer  very  near  the  Truth  amongft  the  common  Sort  of  Cafks ; 
and  the  fourth  Rule  (viz.  with  0,55)  will  come  pretty  near  the 
Truth  in  computing  the  Contents  of  Cafks,  whofe  Staves  are  almofl 
ftreight  betwixt  the  Head  and  Bung,  viz,  fuch  as  Wine  Pipes,  fcff, 

S<^'  6.  To  find  what  Q^iantity  of  Liquor  is  either  drawn  forth, 
or  remaining,  in  any  fpheroidal  Cafk,  ufually  call'd  the  Ullage 
of  a  Cafk ;  haih  two  Cafes,  .    ^ 

Cafe  I.  To  find  what  Quantity  of  Liquor  is  in  the  Cafk,  when 
its  Axis  is  perpendicular  to  the  Horizon,  viz.  y/hcn  it  ilands 
upright  upon  one  of  its  Heads. 
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In  order  to  perforin  this  the  eafieft  Way,  it  will  be  coiiKe*- 
nlent  to  know  how  to  calculate  the  Area  of  any  Circle  betwiji^tth^ 
3ung  aifd  Head,  whofe  Diftance  from  the  Bung  or  Middk  of  tb^ 
Caflc  is  given.    Now  that  may  be  done  by  this  ProporUQii.. 

[As  the  Square  of  half  the'Length  of  the  Caik :  is  to  the  Dif* 
ference  between  the  Bung  and  Head  Areas : :  fo  is  tjle  Square 
of  any  Circle's  Diftance  from  the  Bung  :  to  the  Pifference 
between  the  Bung  Area,  and  the  Area  of  the  Circle,  vis. 
the  Area  of  the  Liquor*s  Surface. 

r  JV^Half  the  Length  of  the  Ca(k. 
Let  \  2)= Half  the  Bung  Diameter. 
c  ^ssHalf  the  Head  Diameter. 

r  Prrthe  Diftance  of  any  Circle  from 
And  S     the  Bung. 

C.  i7=siHalf  the  Diameter  of  that  Circle. 

Then  according  to  die  common  Property  of  the  Ellipfis,  Page 
368,  it  will  be, 
BB.DDxi  BB'-HHi  dd.   And  BB  :  DD  :  PB^PP  :  ^4. 

^rgo|-j5£f?«L=5fi.    A.df£^EIL^BB. 
Confequently,  {— _=:_^p 

This  iEquktion,  being  brought  out  of  the  Fra£Uons,  wti)  be^. 
come  DD  HH—  aa HH zz  DDPP^dd  PP^  which  gives  tbts 
Jnalogy  HH  :  DD  —  dd::PP;D  D—aa.  Then  D  D  ^aa^ 
being  fubtradcd  from  jDD,  will  leave  a  a.  But  Circle's  Areas 
ure  in  Proportion  to  the  Squares  of  their  Diameters,  by  Theorem 
b.Page^of^  Therefore,  tff.  Q.E.  D.  Then,  from  the  Bung 
Area  fubtrad  one  third  Part  of  the  aforefaid  Difference,  v/z.  be- 
tween the  Sung  Area  and  the  Area  of  the  Liquor's  Surface ;  mul- 
tiply the  Remainder  with  the  Liquor's  Diftance  from  the  Bung, 
and  the  Produ<£i  will  fhew  what  Q^iantity  of  Liquor  is  ejit^er 
;ibove  or  under  half  the  Content  of  the  Ca(k. 

Example.  Let  us  fuppofe  a  Calk  of  the  fame  Dimcnfions  with 
that  in  the  firft  Example^  Page  j^$j.  and  let  it  be  required  to 
find  what  Quantity  of  Liquor  is  in  it  (of  Ale  Meafure)  when 
^erjQ  |s  but  9  Inches  wet.    He^  half  the  Length  of  the  Caflc  is  2 1 

Inches, 
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Inches  whofe  Square  is  441,  and  the  Liquor^s  Diftance  from 

the  Bung  is  21  —  9  =  la.    I»  Square  is  144.     The  Difference  \ 

between  the  Bung  and  Head  Areas  is  1,0917  (  =  2,7635  — 

1.6718.)    Then  441  :  i^9^7  •  •  ^44:  0,3564-     ^^     ^ .      ^ 

And  2,7635  —  0,3564  =  2,4071  the  Area  of  the  Liquor's 

Aga^n  3To,3564  (0,1188.  And  2,7635  --0,1188  =  2,6447 
Then  2,6447  x  12  =  3i,7364>  what  the  Caik  wants  of  being 
half  fuH.  Confcqucndy  50,29  —  Ji,73  =  i8»66  will  be  the 
Quantity  of  Liquor  in  the  Calk  at  9  Inches  wet  in  Ale  Gallons. 

And  if  the  Caflc  had  wanted  but  9  Inches  of  being  full ;  then 
5^>39  +  3»^73  =  82,12  would  have  been  the  Quantity  of  Li- 
quor in  the  Caflc.  ^  «  ^ 

Note^  Becaufe  the  two  firft  Terms  (vtz.  44r,  and  1,0917) 
in  the  Proportion  are  fixM,  vm.  continue  the  fame  for  any  Dr- 
ftance,  'twill  be  very  eafy  to  calculate  the  Areas  of  all  the  Circles 
betwixt  the  Bung  and  Head  to  every  Inch,  and  by  that  Means  ta 
make  a  Tabfcthat  willfliew  what  Quantity  of  Liquor  is  either 
drawn  out,  or  remaining  in  the  Calk  at  any  Depth, 
Cafe  t.  To  find  what  Quantity  of  Liquor  is  in  any  Caik,  when 

its  Axis  is  parallel  to  the  Horizon,  vix.  when  it  lies  along. 

There  arc  Variety  of  Tables  to  be  found  in  "Rook^of  Gauging 
for  this  Purpofe  ;  but  I  always  obfervcd,  that  the  following  Me- 
thod of  computing  the  Ullage,  by  a  Table  of  the  Segments  of  a 
Circle,'came  very  near  the  Truth  in  all  Sorts  of  Calks ;  which  is 

thus  perform'd :  -    •  ^    ,  t^. 

1.  By  the  Bung  and  Head- Diameters,  find  fuch  a  mean  Dia- 
meter as  you  judge  will  reduce  the  proposed  Calk  to  a  Cylinder, 
by  the  Method  laid  down  in  P€^e  453.  And  then  find  its  full 
Content,  as  in  thofe  Examples. 

2.  From  the  Bung  EHarocter  fubtrafl:  the  mean  Diameter,  and 
bait"  the  Difference,  (viz.  divide  it  by  2.) 

3.  From  the  wet  Inches  of  the  proposed  Ullage,  fubtraft  the 
faid  half  Difference,  and  call  it  x  j  then  obferve  this  Proportion. 

C  As  the  mean  Diameter  :  is  to  100  (the  Diameter  of  the 
Viz,  \  tabular  Circle)  :  :  fo  is  the  laft  Difference  (vix.  x)  ;  to 

C  a  verfcd  Sine  in  the  Table  (Page  441.) 
'     Then  if  the  tabular  Segment,  which  ftands  againft  that  ver- 
fed  Sine,  be  muldply'd  into  the' Content  of  the  Calk,  theProduft 
^iil  Ihcw  the  Ullage,  vix,  what  Quality  of  Liquor  is  cither  m 
the  Calk,  or  drawn  forth. 

Example 


/ 

/ 


Of  p^acttcai  (gauging^ 


Example  i.  Let  the  Caflc  be  that  of  the  fccoiid  Sort,  in  Pag^ 
453,  v/z:.  whofe  Bung  Diaifietcr  is  31,5  Inches,  mean  Dia- 
meter 29,05,  and  Conterit  98,7*  Ale  Gallons ;  and  fuppofe  there 
were  10,5  Inches  ^ct  in  it,  it  is  rtquircd  to*  find  the  wet  and  dr? 

Gallons?  ' 

Here  31,5— 29,oi;z:2,45;  its fialf  is  1,22. Andio,^;— 1,^2=9,28 
Then  29,05  :  100  : :  9,28  :  0,319= V.  Sine ;  its  Segm,  is  0,2748 
And  98,71  X  6,2748:1127,12  the  Number  of  wet  Gallons. 

^g^'ri  3i>5— 10,5=21  thrf  dr^  Inches;  and  21-^-^,22=19,78 
Then  29,05  :  100  :  :  19,78  :  0,68;  its  Segment  is  0,7241 
And  98,71  X  0,7241  =  7 1,48  the  Number  of  dry  Gallons. 

Proof  71,48+27,12=98,6  the  Contents  6f  the  Calk  y/trj  near  ^ 
ivbich  plainly  flicws  the  Truth  of  this  Method. 

.  Thus  far  may  fufSce  concerrling  Gauging  of  Backs  or  Coolers^ 
Tuns,  Coppers,  and  Caflcs,  &c.  To  whi^h  I  fhall  only  add^- 
that  as  the  Contents  of  all  Brewers  Utenfils  are  to.  be  computed 
by  the  Ale  Gallon,  &  the  Contents  of  all  Diftillers  Utenfili 
(viz,  all  their  Wafli- Backs,  Stills,  and  Caflcs,  ^c.)  muft  be 
.  computed  by  the  Wine  Gallon; 

And  in  gauging  of  Malt  (upon  which  there  is  now  a  Duty  tjf 
nine  Pence  per  Buflicl,  or  fix  Shillings  per  Quarter). you  muft 
obferve.  That  a  Corn  or  Malt-Buflicl  doth  contain  2150,42 
cubick  Inches  5  (See  Page  42.)  and  therefore  in  gauging  of  Malt- 
Cifterns,  or  other  Vcffels,  2150,42  will  be  a  conllant  or  fixed 
Divifor  for  finding  the  Areas  of  right-lin'd  Figures  in  BuOiek^ 
at  one  Inch  deep,  and  2738  will  be  a  conftant  or  fix'd  Divifot 
for  finding  the  Areas  of  circular  Figures. 

I  have  omitted  the  Bufinefs  of  gauging  Mafh-TunS,  and  ta- 
king an  Account  of  the  Goods  or  Grains,  in  order  to  efiimat^ 
tvhat  Quantity  of  Worts  were  produced  from  them,  {^r.  becaufe 
I  could  never  find  (by  all  my  Obfcrvations)  any  Certainty  there*- 
in  ;  nor  is  it  pofTible  there  (hould  be  any^  by  rcafon  of  the  great 
DiiFerence  that  is  in  Malt  (and  its  Grinding  too)  for  the  bcft 
Malt  (well  ground)  will  yield  or  produce  the  moft  Worrs,  ani 
leaft  Grains;  on  the  contrary,  bad  Malt  (being  ill  ground)  yield* 
the  lead  Worts  and  moft  GrainfS*- 
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PRE  F  A   G   E. 

THE  Matbematiqksfi^rmerly  received conjider able 
Advantages  \jirji^  by  the  In'troduSiian  of  the  In- 
di(aA-  Charters,  afid  afterfUQords  by  the  Invention^of 
Discimal  Etk^ionsi  yet  has  kjince  reaped  at  leqft  ^s 
much  from  the  Invention  of  Logarithms^  as  from  both 
the  other  two.  The  XJfe  ^'  ttefe^  every  one  knows^  is 
of  the  greatejl  Extent ^  and  runs  through  all  Parts  of 
Matl^mi^i/^s.Y^Bf^^^^^  Mj^ins  k  is'fiat^f^umbtrs 
almfi  infinite^  anafuch  as  are  otherwl/e  impra^fica* 
blCf  are  managed  with  Edje  and  Expedition.  By  their 
Ajjijiance  the  Mariner ]ieers  his  VeffeU  the  Geometric- 
cum  -invefi^i^is  the-  Nature  of  the.  higher  Curvesy 
^tke .AfkHMHtSr  defenjtines  the. Places  xf  the  Etars, 
'  the  Phitofopher  accc9(ntsf§r  ikfhef^  Ph^nomenacfNa-- 
ture ;  and  lajlly^  the  Ufurer  computes  the  Interejl  if 
hit^Mhney.'^  -  -•      .        ^  t         ..      .;•  .] 

^e  ^uSjeSt  of  fhefottoivthgTriatife  hios  been  ashi-^ 
vated  by  Mathematicians  of  the  firfi  Rank  i  fame  of 
whom^   taking  in  tbi^wftoli'  DoSlrine^    have  indeed 
"iprote  le^Tfedfy,  -  but  JStarcely  infeJligibie  ^o  anyitfjt 
Majleri^    Qthi^s,^  a^ai%  ^^cc^nimodatif^4li>cn^lves 
tg  the  Apprehenfion  of  Novices^    have  feledied  $tit_ 
fmiryf  the  mofi  eafy  afHl'0bnmus-P^^psr4i4s-(fL(^a^ 
rithmsy  ^utmrUe  lef^tbiit  feature  imdwdte  isuimati 
Properties  untouched.     My  Dsfignfhertfme^  im  tbBf 
following  TroBytsYofupply  whdt'feefned^itl  want-^ 
/gf)    yiz.   to  difcover  and^ixplain  the  Do£lrine  oj 
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logarithms,  ^  to  thofe  w&b  are  trnt  yet  gat  :6^^ffki  thf 
^Klements  ((f  Algebra  anAQeametry.  ^ 

^he  w^derful  Inventiai^'of  Logarithms  we  owe  tp 
tjbe  Lord  If cper,  who  wasjheju^  that ^c^nftru&e^ 
and  puhlijhed  a  Canpn  tbere^\  at  Ediiihui^iiA  in  thf 
TTear  i^H-  ^^^  '^^^  '^^gr^<^iouJlyr^^iyedbyi^ 
Mathematicians^  npbo  were  immediately  JenfiHe  if  the 
extreme  Ufefuhefi  tbereflf.  jtnd  th^^  it  is.a/uaitv 
iave  v^fious  Nations  contending  for  tbe\Qlgfy  of^  any 
notable  Invention^  yet  Nejper  is  univerfally  ^loweji 
the  IhveHtdr  gf  Logarithms^  and  enjoys  the  v^ole 
Honour  thereof  without  any  Rival.  \ 

The  fame  Lord  Neper  interwords  invented  another 
and  more  commodious  JForm  of  Logarithms ,  ns)hich  be 
afterwards  communicated  to  Mr.  Henry  Briggs,  Pro^ 
jejfor  of  Geometry  at  Oxford,  who  was  hereby  inn 
traduced  as  a  Sharer  in  the  completing  thereof:  But, 
the  Lord  Neper  dying,  the  wbple  Bujinefs  remaining 
was  devolved  upon  Mr.  Briggs,  who,  with  prodigious 
Application,  and  an  uncommon  Dexterity,  cojnpajsda 
Logarithmic  Canpn,  agreeable  to  that  new  Form,  for 
the  Jirjl  twenty  Chiliad^  of  Numbers  (or  from  i  tQ 
20000^  and  for  eleven  other  Chiliads,  vvz.from  9000a 
to  loiooo.  For  fill  which  Numbers  he  calculated 
the  Logarithms  to  fourteen  Places  of  Figures.  This 
Canon  was  publifKd  at  London  in  the  Tear  1 624. 

Adrian  V\^c(\publifhed  again  this  Canon  at  Goudx 
in  Holland  in  the  Tear  1628,  with  the  intermediate^ 
Chiliads  before  omitted,  filled  up  according  to  BriggsV 
Prefcriptions }  b^t  tbffe  Tables  are  not  fo  ufeful  as 
BriggsV,  becaufe  the  Logarithms  are  continued  but  t^^ 
I  o  Places  of  Figures. 

Mr.  Briggs  alfo  has  calculated  the  Logarithms  of 
the  ^nes  and  Tangents  of  every  Degree,  and  the 

N  n  n  9  hundredth 
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hundredth  Parts  (^Degrees  to  i^  Places  of  Figures^ 
andhasfubjoinedto  them  t he- natural  Sines ^  ^angents^ 
and  Secants y  to  i^  Places  of  Figures.  The  Loga-* 
rithms  of  the  Sines  and  Tangents  are  called  Artificial 
Sines  and  Tangents^  hut  the  Sines  and  Tangents 
themfehes  are  called  natural.  ThefeTablis^  together 
nvitb  their  ConJiruSlion  and  Ufej  nvere  publijh'a  after 
Briggs'j  Deaths  ^/London,  in  the  Tear  1633,  Ay 
Henry  Gellibrand^  and  by  him  called  Trigonometria 
Britannica.  . 

Since  then^  there  have  been  publijhed^  in  fever al 
Places^  compendious  Tables^  ^wherein  the  Sines  and 
Tangent Sy  and  their  Logarithms ^  confijl  of  but  fev*en 
Places  of  Figures y  and  wherein  are  only  the  Loga^ 
rithms  of  the  Numbers  from  i  to  1 00000,  which  may 
hefufficientfor  moji  Ufes. 

The  bejl  Difpoftion  of  tbefe  Tables^  in  my  Opinion^ 
is  thatyfirjl  thought  of  by  Nathaniel  Roc,  ^Suffolk; 
andy  with  fome  Alterations  for  the  better y  followed 
by  Sherwin  in  his  Mathematical  Tables  publiftfd  at 
London  in  1705;  wherein  are  the  Logarithms  from 
i  to  loiooo  conjifting  of  7  Places  of  Figures.  To 
which  are  fubjoined  the  Differences  and  proportional 
Parts y  by  Means  of  which  may  be  found  eajily  the 
Logarithms  of  Numbers  to  i  ooooooo,  obferving  at 
the  fame  Time  that  thefe  Logarithms  confiji  only-of  7 
Places  of  Figures.  Here  are  alfo  the  Sines y  Tan-- 
gents y  and  Secants y  with  the  Logarithms  and  Diffe^ 
rencesfor  every  Degree  and  Minute  of  the  Quadrant y 
with  fome  other  Tables  of  JJfe  in  pr  apical  Mat hema^ 
ticks. 
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THESE  moft  excellent  and  ufeful  Numbers  were  firll 
invented  by  the  famous  and  never  to  be  forgotten  Lord 
Neper,  Baron  oi  Mercbijhn  in  Scotland,  aforefaid  (Ann. 
1614.)  who  ingenioufly  contriv'd  to  perform  Multipli- 
cation and  Divifion  of  Natural  Numbers,  by  only  adding  or  fub^ 
trading  certain  Artificial  Numbers,  which  he  called  Logarithms, 
and  the  £xtra£tion  of  Roots  by  dividing  the  Log.  by  2  for  the 
Square  :  by  3  for  the  Cube  :  by  4  for  the  Biquadrate/ £^r. 

Thi&  Invention  of  his  (no  doubt)  proceede<i  from  a  mature  Con- 
fideratipn  of  the  Coherence  that  is  betv;ixt  Numbers  in  Geome* 
trical  Proportion  and  thofe  in  Arithmetxcai  Progreffion. 

As  in  thefe  following : 
rr     5  I  .  2  .  4  .  8  .  i6  .  32  .  64  •  128,  bf£.  Geometrical. 
.     "10.1,2.3.4.5.6.    7,     l^c.  ArithmeTical. 

It  is  very  perceptible,  that,  as  the  Numbers  in  the  Geometrical 
Proportionals  are  produced  by  Multiplication  or  Divi/t^n^  thofe  in 
the  Arithmetical  Progreffion  are  produced  by  Addition  or  Subtra£ii^ 
on:  As  doth  appear  in  this  Example : 
ViTL    M^3^='^87       C    i28^32  =  4Geometr. 
^'*-  I  2+  5=^   7    S      I       7  ~    5  =  a  Arithmei. 
^     .      t    I  .  10  .  100  .  1000  .  10000  •  100000,  ^c.  Geometr. 
'^Sain^  I  o.  I    .    2   .     3     .      4     .      5,       Vc.  Ariihm^t. 

The  fame  Coherence  is  betwixt  thefe  latter,  as  was  between  th« 
two  iirft  Ranks. 

^.  i  loooxionioooo  \  5  lOOOOO-Hiooor: TOO  Geometr. 
^'""'l  3+1=  4  i  1  5  —3  =  2  Arithmet. 
Either  of  thefe  Examples  dofufficiemiy  flitw  the  Reiion  and  verf 
Ground  of  Logarithms. 

And  from  the  latter  of  thefe  it  was,  that  the  prime  Logfrithmr 
or  Charaderiftics  were  ikft  aiCgned. 

3  A* 
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At  in  this  Table : 


Natural  NuM* 

Logarithms. 

I 

o,ooo5doo 

IC 

I  ^000000 

100 

2,00O0C00 

1000 

3,0000000 

10000 

4,0000000 

I 00000 

5,0000000 

Having  laid  this  Foundation,  the  next  Work  was  t«  find  out 
the  Logarithms  of  the  intermediate  Numbers  fituated  betwixt  i 
and  10,  vi%,  of  2,  3,  4,  5i  6,  7,  Vc  and  of  chofe  betwixt  10  and 
too,  MS.  of  XI,  12>  13,  14,  I5,&c«nd  fo  on  for  the  reft.  TMs 
was  a  Work  of  fome  Difficulty,  and  very  laborious. 

The  firft  Step  in  order  thereunto  (as  I  conceive)  was  to  find  out 
a  Rank  of  continual  Means  betwixt  10  and  i.  To  as  that  the  laft 
(and  leaft  thereof)  might  be  a  mixed  Number  left  than  2,  and  fo 
near  t ,  as  to  l^ve  fuch  a  Number  of  Cyphtrr  before  the  iignificant 
Figures  thereof,  as  was  intended  the  Places  of  Logarithms  in  the 
Table  (hould  conftft  of.  Which  Means  are  Co  be  found,;  by  ex« 
trading  the  Square  Root  of  10  (having  firft  annexed,  a  competent 
Number  of  Cyphers  thereunto;)  then  extrading  the  Root  of  that 
Root,  and  fo  by- a  continued  Extrafiion  of  Root  out  of  Root,  undi 
there  be  a  Root  fo  quallfy'd  as  before  mention'd :  Which,  co  make 
a  Table  to  feven  Places  in  the  Logarithms,  will  require  twenty-five 
feveral  £xcra<9ions,  the  laft  of  which  will  produce  this  Number,' 
1,00000006862238. 

The  next  Step  was  to  find  out  a  Number  betwixt {i  >and  (o)  m 
Arithmetical  ProgreiSon,  that  might  truly-'corvefpond  wiUi  die 
Mean  before  found  (betwixt  lo  and  i)  fuch  a  Nwnber  muft  con* 
fequently  be  its  Logarithm.  And  this  may  be  found  by  a  conti-* 
nual  bife£ling  (or  hafving)  of  i,  fo  often  as  was  the  Number  of  the 
joregoingExtraiSions  (to  wit,  twenty-five)  the  laft  of  which  Bifec-r 
t^ons  will  produce  0,00000002980132,  tic  the  true  Logarithm'  ' 
of  1^00000006862238. 

For  as  1,00000006862238  by  twcntf-five  continued  Invda^ 
tions  (viz.  firft  into  ttfeif,then  that  PrpduS  into  itfelf,  and  fo  on  fuc- 
ccfiivcly)  vixW  produce  lOj  <b  wHl  0,00000002980132,  by  the 
like  Number  ofDouhlings  ami  Redodbitngs,  produce  i. 

This  Mean  (or  Number)  and  its  Logarithm  being  thus  found,  it' 
will  follow  by  Proportion,  As  thtfigmficant  Figures  rf^fis  Mion : 
are  to  the  Jignificdnt  Figures  of  its  Logarithm  :  -:  fo  antbif^^ 
ficant  Figares  of  any  Afean^  ^ttwixt  any  given  Nrnnttr  and  t : 

(having 
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(paving  Seven  Cyphers  before  Rich  Figures,  as  this  hath)T^  tbefig" 
nificant  Figures ^of  its  Logarithm,  To  which  muft  be  prefixed  ^fc- 
vcxi  Cyphers  to  complete  it.  After  which,  being  doubled,  and 
redoubled  according  to  (he  Nujpber  of  Extractions  required  to  pro- 
duce its  corfeTpondine.  Mean»  will  at  laft  difcover  the  true  Loga- 
rithm of  the  given  Number.  For  the  clearing  of  this,  uke  an 
Example. 

Suppofe  it  were  required  to  find  the  Logarithm  of  the  Number  2^1 

to  (even  Places.    FirS^  by  a  <;pnt4nued  Extradion  of  Root  out  of 

Root,  beginning  at  2,  find  fuch  a  Mean,  or  Root  as  before,  betwixt 

a  and  I,  aswill  h;^ye  feven  Cyphers  before  its  fieoificant  Figures; 

^w^hich,  after' twenty-three  feveral  ExtraAions,  will  be  this  Number 

x«ooDOOOo82629s8.    Then,  according  to  the  foregoing  Propor** 

tion,  it  will  be  6862238 :  2980232  :  :  8262958  :  3588557.    To 

urhich  prefix  feven  Cjpphers,    as  befeve   direfked,    ttien   will* 

1,0000000826295^  have  for  its  Logarithm  ,00000003588557 1 

which  being  doubled  and  redovUed,  as  abovefaid,  will  puoducft 

0*30102997958658,  the  true  Logarithm  of  a  {  which  being  con- 

trmAed  to  feven  placfs,  aosordingto  the  firftDefign,  and  agreeable 

to  the  feven  Placesof  Cyphen,  then  it  will  become  0,3010299.  But» 

in  all  the  Tables  that  I  have  feen,  the  Logarithm  of  2  is  o>3o  1 030a ; 

I  conceive  the  Reafon  is,  becaufe  the  remaining  Figures  795865S 

ooBie  fi>  neat  UtiUy  of  the  laft  Place  in  the  retained  Figures. 

And  by  the  fame  Method  that  this  Logarithm  of  2  is  made,  maf 
the  Logarithm  of  any  other  Number  be  found.  But  when  once 
t^e  Logarithms  of  a  few  of  the  prime  Numbers,  viz.  of  3.  7, 1 1  •  1 3^ 
f^c.  (that  ia,  of  fuch  Numbers  as  cannot  be  produced  hy  the  mul- 
tiplying of  two  Inteser  Fadors)  arp  obtained,  the  reft  may  be  eafi- 
ly  compofed  by  AdtSti^M  and  Subtra^on  only.  For  as  3.x  2  p:  6 
io  Log.  of  S  +  ^g*  of^  2.z:Ix>g.  of  ^•.  And  as  lo-r-  2  =:5 
fo  Log.  of  I  o*-**  Log.  of  2.  =  Log.  of  5*  The  like  of  all  Numbers 
that  have  aliquot  Parts  (that  is,  fuch  Integer  Numbers  as  may  be 
divided  by  Integers.)  And  indeed^the  Logarithms  of  feveral  of  the 
prime  Numbers  may  alfo  be  obtained  by  Addition  or  Suitra^son^  aa 
might  eafily  be  fiiewed,  and  is  not  difficult  to  conceive  by  any  ooe^ 
who  but  duly  confiders  the  Nature  and  Defign  of  Logarithms^ 
&r.  of  which  I  (hall  forbear  faying  any  thing  in  this  Place,  and 
http  to  my  fiift  Defign  hei^io,  which  wa$  to  give  a  brief  Account 
of  the  ingenious  Author's  Method,  as  I  concerve  it,  oF  making^ 
the  fame  :  who  undoubtedly  found  it  a  very  difficult  Work,  by  rea- 
fen  there  are  K^quired  fo  ovmy  feveral  Extractions  of  Roots  out  of 
Root*,  which  muft  needs  render  it  both  troublcfome  and  labori- 
eus.    Tbea  to  prapofe  a  diierent  Method  of  raifing  th^  Loga- 

,  .  i  rithmt 
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tithms  of  fuch  prime  Numbers  before  mentioned,  which  require 
the  ExtratSion  of  Roots  to  obtain  their  rcfpedive  Means,  wich  one 
tenth  Part  of  the  Trouble  and  Time  required  by  the  foregoing  Me- 
thod* And  not  only  fo>  but  more  exad ;  for^  by  our  prefent  Me- 
^od  of  converging  Scries,  the  Root  of  any  Power,  how  high  (6- 
ever  it  be,  is  eaffly  found  at  one  lingle  Extradion  ;  and  thereby 
the  Errors  which  would  arife  by  extrading  a  Surd  Root  Cut  of  a 
6urd  Rooty  cfpecially  when  oftert  repeated,  are  avoided ;  and  con- 
iequently  fuch  a  Mean,  as  may  be  required  betwixt  any  Number 
and  Unity,  is  thereby  more  exa£tly  found. 

Now,  how  this  may  be  performed,  I  here  intend  to  (hew^  as 
briefly  as  I  can.     In  order  thereunto,  take  this  as  a  Model. 
,  Letfl=thc  RoQt,  or  Mean  required  betwixt  an^ Number  andUnlry: 


fl-Jtf'^   zz  U  4fi   .  tf3»   ss;  D  tf»6   .a^^    3=  D  «3» 


And  fo  on  fucceiHv^ely  with  the  Indices  in  Geometrical  Progreffi- 
4n,  until  the  Power  of  a  be  made  equal  to  fuch  a  Term  in  that 
ProgreiEon,  as^that  the  Root,  or  Value  of  a  may  have,  betwixt 
Vnity  and  its  fignificant  Figures,  fo  many  Cyphers,  as  are  the  in- 
tended Number  of  Places  in  the  Logarithms. 

For  Infiance,  let  it  be  required  to  find  the  Mean  between  10  and 
i,  then  the  Power  of  a  mutt  be  tf »355*43»  =  10,  this  Index  1 55544?* 
being  the  25th  Term  in  Geometrical  Progrcffion,  which  may  be 
thus  determined. 

Let  I ,  the  Charaflcriftic  or  Logarithm  of  10,  be  divided  by  fuch 
a  Term  in  Geometrical  Progreffion,  as  will  caufc  fuch  a  Number 
of  Cyphers  to  be  beforcv  the  fignificant  Figtires  in  the  Quotient,  as 
are  required  to  be  before  the  \  igut^es  of  the  Root  a  5  fuppofe  7,  as 
before.  Then  i  -r-  33554432  =  ,00000002980232,  ^c.  which 
is  the  true  Arithmetical  Mean  (hs  before  found,  by  a  continual  bi- 
fefling  of  I )  correfpondent  to  that  fignify'd  by  a  5  and  therefore  the 
Value  of  tf  found  by  cxtrafting  the  refpeOive  Root  of  10  6=^3355443* 
will  be  the  Mean  required  5  vi%,  1,00000006862238  whofeLog. 
is  ,00000002980232.  Tbefe,  being  found,  are  the  Foundation  of 
the  reft,  as  before. 

Then  fuppofe  it  be  required  to  find  the  Logarithm  of  any  of  the 
prime  Numbers ;  if  }ou  pleafe,  that  of  2.  In  order  thereunto,  let 
a  -=.  the  Root  or  Mean  fought  betwixt  2  and  i,  as  before;  then  muft 
a  be  continually  involved,  as  by  the  above -Model,  until  its  Index 
fee  equal  to  the  greatcft  Term  in  Geometrical  Progreffion,  whofc 
Number  of  Places  of  Figures  are  to  be  equal  to  thp  Number  of  re* 
Quired  Cyphers  before  tf,  to  wit  ;•    According  to  which,  the 

Powct 
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Power  of  a  will  be  tf«3886»8  — 2  (this  8388608  being  the  23d  Term 
in  Geometrical  Progreffion)  confequently  the  refpedive  Root  of 
2  =  tf'sss^os  ^i]i  be  the  Mean  required. 

Lretr-|-/  =  tf 
Then  will  f^i%%M  4. 8j886o8  r^i^^^t 

+  35 I8436789+S28  r^i^^M  =  tff3886o6— a 

Supp6fer==i 
Then  x  +  83886o8^+35i84367894528//=:2 
That  is  8388i5o8f4-3Si84367894S28#^  =  i 

Each  Part  being  divided  by  the  Co-efficient  found  prefixed  to//j 
viz.  351843^  He.  then  it  will  become 

,ooooco23^+^/rr,oooOs)opoooooo284=:  D 

Cofiftquenth  i  ■  =  # 

€,00000023  +  / 

,0000000000000284  =:  D 
,00000023  248  (,00000008  s^ 


-}-/:=  ,00060008 

Divifor  ,00000031 
Fiiftrasi, 

4- ^  =  ,00000008 


36 


New  r  zr  1,00000008 
which  being  duly  involved,  in  the  fame  Order  m$  At  Model  de- 
notes, and  multiplied  into  the  refpefiive  Co-efficients,  will  then 
produce  thefe  Numbers, 

/iz.  1,9563638967  +  1641 1 168/  +  68833416066289//  =  2 
Then  1641 1 168/4-68833416066289//=, 0436361033 
And,  ,oooocD2384/-{-//=,ooooooooooooooo63393=::X> 

Conftauinth  S B^ .  : 

(,0000002364  +  / 


=:  / 


,00000000000000063393  =  Dk 
,0000002384         480    (,00000000263  =:  / 
-|-  /  =z  ,0000000026       — — 


T,..,— '5393 

Divifor  ,00000024^  14460 

Divifor  ,0000002410  9330 

7230 


O  o  o  Laft 
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Laft  r  =:  1,00000008 
+  ezz    ,00000000263 

Newr=:  1,00000008263 
I  tokc  only  1,0000000826  =r  r ;  the  which  bcmg  involved,  and 
ordered  as  before,  wBI  produce  theie  following  Numbers,  vix. 
1 1999503684867  + 1.6773028<  +  70351167454084^1?  =  2 
Then  1 67  7  3028/  4-  7035 1 267454084?^  =  ,0004963 15133 
,0000002384 186^+^^  n  06000000000600000705481443=1) 

D 


Confequtntty  \  - 


,0000002384180  -j-  e 


=5/ 


»QOOOOOonQoocQQcoo7o548 1443  =  D 

,0000002384186  47686  (,O0v-0OOOCO0295  Zl  i 


4.  /  =  ,0000000000295 
Divifor  ,00000023843 


Divifor  ,000000238447 


2286214 
2146023 

14019143 
I 1992405 


Divifor  ,0000002384481*  .— ^— • 


^20967386 
1907584* 

1891532 
1669 1 36 

222396 
214596 


(879  =  e 


Here  I  defift  forming  a 
new  pivif9r  and  make  ufe 
of  ttie  A)>u4gAienc. 


Laft  r  =  r,ooooooo826 
^fsz    ,0000000000295879 

a  =  1,0000000826:2(95879 


This  Value  of  a  s=  1,0000000826295879  is  the  Geometriol 
Mean  betvrtxt  2  ^nd  i,  as  wasfequired ;  (agreeable  to  that  before 
found,  by  twenty-three  fcveral  itlxtrai^ons.)  And  by  this  Me- 
thod of  proceeding,  mav  be  found  the  Mean  betwixt  10  and  i, 
VIZ.  1,00000006862238,  or  betwixt  any  other  of  the  (before-men- 
tioned) Prime  Numbers  and  Unity,  as  might  eafity  be  (hewed.  But 
for  Brevity  Sake,  I  (hall  6mit  giving  more  Examples  thereof,  tbii 
one  being  fufficient  (efpeciatly  to  the  Ingenious)  if  well  confidercd, 
and  btit  once  undcrflood,  to  fhew  the  Nature  of,  and  Manner 
fao#  to  proceed  upon  the  like  Occafion,  of  finding  any  propofcd 

Mean, 
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Klcah.     The  next  Thing  will  be  to  find  the  Logarithm  of  the^ 
N'umber  from  whence  fuch  Mean  w^s  produced,  which  may  be 
thus  performed. 

Firft,  find  its  correfponding  Arithmetical  Me^n,  or  Logarithmi 
by  Proportion  (as  in  Page  462.)  Then  multiply  that  correfpond- 
ing Mean,  fo  found,  into  the  Index  Number  of  fuch  Power  as 
the  Geometrkai  Mean  was  produced  fiom  i  that  Prodqft  wUl  be 
the  Logarithm  of  the  given  Number  (without  a  continued  Dou- 
bling and  Redoubline*  as  before.)  For  the  clearing  of  this,  let  it 
be  required  to  coqip^te  the  Logarithm  of  2. 

Having  firft  found  1,000:0006862238,  the  proper  Geometri- 
cal Mean  betwixt  10  and  1 1  alfo  its  corre^9ding  Logarithm 
,00000002980232  (as  before  directed)  with  then),  and  the  Mean 
betwba  2  and  i,  Jaft  founds  viz.  1^0000000826295879;  make 
ufe  of  the  above-mentioned  Proportion  (as  in  Pagf  463.)  viz. 

6862238  :  2980232  :  :  826295879  :  358855729 
To  which  prefix  (even  Cyphers  to  complete  it  (as  b^foje.)  Then  it 
will  become  ,0000000358855729.     This  Number  being  multi- 
plied into  the  Power  of  a  (what  that  is,  fee  Page  465.)  will  pro- 
duce the  Logarithm  of  2. 

viz.  0000000358855729  X  8388608=0,30103000391352 

But  according  to  the  firft  Defign,  it  is  required  to  have  but  (tvcn 
Placer,  viz.  0,3010300 ;  which  is  the  true  Logarithm  of  2  without 
any  Defeft. 

Thus  1  have  prefented  you  with  a  new  and  expeditious  Method 
of  making  lyOgarithms;  which  if  they  were  required  to  fourteen 
or  fifteen  Places  (I  can  modeftly  fay)  they  might  then  be  made 
with  one  twentieth  Part  of  the  Time  and  Trouble  recjuiird  by 
the  firft  Method. 


Oqqi  method 
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METHOD    III. 

J  New  TaUe  »f  Lonrithms.  Y^mptfi  by  Mr.  Long.  Finding 
tht  L<^rithin  bj  Divifion  inlyt  and  tbt  Natural  Number  bf long- 
ing t»  a  Logarithm,  by  Multiplication  tnly. 


Log. 

Nat.  Num. 

0,9 

7.943282347 

0,8 

6.309573445 

o»7 

5.011872336 

0,6 

3.981071706 

o»5 

3.1-62277660 

0,4 

2.511886432 

o»3 

1.995262315 

0,2 

1.584893193 

0,1 

1.258925412 
1.230268771 

0,09 

0,08 

1.202264435 

0,07 

1.174897555 

0,06 

1.148153621 

0,05 

1.122018454 

0,04 

i. 09647 8 196 

0,03 

1.071519305 

0,02 

1.047128548 

0,61 

1.023292992 

o,<i09 

1.020939484 

0,008 

1.018591388 

0,007 

1.016248694 

0,00.6 

1.013911386 

0,005 

1.011579454 

0,004 

1.009252886 

0,003 

1.006931669 

0,002 

1.004615794 

0,001 

1.002305238 

0,0009 

1.002074475 

0,0008 

1.001843766 

0,0007 

1.001613109 

0,0006 

1.001382506 

0,0005 

1.001 15 1956 

0,0004 

1.000921459 

0,0003 

1.00069 10 1 5 

0,0002 

1.000460623 

0,0001 

1.000250285 

Log. 
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0,00009 
0,00008 
0,00007 
0,00006 
0,00005 
0,00004 
0,00003 
0,00002 
0,00001 

0,000009 
0,000008 
0,000007 
0,000000 
0,000005 
0,000004 
0,000003 
0,000002 

QtdOOpol 

1.000207254 
1.000184224 
1^000161194 
1.000138165 
1.000115136 
1.000092106 
1.000069080 
1.000046053 
L000023026 

1.000020724 

1.0000I?421 

I.000016I18 
1.000013816 
1.000011513 
1. 000009210 
1.000006908 
1 .000004605 
1 .000002302 

0,0000009 
0,0000008 
0,0000007 
0,0000006 
0,0000005 
0,0000004 
0,0000003 
0,0000002 
0,0000001 

1  .OQ0002072 
1.000001842 
i.oooooi6n 
1 .00000138 1 
1.000001151 
1.000000921 
1 .000000690 
1.0000Q0460 
1.000000230 

1.000000207 
1.000000184 
1.000000161 
1.000000138 
1.000000115 
1.000000092 
1.000000069 
1.000000046 
1.000000023 

0,0000009 
0,0000008 
0,0000007 
0,0000006 
0,0000005 
0,0000004 
0,0*^0003 
0,0000002 

o,oe  00001 

Jhi» 
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This  Table  I  fomctimcs  make  ufc  of  for  finding  the  Logarithm 
of  any  Number  propos'd,  and  vice  verja.  Suppofe  I  had  Occafioa 
to  find  the  Logarithm  of  20CO.  I  look  in  the  firft  Clafs  of  my 
Table  (the  whole  Table  confifts  of  8  Ciafles)  for  the  next  Icfs  t<J  2, 
which  is  1.995262315,  and  againft  it  is  3,  which  confequentiy  is 
the  firft  Figure  of  the  Logarithm  fought.  Again,  dividins:  tb« 
Number  propos'd  2,  by  i. 995262315  the  Number  found  in  the 
Table,  the  Quotient  is  1.002374467  5  which  being  look'd  for  in 
the  fecond  Clafs  of  the  Table,  and  finding  neither  its  Equal,  nor  a 
Lrcfs,  I  add  o  to  the  Part  of  the  Logarichm  before  found,  and 
look  for  the  faid  Qiiotient  1.002374467  in  the  third  Clafs,  where 
the  next  Icfs  is  1.002305238,  and  againft  it  is  i,  to  be  added  to 
the  Part  of  the  Logarithm  already  found  ;  and  dividing  the  Q^ro- 
tient  1.002374467,  by  1.002305238,  laft  found  in  the  Table, 
the  Quotient  is  1. 000069070 5  which  being  fought  in  the  fourth 
Clafs  'gives  o,  but  being  fought  in  the  fifth  Clai's  gives  2,  (b  that 
02  IS  to  be  added  to  the  Pare  of  the  Logarithm  already  found  ; 
and  dividing  the  laft  Quotient  by  the  Number  laft  found  in  the 
Table,  v/z.  1.COOO4605,  the  Quotient  is  i^ooooi30 15,  which 
being  foughjt  in  the  fixth  Clafs,  gives  9  to  be  added  to  the  Part 
of  the  Logarithm  already  found :  And  dividing  the  laft  Quo- 
tient by  the  new  Divifdr,  vt%,  1.000002072,  the  Quotient  it 
1.0000002 19,  which  being  greater  than  1.000C00115  fliews  thac 
the  Logarithm  already  found,  vi%.  3.301029  is  le(s  than  the 
Truth  by  more  than  half  an  Unit ;  wherefore  adding  i,  you  have 
P^'iggi*^  Logarithm  of  2000,  tf/2.  3.3010300.  ^ 

\i  any  I^arithm  be  given,  fuppofe  3,3010300,  throw  away 
the  Charaderidic,  then  over  againft  thefe  Figures  3  . . .  o  .  •  i  • .  o 

..  o,youhave  in  their refpediye Ciafles  1,995262315 o  •  • .  .v. 

1,002305238 o  • . .  •  1,000069080  ....  o  ...  o  which 

multiplied  continually  into  one  another,  the  Produd  is 
2.0000000 1 9966,  which,  by  reafon  the  Charaderiftic  is  3,  becomes 
2.000,0000 1 9966,  fsV.  that  is,  2000.  the  Natural  Number  defircd. 
I  fhall  not  mention  the  Method  by  which  this  Table  is  fram*d^ 
becaufe  you  will  eafily  fee  that  from  the  Ufe  of  it. 

It  is  obvious  to  the  intelligent  Reader,  that  thefe  Ciafles  of 
Numbers  are  no  other  than  fo  many  Scales  of  mean  Proportionals : 
In  the  firft  Clafs,  between  i  and  10;  fo  that  the  laft  Number 
thereof,  vi%.  1,258925412  is  the  tenth  Root  of  10,  and  the  rcll  in 
order  afcending  are  the  Powers  thereof.  So  in  the  (i^ond  Clafs,  the 
Jaft  Number  1,023292992  is  the  hundredth  Root  of  10.  and  the 
reft  in  the  fame  i\4anner  are  Powers  thereof.  So  1,002305238  in 
the  third  Clafs,  is  the  tenth  Roct  of  the  laft  of  the  iecond,  and 

tlie 
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the  reft  its  Powers,  ^c.  Or>  which  is  all  one,  each  Number,  in 
the  preceding  Clafs^  is  the  tenth  Pow^r  of  the  correfponding  Num- 
ber in  the  next  following  Clafs :  Whence  'tis  plain,  that  to  con- 
fir  ud  thefe  Tables  requires  no  more  than  one  Extradion  of  the 
^f(h  or  furfolid  Root  for  each  Clafs,  the  reft  of  the  Work  being 
done  by  the  common  Rules  of  Arithmetick. 


M  E  T  H  O  D    IV. 

Their  Conftru^on,  according  to  the  common  Rules  given,  by 
many  £xtra6iions  of  Roots,  is  tedious;  the  beft  Way  yet  known 
is  this  which  follows. 

T$  mate  a  Table  of  Logarithms. 

Firfi,  Put  for  the  Logarithm  of  x,  a  Cypher  for  the'Index,  and 
a  competent  Number  6f  Cyphers  for  the  Logarithms,  accordingto 
the  Nuniber  of  Places  you  would  have  your  Logarithms  confifi  of ; 
for  10  an  Unit,  with  the  iame  Number  of  Cyphers ;  for  loo,  2, 
with  as  manv  Cyphers  j  for  looo,  3,  with  as  many  Cyphers,  &c. 

Secondly^  Find  the  EKfference  between  ibme  two  Logarithms  a- 
bove  1000,  or  rather  above  loooo,  that  differ  by  Unity;  thus 
multiply  the  two  Numbers  together,  and  that  Produd  you  miift 
multiply  again  by  43429448190325183896  *  which  laft  Pro- 
dud  divfd^  by  the  Arithmetical  Mean  between  both  Numbers, 
the  Quotient  is  the  Difference  fought. 

Suppofe  we  Would  find  the  Difference  between  the  Log!  loooo^ 
and  loooi,  the  Produfl  of  thefe  twoNumbersis  i.oooioooo.  which 
muhiplied  by  4343  produces  43434343 ;  thb  divided  by  jcoco.5» 
quotes  4343.  Now  if  to  the  Logarithm  of  .10000,  which  is 
4.000C000,  you  add  the  Difference  before  found,  to  wit,  434,  the 
9um  4.0000434  is  the  true  Logarithm  of  idooi  to  7  Places. 

Thirdly y  Having  thus  found  the  Difference  of  any  two  Logarithms 
differing  by  Unity,  and  confequently  fome  of  the  Logarithms,  by 
dividing  the  Diff*erence  found  by  the  Arithmetical  Mean,  between 
any  two  Numbers  differing  by  Unity,  you  fliall  have  the  Diffe- 
rence of  the  Logarithms  of  thofe  two  Numbers, 

Thus  to  find  the  Difference  betwixt  the  Logarithm  of  274,  ^nd 
275 ;  divide  4343,  the  Difference  of  the  Logarithm  of  joooo  and 
looci,  by  2745,  the  Quotient  15821,  is  the  Difference  fought. 

Fourthly^  Having  by  this  Means  found  a  few  of  the  prime  Lo- 
garithms, the  reft  are  made  by  Addition  and  Subtra^Uon,  and  bav* 

ing 

•  Wl^Ub  is  tie  Subtangent  of  (be  Curvf  exf^reffng  Driggs'i  Logarithms*    See  ]^c'Xs 
Ir'ig,  P.ig.  135,    149,  &c. 
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ing  made  the  Canon  upward^  above  joco  to  lOOOOy  hy  Confc- 
quence  it  is  made  for  all  inferior  Numbers. 

The  prime  Numbers  to  which  Logarithms  niiift  be  found,  in  the 
ArftPIace,arethefc,  a.3.7.  Ji  .  13.  17.  I9- 23-^9-  3^^  •  37* 
41  •  43-  47  •  53  •  59  •  6i  .  67  .  71  .  73  .  79  .  89  .  97,  £2fr.  (w 
the  fame  Numbers  with  C^ei««  ^ 

But  fince  it  was  Very  tedious  and  laborious  t6  find  the  Loga- 
rithms of  the  prime  Numbers^and  not  eaJTy  to  compute  Logarithms 
by  Interpolation,  by  firft,  fccond,  and  third,  C^r.  Differences,  there- 
fore the  great  Men,  Sir  Ifmaf  Nnvtertj  Minatory  Gregoryy  ff^al/h, 
and  laftiy,  Dn  HalUyy  have  puUiflied  infinite  conveipng  Series, 
by  which  the  Logarithms  of  Numbers  Xo  any  Number  of  Places 
may  be  had  more  expeditioufly  and  truer :  Concerning  which  Se- 
ries, Dr.  HaUiy  has  written  a  teamed  TraA,  In  the  Pbilofophical 
Tranfa£lUnSy  wherein  he  has  demonftrated  thofe  Series  after  a  new 
Way,  and  Ihews  how  to  compute  the  Ix>2arithms  by  them.  But 
I  think  it  may  be  more  proper  here  to  add  a  new  Series,  by  Means 
of  which  inay  be  found,  ca£lly  and  expeditioufly^  ihe  Logarithms 
of  large  Numbers. 

Let  z  be  an  odd  Number,  wbofeLogariihm  is  fi^ught;  then  (ball 
ttic  Number  «—  i  and  2  -f- 1  be  even,  and  accordingly  their  Lo- 
garithms and  the  Difference  ofiheLogaritbmswill.be  had,  which 
let  be  called  jF  •*  Therefore,  alfo  the  Logarithm  of  a  Number  wbicb 
is  a  Geometrical  Mean  between  z  —  i  and  x-^-i  will  be  giyen; 
viz,  equal  to  the  half  Sum  of  the  Logarithms.    Now  the  Series 

42       2421      36025       1512027        252J021 
be  equal  to  the  Logarithm  of  the  Ratio,  which  the  Geometrical 
Mean  between  the  Numbers  2—1  and  2+1,  h^is  to  the  Arithme- 
tical Mean,  vix.  to  the  Number  z. 

If  the  Number  exceeds  1000,  the  firft  Ternvof  the  Series  JL  Is 

fufHcient  for  producing  the  Logarithm  to  13  or  14  Places  of  fi- 
gures, and  the  fecond  Tern)  will  give  the  Log^irithm  to  20  Places 
of  Fi;^ures.  But  if  2  be  greater  than  icoro,  the  firftTcrm  will 
exhibit  the  Logarithm  to  18  Places  of  Figures  ;  and  fo  this  Series 
is  of  great  Ufe  in  filling  up  the  Logarithms  of  the  Chiliads  omit- 
ted by  Briggs.  For  Example ;  It  is  required  to  find  the  Logarithm 
to  20001.  The  Logarithm  of  20060  is  the  fame  as  the  Logarithm, 
of  2,  with  the  Index  4  prefixed  to  it ;  and  the  DifFerenre  of  The  Lo- 
-garithms  of  20000  and  20002,  is  the  fame  as  the  Difference  of  the 
Logarithms  of  the  Numbers  loooo  and  locoi,  t^/K.  0.000043427 
tjbii.  And  if  this  Difference  be  divided  by  42/ or  8oOv>,  the 
3  Qiio- 


472  QmftruSicn  of  LOffatf^jL 

Qpotlcnt  Jl  (hall  be  o.  ooooo  0000542813 

And  ifthe  Logarithm  or  the  G^OMtri-  4.  30105  1709302416 
cal  Meajibtadd^dtotbeQuoUeBCthe  ■ 

Sum  will  be;  the  Logarithm  of  20001.  4.  30105  1709845230 
Wherefore  h  is  manifeft,  that  to  have 

the  Logaritb09  il9  14.  Places  of  Figures,  there  is  no  Neceffity  of 
continuing  out  the  Quotient  beyond  6  Places  of  Figures.  But  if 
you  have  a  Mind  to  have  the  Logautbm  to  10  Places  of  Figures 
only^  as  they  are  in  Flacq^s  Tables,  the  two^iirft  Figures  of  the 
Quotient  are  enough.  And  if  the  Logarithms  of  the  Numbers  %* 
bove  20000  are  to  be  found  by  this  Way,  the  Labour  of  doing 
tliem  will  mofily  conftft  in  fetditg  doWn  the  Numbers;  Note^  This 
Series  is  eafily  deduced  from  that  found  out  by  Dr.  Halkj ;  and  thofe 
who  have  a  Mind  to  be  inform*d  more  in  this  Matter,  let  t^m 
confult  his  above-nam'<i  Treatife. 


JAXiWARiy%  Eajy  Method, of  making  the  Canon <^ 

P^  I R  S  T,  let  me  premife  two  Things,  that  the  Periphery  of  a 
^  Circle^  whofe  Radius  is  Unity  or  i,  is  6.283185,  &c.  and 
that  the  natural  Sine  of  one  Minute  doth  fo  in&nfibly  differ  from 
Ac  Length  of  the  Arch  of  one  Minute,  that  it  may  be  taken  for 
the  0ime. 

C  As  the  Periphery  in  Minutes  :  is  to  the 

Confcauentlv  \  ^^^^  ^'^  ^?«^^  P^""^'  ^f  ^^'  ^^^^^  •  ^ 
VonicqucntJy,  <^^  .^  one  Minute  :  to  the  Parts  agreeing 

{^to  that  Minute. 

That  is,  21600'  :  6,283185  :  :  i'  :  0,000290888  =  the  Na- 
tural Sine  of  one  Minute ;  which  agrees  with  the  largeft  Table  of 
Sines  I  ever  faw. 

Having  thus'  got  the  Sine  of  o^e  Minute,  its  Co-ftne  may  be 
thus  found : 


Suppofe 


% 
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Suppofe  RAzz  RS  the  Radius  of  any  Circle,  SNzzth^  Sine  of  the 

Arch5^.    TheniiiSr=:C5istheCo- 

Sinc  of  that  Arch.    But  D  ^5—  Q 

5  N  =     g    jg  N^     confequently 

V  D  RS—  D  SN=:  RN. 

That  is,  Frofti  the  Square  of  the 
Radius,  fubtra(5t  the  Square  of  the 
Sine  of  i',  the  fquare  Root  of  the 
Remainder  wiU  be  the  Co-Stne  ci 

1 ',  per  Chap.  g.  Prop,  i .  In  Numbers,       

Chebine  oJF  i'  is  000290885,  its  Square    '^  iN^  A 

is    0,000000084612;    and    i    -— 

0,060000084.612  =:  0,909999915388,  the  fquare  Root  thereof 
is  >99999995  =  the  Co- Sine  required. 

The  Sine  and  Co*Sine  of  one  Minute  being  thus  obtained,  all 
the  reft  of  the  Sines  in  the  Quadrant  may  be  gradually  dUcutated 
by  Mr.  Michael  Darfs  Sinical  Proportions  ^  which  I  (hall  here 
infert,'  to  the  fame  EfFed  as  they  are  in  his  MifceUanies;  and 
then  explain  and  demonftrate  the  Truth  of  thofe  Proportions. 

If  a  Rank  of  Arches  be  equi-difFerent ; 

Js  the  Sine  tf  any  Arch  in  that  Rank :  //  to  the  Sum  of  the 
Sines  of  any  two  Arches  equally  remote  from,  it  on  each  Side  :  : 

fo  is  the  Sine  of  any  other  Arch  in  thefaii  Rani :  to  the  Sum 
of  the  Sines  of  two  Arches  next  it  on  each  Side  |  having  thi 

Jame  common  Dijlanum 

V 

Immediately  after  thefe  Proportions,  he  lays  down  the  follow- 
ingiEquations. 

Three  Arches  equi-different  being  propofed  ;  if  (faith  he)  you 

Eit  Z  z:  the  Sine  of  the  great  Extreme,  y  s  the  Sine  of  the  lefs 
xtreme  j  ^zr  the  Sine  of  the  Mean ;  m  s=  the  Co*Sine  thereof  1 
D  =  the  Sine  of  the  common  DifTerence ;  i  =;  the  Co'-Sinc  there* 
of;  and  Ji  =5  the  Radius. 

I.  ThenZ+,  =  !|^.  2.ThenZ-y«?^. 

3-ThenZ,= ^ 4.  Thea  ^=  ^j^^;;;;^. 

From  the  foregoing  it  i^  evident  (faith  he)  that  if  two  Thirds, 
v/s.  either  the  former  or  latter  60  Degrees,  or  the  former  30  JD^r. 
and  the  latter  30  Degr.  of  the  Quadrant  be  completed  with  qpnes } 
the  remaining  Part  of  the  Quadraot  may  b^  completed  by  Addi* 
tion,  or  Subtradion  pnly. 

P  p  p  Thu3 
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Thus  far  is  from  the  ingenious  Mr.  Dafjj  concerning  thcfe  ex- 
cellent   Proportions  j 
the  Truth  whereof  I 
fliall  thus  deoionftrate* 

In  the  annexed  Cir- 
cle DAzuJia  arc  Dia- 
meters,/A=Atf=tfis= 
he  J  ftre  equal  Arches. 

Praw/r  parallel  to 
^DA\  then  will  Ifi  zz 
Lf.  hnixh^Ldac^ 
like  the  ili  G/^,  being 
both  right-kngled  at  e 
and e.  and  l^dzzjLG 
becaufe  fubtended  by 
the  equal  Arches  aczxiA 

Therefore  da':dcz:  Gf:  Ge. 
^  Confcquently \jia\ic\\ \Gf\  Ge.  But Hhz=Gfy whence /f J/^ 
i G/,  and  4  i&  =  the  Radius,  dP^\dc.  Therefore  it  will  be, 
Radius:2rfP  =  :://i!/=iG/:Gi\r+2\r^=:GN+Z/.Thai 
is,  as  the  Radius  :  is  to  twice  the  Sine  rf  P  :  :  fo  is  the  Sine  HM: 
tothe  Sum  of  the  two  Sines  GiV^  and  FL  zn/L.  C^E.  D. 

I  (hall  now  explain  thefe  Proportions,  anj  ^ew  how  they  may 
be  applied  in  Pradice  :  Having  the  Sine  of  one  Minute,  and  its 
Co'Sine  as  before;  let  the  Radius  be  made  the  mean  or  middht 
Term  between  thofe  two  Extremes ;  then  the  Proportions  will  run 

'  Js  the  Radius :  is  to  the  double  Co-fine  of  me  Minute  :  ifo 

of  one  Minute  to  the  Sine  of  two  Minutes  : 

the  Sine  of  2'  : :  to  the  Sum  of  the  Sines  of  3' 

and  fo  is  the  Sine  of  3' :  to  the  Sum  of  the 

and  2'. 

Andfo  on  in  afuccejjive  Order  y  from  Alinute  to  Minute. 
And  then,  if  from  the  Sum  of  the  Sines  of  3'  and  i'  be  talea 
flic  Sine  of  i\  the  Remainder  will  be  the'Sinc  of  3' :  And  the  like, 
if,  from  the  Sum  of  the  Sines  of  4  and  2',  be  taken  the  Sine  of  2', 
there  will  remain  the  Sine  of  4',  (^c. 

Proceeding  on  by  this  Method,  all  ihe  Natural  Sines  in  the  Qua- 
drant may  be  eafily  calculated  by  Addition  and  Subtradlion  only. 
For  the  Radius,  or  firft  Term  in  the  Proportion,  being  i,oooocdo 

or 


.f-jfsthe  Radsui 

1     is  the  Sine 

ThuS'J    and  Jo 'is  t 

I     and  1'  :  \  a 

L    Sines  of  4' 


pane  Ctigommietr^ 
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«r  Unity,  Divtfion  is  wholly  avoided:  And  becaufe  th«  fecond 
Term  in  the  Proportion  varies  not,  if  9  TarifFa,  or  fmall  Table  bo 
made  thereof,  to  all  the  nine  Digits,  then  Multiplication  is  al- 
fo  avoided.  For,  by  the  Help  of  that  Tariffa,  the  whdlc  Work 
may  be  perform'd  by  Addition  and  SubtraAion,  until  all  the  Sines 
are  gradually  made. 

Thus  you  have  an  eafy  W^  of  making  the  Canon  of  Sines ;' 
which  being  once  done,  the  Tangents  and  Secants  may  be  (bund 
by  the  following 

ProDortions   \  ^^  '*^  Cd-fim  of  any  Arch :  is  to  the  Sine  of  that  Arch : : 
"  I  fo  is  tbg  Radius :  to  the  Tangent  of  the  fame  Arch.  • 

That  is,  by  thefirfi  Scheme  of  this  Problem^ 
RNz  SN: :  RAiTA.  And  RN :  RS  :  :  RAiRT^  the  Secant 
of  thaft  Arch. 


I.   A  Cir 

I  Avid 

called  Dei 


Plane  Ctisonometrp. 

Dbfikitjoks. 

Irde  is  fuppofcd  to  be  di- 
I  J^\,  vidcd  into  360  equal  Parts 
called  Degrees }  and  each  Deeree 
into  60  equal  Parts,  called  S4i« 
nutes  ;  and  each  Minute  into  60 
equal  Parts,  called  Seconds,  (^c. 
Any  Portion  of  whgfc  Circunrfe* 
rence  is  called  an  Arch,  and  is  mea- 
of  Degrees  it 
contains.' 

2.  A  Chord  or  Subtenfe  is  a  <{rait 
Line  conneaing  the  Extremities  of 
an  Arch  ;  as  BE  is  the  Chord  of  the 
Arches  BaE,  BDE. 

3.  A  Sine  (or  Right>fine)  is  a  ftrait  Line  drawn  from  one  End 
of  an  Arch  perpendicular  to  that  Diameter  pafling  thro*  the  other 
End  ;  or  it  is  half  the  Chord  of  twice  the  Arch ;  fo  BF  is  the  Sine 
of  the  Arches  BA,  BD.  And  here  it  is  evident,  that' the  Sine  of 
90  Degrees  (which  is  equal  to  the  Radius  or  Semi-Diameter t)f  the 
Circle)  is  the  greateft  of  all  Sines^the  Sine  of  an  Arch  greater  than 
a  Quadrant  being  lefs  than  the  Radius.    . 

4.  The  Difference  of  an  Arch  from  a  Quadrant,  whether  it  be 
greater  or  lefs,  is  called  its  Complement ;  fo  HE  is  the  Comple- 
ment of  the  Arches  BA>  BD ;  BI  is  the  Sine  of  that  Complement, 

P  p  p  a  and 
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and  therefore  it  ii  called  the  Co- fine,  or  Sine-Compleineiit  of  the 
Arches  BA,  BD. 

5.  The  Secant  of  an  Arch  is  a  ilrait  Line  drawn  h6m  the  Cen- 
ter thro*  one  End  of  the  Arch  till  it  meet  with  the  Tangent,  which 
18  a  ftrait  Line  touching  the  Circle  at  the  Extremity  of  that  Dia- 
meter which  cuts  the  other  End  of  the  Arch ;  ib  CG  is  the  Se- 
cant, and  AG  the  Taiugcnt  of  the  Arches  B  A,  BD  :  And  CK  is 
the  Co-fecant,  and  HK  the  Co-tang^nt  of  the  faid  Arches. 

6.  A  Verfed  Sine  is  the  Segment  of  the  Diameter  intercepted 
^tween  the  Arch  and  its  Sine :  Thus  FA  is  the  Verfed  Sine  of 
the  Arch  BA,  and  FD  of  the  Arch  BD. 

7.  Whatever  Number  of  Degrees  an  Arch  wants  of  a  Semi* 
Circle  is  called  its  Supplement. 

8.  That  Part  of  the  Radius  which  is  betwixt  the  Center  and 
Sineis  equal  to  (he  Co-fine  ;  thus  CF  is  ir  IB. 

"    9.  If  an  Arch  be  greater  or  left  than  a  Quadrant,  the  Sum  or 
Difference  of  the  Radius  and  Co-fuie  is  equal  to  the  Verfed  Sine. 

In  a  Triangle  are  fix  Parts,  inz.  three  Sides  and  three  Angles: 
Any  three  of  which  being  given,  except  the  three  Angles  of  a 
Plane  Triangle,  tHe  other  three  may  be  found  either  Mechanical- 
ly, by  the  help  of  a  Scale  of  equal  Parts  and  Line  of  Chords,  or 
by  an  Arithmetical  Calculation,  if,  fuppofing  the  Radius  dbided 
into  any  Nuihber  of  equal  Parts,  we  know  how  many  of  thofe 
equal  Parts  are  in  the  Sine,  Tangent,  or  Secant  of  any  Arch  pro-i 
pos'd  :  The  Art  of  inferring  whidi  is  called  Trigononutryy  and  it  is 
either  Plane  or  Spherical. 

Plane  Trigonometry  is  folv'd  by  the  HeTp  of  four  fundametitat 
Propofitions,  call'd  Axioms.  , 

Axiom  L 
.  In  a  Right-angled  Triangle  ABC, 
if  one  Leg  of  the  Right-angle,  as 
AB  or  CB,  be  made  the  Radius  of  a 
Circle,  then  fliall  the  other  Leg  <CB 
or  AB  be  the  Tangent  of  the  Angle 
oppofite  to  it,  and  the  Hypothcnufe 
AC  (or  Side  oppofite  to  the  Right* 
anele)  its  Secant  (by  Definition  5.) 

But  if  the  Hypothenufe  AC  be 
made  the  Radius  of  a  Circle,  then 

jwill  the  Legs  (or  Sides  including  the  L '*  ^ 

Right-angle)  to  wit  CB  and  AB  be 

the  Sines  of  tbj:  An|;Ies  oppofire.  (by  Definition  3.) 

Upon  this  Axiom  depends  the  Solution  of  (he  feven  Cafes  pf 
Right-angled  Plane  Tri^gles* 

Ifith 


pane  Ctf  sonometer 
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Note.,  That  the  three  Angles  of  a  Plane  Triangle  maloB  two 
Right  Angles,  or  i8o  Degrees*  by  32.  i  Euel. 

For  the  more  ealy  making  the  Proportions  for  the  SoIuti<|n  of 

"Right-angled  Trianglest  obferve,  that  as  different  Sides  are  made 

Radius,  £>  the  other  Sides  acquire  different  Names,  which  Names 

au-e  either  Sines,  Tangents,  or  Secants,  and  are  to  be  taken  out 

of  your  Table. 

To  find  a  Side,  any  Side  may  be  made  Radius :  Then  £iy,  as  die 
Wame  of  the  Side  given  is  to  the  Name  of  the  Side  required  {  fb  is 
the  Side  given  to  the  Side  requirec). 

But  to  find  an  Antle,  one  of  the  ^ven  Sides  muftbe  made  Ra- 
dius;  then,  as  the  Side  made  Radius,  is  to  the  other  Side ;  fi>  is  the 
I^ame  of  the  firft  Side  (which  is  Radius)  to  the  Name  of  the  fecond 
Side ;  'which  fourth  Proportional  muft  be  found  among  the  Sines 
or  Tangents,  &cr.  to  be  determin'd  by  the  Side  nuule  Radius,  and 
•gainft  it  is  the  Angle  required. 

The  Proportions  for  the  Solution  of  feven  Cafes  of  Plane  Right- 
angled  Triangles.                        [Ste  the  next  foregoing  Fig.] 
Gruen  \Req*.  I Proportions. \  Rod.    Cafe, 


A  and 
C 


OoA.  A  :  Si.  A 

R  :Tan.  A 
Co-t.  A  :      R 


ABrlJC. 
AB :  BC. 
AB :  BC. 


AC 

AB 
BC 


BC 


Sec.A. 
Cofe.A 


AB  :  AC. 
AB  :  AC. 
AB:  AC. 


AC" 

AB 

BC 


AB 

A  and 

C 


AC 


BC 


CoTuA 

R 

Tan.  A 


AB:    BC      ::  R   :Tan.A.l  AB 

Complement  is  C.  1 

BC:  AB       ::  R  zTan.C.  |  BC 

Complement  is  A. 


A 

and 

C 


BC 


■JvF 
AC 


AC 


AB:BC::  R:Tan,  Aj  then 
Cofi.A:R     :  :AB :  AC,  or 
v' :  D  AB-t-  a  BC:=AC^;f<r47.  i. 
EucL) 


AC  :  BC  :  :  R  :  Cofi.  A. 
AB:  ACr:R  :  Secant  A. 


AC" 
AB 


AB 
AC 
AB" 
AC 


A  and 
C 


BC 


AC  :  AB  :  :  R  :  Cofi.  A  j  then 
R:Tan.A:  :AB:BC,  or 
VJDAC— DAB:  =s  BC. 


K  :  Coli.  A  : :  AC  :  Ab. 
Sec.A:R  ::AC:AB, 

Col.  A:  Cot.  A  ::AC:AB^ 


7ST 
AB 


AB 
BC 


AC 

A  and 

C 


AB 


Jffm 


'1 
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pume  Cctffonometrp^ 


Axiom  11% 
In  arty  Triangle  the  Sides  arc  proportional  to  the  Sines  of  the 
•ppolitc  Angles. 

3Demonffration« 


A       D     E 

»  Produce  the  lefler  Side  of  the  Triangle  ABC,  to  wit  AB  to  F, 
makwigAFr:=BC:  Let  fail  the  Perpendiculara  BD,  PE,  upon  the 
Side  CA  produced  if  Need  be  j  then  will  FE  be  the  Sme  of  the  An- 
gteA;  and  BD  the  SJne  of  the  Angle  C,  to  the  Radius  BC=AF. 

Ndw  the  Triangle!  ABD  and  AFE,  having  the  iL  A  commoii 
to  them  both,  and  the  iL  D  =  Z.  E  =  to  a  Right-aogle,  arcfimi- 
lari  whcnrfore  (by  4.  6£acA£/f«J  AF(BC):  AB:  :  FErBD; 
vi%i :  :Si,  A  :  Si.  C.  ^E.  D.  Otherwifethus ;  hjAx.  I.  AB : 
R  : :  BD:  Si.  A,  and  BC:R  :  :  BD  :  Si-C;  thertfore  ABjcSi. 
AC  =  R>cBD)«BCxSi,C;  wherefore  AB :  BC  : :  Si.  C: 
Si.  A. '  ^  E,  Z). 

Axiom  III. 

Tht  Sum  gf  the  Legs  of  any  Angle  of  a  Plane  Triangle  is  to 
their  IJifferente,  as  the  Tangent  of  half  the  Sum  of  the  An«es  op- 
pofite  to  thofe  Leg«  is  to  the  Tangent  of  half  their  Difference. 

SDemonffratCon^ 

In  the  Triaegle  ABC  l 
produce  CB,  the  lefler  -^^ 
Leg  of  the  Angle  B,  till 
BD  bqcomes  p3  BA,  the 
greater  Leg,' and  then 
bifea  CD  inE;  join 
AD  and  bife^  it  alfo  in 
.  fj  draw  BF,  which  (by 
8.  I  SmlEl.)  will  be 
perpeo.   to  AD ;    and 


D 


B    £ 

draw  EF,  which  (by  i.  6  Etui  Elm.)  will  be  parallel  to  AC. 
Then  will  fihe  Angle  ABF  =  FBD  =  4-  ABD,  which  externd 
Angle  ABD  is  (by  32.  1  Bucl  EUm.)  zz  BAG  +  C,  that  is,  to 
tb^  Sum  of  the  oppdfre  Aner^es  required. 

*     Draw  then  BG  \  arallel  to  C A,  fo  will  the  Angle  GBA  Be  (by  29. 

I  £mcI.  Elem,)  equal  to  its  alternate  oac  BAC  \  and  if  from  half  the 

X  Sum 
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Sum  of  the  oppofite  Angles  you  take  the  lefler  Angle^  i.  e.  If  from 
'/L  ABFyou  take  the  Z.  GBA,  there  will  remain  Z-QBF=half  the 
Difference  of  the  oppofite  Angles:  Andfoalfo,  if  from  CE  hajf 
the  Sum  of  the  Lees,  you  take  CB  the  lefTer  Leg,  there  will  remain 
BE  equal  to  half  the  Difference  of  the  Legs.  And  thence,  fincc  the 
2\ABF  is  Right-angled,  if  BF  be  made  Radius,  AF  will  be  the  Tan- 
gem  of  Z.  ABF  (L  e.  the  Tangent  of  half  the  Sum  of  tbeoppoflte  An* 

?lcsh  and  in  the  little  A  GBF,  FG  will  be  the  Tangent  of  the  A 
JBFf/./.  the  Tangentof  half  tlieDiffcrenceofthc  oppofiteAngles): 
But  the  Segments  of  the  Legs  of  any  Triangle  cut  by  Lines  parallel 
to  the  Bafe,  being  (by  Schol.  to  2. 6  EucL  El)  proportionalj  EC:EB 
: :  FA  :  FG ;  that  is  in  Words,  half  the  Sum  of  the  Legs  is  to  half 
their  Diiftrence,  as  the  Tangent  of  half  the  Sum  of  the  oppofite 
Angles  is  to  the  Tangent  of  half: their  Difference:  But  Wholes 
arc  as  their  Halves;  wherefore  the  Sum  of  the  Legs;s  to  their  Dif- 
'    fcrence,  as  the  Tangent  of  half  the  Sum  of  the  Angles  oppdite  is 
I    to  the  Tangent  of  half  their  Difference.    ^  E.  D. 
I  jtxicm  IV.  -^^ 

j        TheBafe,  orgreatcflSideof  any  "iJC. 

Plane  Triangle  is  to  the  Sum  of  ^^••***  \ 

\  the  Legs,  as  the  Difference  of  the  /*  \ 

\   I^egs  is  to  the  Difference  of  the  Seg-  T^^  \ 

[  ments  of  the  Bafe  made  by  a  Per-    -  y/t^s^  • 

I  pcndicular  let  fall  from  tha  Angle  ^,       Ay_i     ^n.       / 
,   oppofite  to  the  Bafe.  \"  !••  ji)  '^'C 

\     ^     aDemonftratfDrt*  )yf 

\       From  the  Z.  B,  on  the  Bafe  AC,       ^  •%, 

}  of  the  A  ABC,  let  fall  the  Per-  '     " '" 

•  pcndicular  BD  j  on  B,  as  a  Center,  with  the  greater  Leg  BC,  as  t 
I  Radius,  dcfcribe  the  Circle  B*C^Z;  and  produce  AB  to  x  and  y. 
I  and  CA  to  Z.  Then,  by  the  35.  j  Ei/cl.  EUm.  A>  x  A*  is  =  AC 
,  X  AZ.vtz.  :  BC— BA  :  x  :  BC+BA  :  =  AC  x  :  DC— DA- 
\  therefore  AC  :  BC+BA  :  :  BC  — BA  :  DC  —  DA.  9,  E.  D 
Odicrwife,  let  the  DifFcrrnce^f  the  Sqiiares  of  the  Sideifec  and 
AB  be  taken  and  divided  by  the  Bafe  AC,  the  Quotient  (hall  be 
the  Diffcrtnce  of  the  Segments  of  the  Bafe  aforcfaid  :  Or,  fquare* 
all  the  3  Sid«,  and  deduft  the  Square  of  one  of  the  lefs  Sides  out 
of  the  Sum  of  the  other  two  Squares,  divide  half  the  Remainder  by 
V^"^n  '  *^  Quotient  is  the  Alternate  Segment  of  the  Bafe. 
,.  The  Proportions  for  the  Solution  of  the  fix  Cafes  of  Plane  ob^ 
lique  Triangles.  [Sa  tbt  kjt  Fig.] 

Givin 


1 
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pane  Ctf  gonotmtrp^ 

Given. 

\Rigd. 

proportions. 

\Ax. 

Caji. 

AB 
BC 

andC 

A 

AB:BC::Si.C:SLA. 

a 

I 

JN,  B.  i^>  If  the  pven  Angle  be  Obtuft,  the  other  2  Angles  then  are  each  Acvte. 

^ly.  If  the  Side  oppofite  to  the  given  Angle  is  longer  than  the  Side  oppofite  to  the 
Angle  fought,  then  is  the  Angle  fotight  Acute  \  but  if  ihorter,  then  is  the  f;ud  Angle 
4oubtful«  and  may  beeith^  Acute  or  Obtufe>  becaufe  both  the  Sine  and  its  Compk- 
snent  to  tWo  Right  Angles  are  the  fame :  Wherefore  to  be  certain  of  what  Quality  the 
Angljc  oppofite  to  the  greateft  Side  is.  Take  the  Sum  and  Difference  of  the  gitateft 
Side  and  Middle  (or  leaft)  and  theur  Logarithms,  if  the  half  of  them  be  equal  to  the 
Logarithm  of  the  third  Side,  the  Angle  oppofite  to  the  greateft  Side  is  a  Right  Angk| 
^ut  if  the  Logarithm  of  the  third  Side  be  greater  than  the  half  it  is  Acute,  if  lefs,  it 
is  Obtufe :  Or,  without  Logarithms,  multiply  the  faid  Sum  by  the  Difference  abovc 
faid,  and  eitraa  the  Squa^  Root, 

{Equal  to  ^  r  Right  | 

Greater  than    >thie  third  Side^  then  is  the  greateft  Angle  I  Obtufe  I 
Lefs  than         J  C  Acute  ) 


BC 
andC 


AB  :  BC  :  :  Si.  C  :  Si.  A 
Hence,  by  Subtra^on,  the  i,  B  will  be 
known'. 
Si.  A  :  Si.  B  : :  BC  :  AC. 


nnd  BC, 


AC 


AB 


Si.  A  :  Si.  C  :  :  eC  :  AB. 


BC+AB  :  BC— AB  :  :  Tan.  ^Sum  of 

the  Z.9  oppofite  :  Tan*   ^  Difference 

of  the  Z.  s  oppofite.    Then  ^  Sum  +  i 

^       I  Difference  z:  greater  L,  A  \  and  ^  Sum 

I  —  i  Difference  =  Icffer  Z.  C. 


B 

AB 

BC 


•b^ 

AB 
BC 

"Xb 

BC 
AC 


AC 


A 
B 
C 


Firft,   find  the  Angles  b; 
then  Si.  C  ;  Si.  B  : : 


the  laft; 
:AC. 


aC  :  BC+bA : :  tiC-BA :  M-bA: 
Then  4.  AC  +  i  DC—  i  DA  =  DC. 


6 


And  i  AC  — :  i  DC— 'DA  =  DA. 
Then  AB  :  AD  :  :  R  :  Cofi.  A. 
And  CB  :  DC  :  :  R  :  Cofi.  C. 
And  180^  — ^  A— Z.C  =  ^B. 

Or  more  readily  at  one  Operation. 

Trop  half  the  Sum  of  the  Sides  fubdu£l  each  particular  Side,  and  let  the  Sam  of  tbe 

Logarithm  of  the  half  Sum  and  Difference  of  the  $idc  fubtending  theenquired  Angkbe    , 

fubdudtcd  from,  the  Sum  of  the  Log.  of  the  other  Difference  and  the  doubled  Radios,  ^ 

|ialf  the  Remainder  (hall  be  the  Log.  of  the  Tangent  of  half  the  enquired  Angle. 

AgreealfU  19  this  Axiom  in  Geilibrand*!  Trig.  Briunnica,  p.  4(« 

As  the  ReBanghcf  half  the  Sum  tfthe  Sides  atid  the  Difirtitfe  ketwitB  thtthalfStm 

and  the  Side  opfcjite  to  the  Angle  f^e^uired,  it  to  the  Hiff angle  of  tbt  $H»tr  t^co  Remainderi  i 

fo  is  the  Square  of  Radiai  to  the  Sqvere  of  the  Tangent  of  half  the  Angle  fuight* 

Bx  AnguRs  latera,  vel  ex  laferiius  Angutos  &  mixttm  In  'trianguUs  tarn  flanis  fstf* 

Sfharicis  ttftqui,  Summa  Gloria  Mathematki  efi :  fit  enim  Cetlum  &f  Terras  (^  Me- 

rtafdiei  &r  aimirando  cakuU  menfnrat.  Fran.  Vieu* 

'  .  THE 


THE 


I     N     D     E     X. 


A. 


Page. 


ABfcifla  380,  386 

Abfolute  Number  144 
Acute  Triangle  288 
,  its  Properties  —  319 
Addition  of  whole  Numbers  8 
,         of  Weights  and  Meafures 

39 

. of  Vulgar  Fraflions      53 

^  of  Decimal  Fraftions    59 

.—  of    Algebraick    Integers 

H7 
——of  Aleebraick  Fradlions 

167 

• of  Surds        —  172 

Adfeftcd  Equations,  their  Solu- 
tion   ^34 

Adjacent  Side         —         326 
Aflirnvative.     See  Quantity. 

Ale  Meafurc        ■        35 

Algebra       2,  J  43 

no 
112 
114 
227 

323 

289 

^^_  288 

Analogies  or  Proportions     193 
Angle,  Right^Obtufc,  Acute  284 


Angle  In  a  Segment 

i how  bifeSed 

at  the  Center 

at  the  Periphery 

Annuities.     See  Penfions. 
Antecedent 


Alligation  Medial 
.—  Alternate     - 
i— —  Partial       -*- 

. Total  

Alternate  Segment 
Altitude  of  a  Figure 
Amblygonium 


IJ5> 


Apothecaries  Weights 
Arch,  how  bifeQed 

trifeaed  

Area  ' 

Arithmctick  

Afymptotes  of  a  Hyperbola  366 


Page. 
287 

293 
306 

ibid* 

78 

293 

349 
286 

2 


how  drawn 
Averdupois  Weight 
Axiom,  what      — 
Axioms 


146, 


39S 

3« 

291 

301 
362 

403 
ibid. 


Axis  of  a  Cone    — 

of  a  Sphere 

of  a  Spheroid 

B. 

Back,  its  Area  gauged        434 
Barrel,  how  gauged  449 

Bartering  Commodities       104 

Bafe  of  a  Triangle  188 

of  a  Cone  ■     362 

of  a  Pyramid  4 1 8 

of  a  Fruftum  ibid. 

Beer  Meafure     • 35 

Binomial         ■  155 

Biquadratc      ■  124 

Q^q  q  Biquadrate, 


INDEX, 


Page. 
Biquadrate,   its  Root  extracted 

Body.     See  Solid. 
'  Butt  gauged  449 

C. 
Calipers  Aiding 
Carads  of  Gold  and  Silver 
Cathetus        ■■ 
Ca(k  gauged 


Center  of  a  Circle 
of  an  Ellipfis 
common  Particular 

Change  of  Order  in  Things  82 


449 
118 

288 

449 

286 

.364 
ibid. 


Chord  of  a  Circle 
Circle 


287 
286 

. its  Properties  315 

— —  how  divided  356 

» its  Area  found  406 

■  the  fame  gauged         438 

Circumference  of  a  Circle  286 

.. defcribcd    through   three 

Points        ■ 


.J how  found 

Coefficient         - 
Coin  »-^- 


5^1 


Common  Meafurc 
Compalfes  Eliipiical 
Cooler,  how'gaugcd 
Cone  and  its  Se6tions 

—  its  Content  found 

—  its  curve  Superficies 

its  Content  gauged 

Conjugal  Hyperbolas 
Conjnjrate  Diameter  ^    , 

Conoid.    See  Parabolic  Conoid 

Confequent      • 78,    187 

Conftruflion  of  Equntions   324 


29s 

347 
144 

166 

375 
4^1 
361 

417 
ibid. 

444- 
394 
364 


Copper,   how  gauged 
Corn  Mtafure 


Corollary  or  Confedlary 
Cube  Anthnietical 
—  itjj  Root  cxtradtd 


448 

36 

291 

123 

131 


Cube  Geometrical 
— r —  its  Content  found 
Cubick.     See  Equation. 
Cylinder 


Page 

40Z 

414- 


402 

4»S 
416 


its  Content  found 
■•1  its  curve  Superficies 

its  Content  gauged 

Cypher  ■  ^ 

D. 
Decagon,  how  formed 
-^ —  infcrib'd  in  a  Circle 
— —  its  Area  found 
Deciaial.     See  Fradions. 
Decimal  Tables 
Demonftration 
Denominator 

Diagonal  of  a  Trapezium   290 
—  its  Property  in  a  Circle  316 


299 

346 

70 

291 

48 


Diameter  of  a  Circle 

of  an  Ellipfis 

Digit  "^ 

Dimenfions 


DireS  Rule  of  Three 
Dividend  ■ 


2, 


286 
363 

3 

123 

85 
21 

ibid. 

56 
65 


Divifion  of  Integers 

. of  Vulgar  FradioDS 

of  Decimals 

of  Algebraick  Integers  153 

of  Algebraick  FraSions 

199 

of  Surds  ■ 

Divifor  ■'    ■     ■ 


Dodecagon,  how  formed 

infer ibed  in  a  Circle 

— —  its  Area,  how  found 
Drip  or  Fall  of  a  Tun 
E. 

Ellipfis 

its  Properties 

— —  its  Parameter  found 

its  Focus  found 

Ellipfis  how  defcxibed 


173 
21 
269 
346 
347 
447 

363 

367 
369 
370 

37^ 


EIlIpCs, 


INDEX. 


Page. 
412 
439 
375 
31 
175 
IQ4 


EUipfis,  its  Area  found 
.;— —  the  fame  gauged 
Elliptical  Compaffes 
EnglHh  Coin  -— 

Equation         — — 
m    >     Quadratick  folved       1  l> 
■  the  fame  conftruftcd  324 

Equations,  Cubick,  Biquadra- 

tick,  &€•' folved    237,    337 
Equations    how     turned    into 

Analogies        '  193 

Equilateral  Triangle  288 

m         defcribed  296 

—  infcribcd  in  a  Circle  342 
— —  its  Area  found  343 

Evolution,  or  Extraction     123' 

m of  Algebraick  Integers  x6o 

——  of  Fraftions 
Exchange  of  Coins 
Exponent.     See  Index. 
Extream  ■ 


Faflors  

FcHowfliip  Single     — 
—  —  Double  — 

Figure  in  Arithmetick 

.: in  Geometry 

Fraflion  Vulgar 
»  ■■■  Decimal      * 

% Algebraick 

Freehold  or  real  Eltate, 
purcbafed 


Fruftum  of  a  Cone  found 
m         the  fame  gauged 
1    .    -  of  a  Pyramid  found 
— —  the  fame  gauged 
,  ,  -  of  a  Conoid  found 
— > —  the  fame  gauged 
Fruftum  of  a  Pyramidoid 

Zone. 
Fruftum  of  a  Sphere.     See  Jlcg- 
ment.  * 
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feveral  Rules ;  as  alfo  Fradtions,  Vulgar  and  Decimal,  wrought  to- 
gether after  a  new  Method,  that  renders  both  eafy  to  be  underilood  in 
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